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!electric polarization

2 non-centrosymmetric systems

3 Flexoelectricity

% sensors, actuators, and energy harvesters

5 microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS)
¢ perovskite ionic crystal
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!altering the dipole moment

2 isogeometric analysis (IGA)

3 mixed finite element methods (MFEM)
* meshless methods

3> micromorphic continuum
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! micro-deformation
2 Dirichlet principle
3 surrounding free space
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! gradient elasticity theories

2 miniaturization of fabricated components
3 architected metamaterials

4 electro-active polymers
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! stationary energy principle
2 monolithic
3 Newton-Raphson iterative strategy
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! Deformation Gradient

2 additional state variable

3 Gradient of the micro-deformation

* with respect to the macroscopic material placement
3 stationary
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! direct flexoelectric effect in soft, isotropic dielectric solids

2 conservative and under isothermal conditions

3 The micromorphic energy density and the scale-bridging energy density are chosen to be
quadratic functions of their respective strain measures

4 perfect insulator
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! Generalized Continuum Theories
2 Strain-Gradient Elasticity

3 Couple-Stress Theory

4 electrostriction

> Maxwell stress effect



ol s i yo S S5y yudl g ep9d Ao (135S yeudli £y itelab o n BT T o a8

ML Slgo 58 1o a9 cnl ol LF-0] wigd o wagl o)lExe)S oo slajsly 5o pom
SbsS 5 0 yw (BaTiO, ) "bbis po )b 4 ()ls5 oo Wodiged alo 51 LY-F-0-8] 5 ls 5929 535 0

231 NaCl g g8k swile (Jyliness po slaygh a5 > 10 0,8 o5Lal 35,065 5 (PZT) Tobbes
Lv-0-v] sen cools ol

o5 4 g casl ooy ‘_,’.i...li.osfSJI Jas o Ll il g iS5 A2 i (sl
Lr-v] calons e ¥ Siolow slac Sy o

Ay S 9SS Y)Y

S o o |, (515, 155 e 1) (255 0ol,T U i Kl iy SIS
WSty 5l 3S e S jeboas olge yo (i 1, M (ore (Kig)ly ) )85 il s (Kol (sla S i
el ool ools Jioled V- S j0 a8 Wigd alls iudad olwl 4 e

M (<)

94
Q P=0 S P£0
S S @

S35 o o) Losle yo JS8 1 18l Cos 2akad 1Y S
(] 2315, e IS s () 2155 US55 ()

! crystal symmetry restriction
2 Group theory

3 barium titanate

*lead zirconate titanate (PZT)
> resonators

6 ultrasonic transducers

7 scanning probe microscopes
8 local inversion symmetry
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universal property

? titanates

3 permittivity

4 polyvinylidene fluoride (PVDF) and plexiglass
3 Perovskites

% Liquid crystal elastomers (LCEs)
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7 ferroelectrics
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2 paraelectric—ferroelectric phase transition
3 Cantilever bending

* Pyramid compression
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! Argyris triangular elements

2 spline-based basis functions

3 Non-Uniform Rational B-Splines (NURBS)
4 Phase-Field Methods (PFM)

5 Collocation MFEM (CMFEM)

% Gaussian quadrature points
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! Discontinuous Galerkin (DG) Methods

2 weak continuity

3 Meshfree Methods

4 Element-Free Galerkin (EFG)

3 Local Maximum Entropy (LME) method
6 electric dipole and quadrupole densities
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? Spatial description
3 Material description
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! Einstein summation convention

2 material gradient

3 spatial gradient

* permutation tensor (Levi-Civita tensor)
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! dyadic product
2 upper and lower dyadic products
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! Isothermal conditions

2 Conservativity

3 domain switching

* Material homogeneity at the macroscale
5 Reversibility

% hysteresis

7 Finite kinematics
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2 First and second Piola—Kirchhoff stress tensor
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2 Lamé constants
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3 penalty parameter
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2 classical Maxwell energy density of an electric field in a dielectric
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! flexoelectric material parameter

% a dimensionless material constant

3 Constitutive Derivatives and Energetic Conjugates
* Double micromorphic stress
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! Dirichlet Principle
2 conservative system
3 total potential energy
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2 micromorphic Piola traction
3 density of free charge per unit area



Gy (ol s, 4

S 9095 550 Lasl 3 VYO

s e 89y ol e g Sidja0,Son o Hlaie iy A (b 5 (5590 Ll o
Wgad Hebdy 335 o0

F=F" onI" (-f4-v)

Q- N=T" onl" (-Fa-Y)
b Slyess Jol 5l g s G L F L ozgose a5 YL 4y gloopiSls o ormb bylys o
35 (o0 97 Mg o8

ol el 51 (zlosel) S ks s o 0Bl ool oS sl pl p b g S g ye s
g s rog pjahl) b el

F(t=0)=I (o-Fa-1)

&0 (SN, b g asls S s Tl 1o eole LS Llug Se a5 v oo lis Ko Sle @
ahdi 2 10 H9Swg S i b g ( SoiS Silho Coge ol 5l Gl 43S e ol gulaie
S oo astine ddel Cl> as cais 1) (Bl sl S s g Cewl 0ole

WSS (g5p0 dasl s KX DY

3t S sl 85,0 daslyd 5 s calin (g p0 dayl o aiels Ssliasly 2SI fsluws

D 297 e 5l (A S,
¢ = ¢pre on F¢ (T_a . )
138,50 ol P lase Jloy Jls Ojg0 du g osd pead xaw b (S (e Lyl jo

-P-N=p" on r’ (—-0V-Y)

! reference micro-state



- 0als ol S8 509 S0 09y 40 SO SlguSUS Jiluno ol

iy 5 i ;b (6550 e s 45 O o o 5 009 JgmSlo S¥0las JoSo Lyl 13 ]
.\oo)f

5 (FI=F) o(F+=1) (YA-Y) ((YA-Y) Laly, (o WSl b 0o g oo callas (5loainnnS 51 iy
Sed 909,50 Joo S co asrine |) SlioS g8 (gaudS il )b au (YF-Y) alal) o (Y-YY)
Sy5e 3551055 Bl chlizha sl il o s B 025 o 0l 1, Sl il ey 0SS o
Gotele (Solels Jloges ol el sad ools Hlas £-Y S j0 a5 aigT les (085 I8 cwy

oo oo a3l el slo Jow ganail gl cunlin

Elasticity
t—0
P V &_’ ¥
p — 0
G-Elasticity «—e M-Elasticity E-Elasticity

£—0
€ ﬁx/p: 0

EM-Elasticity

U—>OI

FM-Elasticity

p— X

A
[ ]

EG-Elasticity

p— X

A

FG-Elasticity

oSl g (Sl sl gouds oS calizee sla Jow (o bl #-Y J.i.i‘:
[#v] S 909 S gzl 50

S8 ,905 5500 (Gl g dlns iSlgnSLS gouis oS (galinwe Lo FM-Elasticity  Jowe
S&pw¥l iy (FG-Elasticity 4 Jow S Jo p = 0 dibeday ,> yiul )l a5 LK .ol

ELVIUWERV V| PR VL SUOY I PRV T St >R FRSCYWW S FRVE S SURIIUA U PV UL I PR Wopl TP S AR I 5

g o Bd> EM-Elasticity Joe ;o dius iSlgunSIs &l 51 icay o5 o

Llos Gty p >0 > o g EM-Elasticity Jow 5l obol,5 (gamin¥hg 2SIl galinne
S 5SIl saiinY! g (M-Elasticity) 8,509,500 (gaimmain¥] Joo 90 «opl p opdle
bys 90 lojed )3y 9 & >0 & > 0 ey 4 EM-Elasticity ;| (E-Elasticity)

! well-posed boundary value problem



Gy (ol s, )

«M-Elasticity Jowo 3l p—>00 50,5 Jo b ccdy uod 4 Agd oo Jol> €20 4 p—>0
3] oo Cowdas (G-Elasticity) Sbol,5 satminV] Joo

3¢—>0 5 p—>0 cll> o M-Elasticity ;| Jas & gaimcuV¥l o bl galins ol o
Sgi g0 Jol> £y —> 0 &Jl> o E-Elasticity |

Ol abl oo s p=0 a5l fpl 2,8 e a8 S Jlai 0 (=0 Jlade o5 ,e (IS jeba
wiilor (Bl koS o gl 008y 5l Sed 909,800 5 (29%wg S e Gy U095 o0 g D]

dgazme Hladl gy 4y (5jlwdinns £Y

w8 sl b oae by Soaiejls dten piSUlpuSIE (oS e S0 909,500 (3ludlge 2
023 1 cewlio ozl dgaome ladl gy il e TV i o cadzlpuul oS Yol
Dy oo WS (6 SYolao jl Slasgemme 4 Sl SVolre cand 0,8 45 (5 y5b S o
B et e S 5 il g, 9 ool Al Al slaplae (gilwaianS (i3l 5o

09 o0 00ld isg ol

adsl slagylase o ,ds N S

o oS (salluse adsl sloy e Canl 00 s Tyl ga a2 i slagyledl &4 By g 1o (At
)l A.u)l...c

(4) 255wy Sle oS> o
(F) Sdjg09 500 S i o
(#) oSt Jomily o

Wigl oo 00 oy H&5 ¥ axlabaalad § Ay Slalozais 4.1[9: @193 Sleolaiwnl b b ylace ol 51 SO yo

tasb asls Sbog 3 e Sl o a.:s\gLsa aS

uh :ZuIN;‘ (av—v)
I=1

! weak form of the variational equations
2 non-overlapping elements
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Abstract

Flexoelectricity is a pervasive phenomenon in dielectric materials, in which an electric
polarization is induced by a non-uniform mechanical strain or a strain gradient. Unlike
piezoelectricity, which is limited to non-centrosymmetric crystals, flexoelectricity can exist in
materials of any symmetry. This property significantly expands its potential applications,
especially at micro- and nanoscale levels where gradient effects dominate. One of the main
challenges in numerical modeling of flexoelectricity arises from its nature as an interaction
between the second-order gradient of motion and the electric field, leading to a fourth-order
partial differential equation.

The present study employs a micromorphic approach to model the flexoelectric effect. This
framework, by introducing independent micromorphic degrees of freedom, overcomes the
restrictive requirement for continuity of the displacement field. As a result, higher-order
gradient effects can be represented within a classical CO-continuous finite element formulation,
providing improved computational stability. The proposed formulation fully accounts for both
material and geometric nonlinearities, enabling the description of large deformations,
particularly in soft dielectrics.

The resulting nonlinear system is solved approximately using a Newton-Raphson linearization
strategy. The theoretical formulation captures the coupling between mechanical, electrical, and
micromorphic fields. A key advantage of this framework is its flexibility: by imposing suitable
restrictions on material parameters, a range of related problems, including gradient elasticity,
micromorphic elasticity, and nonlinear electro-elasticity, can also be modeled.

Numerical examples demonstrate that the proposed approach accurately predicts the direct
flexoelectric effect and the induced polarization fields under strain gradients. The results reveal
strong size-dependent behavior and confirm the model’s computational robustness and
stability. The micromorphic formulation thus provides a versatile and efficient tool for
analyzing coupled electro-mechanical phenomena and supports the design and optimization of
flexoelectric structures in advanced engineering applications.

Keywords:

Flexoelectricity — Electromechanical coupling — Micromorphic theory — Strain gradient theory
— Finite element
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