***Download is permitted to HPC-Lab members and for educational purposes only***

Front. Struct. Civ. Eng. 2015, 9(4): 466-477
DOI 10.1007/s11709-015-0300-3

RESEARCH ARTICLE

An extended thermo-mechanically coupled algorithm for
simulation of superelasticity and shape memory effect in
shape memory alloys

S. HASHEMI, H. AHMADIAN, S. MOHAMMADI"

High Performance Computing Laboratory (HPC Lab), School of Civil Engineering, University of Tehran, Tehran 1417613131, Iran

*Corresponding author. E-mail: smoham@ut.ac.ir

© Higher Education Press and Springer-Verlag Berlin Heidelberg 2015

ABSTRACT Thermo-mechanical coupling in shape memory alloys is a very complicated phenomenon. The heat
generation/absorption during forward/reverse transformation can lead to temperature-dependent variation of its
mechanical behavior in the forms of superelasticity and shape memory effect. However, unlike the usual assumption, slow
loading rate cannot guarantee an isothermal process. A two-dimensional thermo-mechanically coupled algorithm is
proposed based on the original model of Lagoudas to efficiently model both superelasticity and shape memory effects and
the influence of various strain rates, aspect ratios and boundary conditions. To implement the coupled model into a finite
element code, a numerical staggered algorithm is employed. A number of simulations are performed to verify the
proposed approach with available experimental and numerical data and to assess its efficiency in solving complex SMA

problems.
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1 Introduction

Shape memory alloys are categorized among the smart
materials, which exhibit a direct interaction between
thermal and mechanical fields. Unique behaviors of
shape memory alloys (SMAs), including superelasticity
and shape memory effect (SME), have made them suitable
for various high-tech applications in different areas such as
biotechnology and aerospace industry. These behaviors are
based on the reversible phase transformation phenomenon
between the austenite (A) and martensite (M) phases;
associated with the high and low temperature phases,
respectively. The phase transformation of SMA is
accompanied with heat generation/absorption. As a result,
it is trivial that SMAs exhibit a temperature-sensitive
behavior; and therefore, the thermo-mechanical coupling
effects should be taken into account.

It is accepted that the forward phase transformation (A to
M) and the reverse transformation (M to A) in SMAs are
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exothermic and endothermic processes, respectively [1]. In
other words, in the case of high loading rates, the material
does not have enough time to disperse the heat flow, and its
temperature will consequently increase/decrease during the
forward/reverse transformation. Therefore, the necessity of
considering thermo-mechanical coupling is evident. The
influence of high loading rates, particularly strain rates, on
thermo-mechanical coupling has been discussed in several
studies [1,2]. For instance, Morin and Moumni [3] studied
the isothermal superelastic behavior of SMAs and the
effect of loading rates using the Helmholtz-based ZM
constitutive model. However, recent experimental and
analytical studies showed that other parameters such as
boundary conditions and the size of the SMA device are
also important [4,5].

In this study, to capture both the shape memory effect
and the superelasticity behaviors and to study the effects of
various parameters, the original Lagoudas model [6] for
thermo-mechanically coupled behavior of SMAs is
extended and implemented in a staggered time-stepping
algorithm, which uncouples the original problem into two
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smaller problems. In each iteration, after solving the
isothermal mechanical problem, the heat equation is solved
to determine the temperature variations due to phase
transformation. This process continues until the problem
convergences.

This paper consists of three main sections. First, a brief
theory of adopted constitutive model is presented. Then, an
implementation of the constitutive model in a time-
stepping staggered algorithm is presented within the finite
element framework. The last part is dedicated to simulation
and discussion of several numerical examples to assess the
performance of the developed methodology.

2 Constitutive model

First, a brief discussion of the constitutive model for SMAs
is presented. The explicit form of the Gibbs free energy is
given by [7]:
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where the state variables o, &, &, T, T, are the Cauchy
stress, the martensitic volume fraction, the transformation
strain, the temperature and the reference temperature,
respectively. The function f'(£) is a representative form for
the transformation hardening due to phase interaction. The
material parameters p, S, a, ¢, sy and u, are the density, the
fourth-order effective compliance tensor, the second-order
effective thermal expansion tensor, the effective specific
heat, the effective specific entropy at the reference state,
and the effective specific internal energy at the reference
state, respectively. Assuming isotropic and linear elastic
behavior for each phase, the rule of mixtures allows for
determining these material parameters,

S(&) = 8" + &Y -51) = 5% +¢As, 2)
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where superscripts A and M indicate the austenitic and
martensitic phases, respectively and A represents the
difference of a particular parameter between the mentioned
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phases. The constitutive relation for the total strain can be
derived from substituting Eq. (1) into the first and second
laws of thermodynamics:

oG
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Equation (7) is not solely capable of fully describing the
material behavior so the necessity of describing a phase
transformation rule is evident. The transformation rule is
defined as the relation between the evolution of transfor-
mation strain tensor and the evolution of martensitic
volume fraction:

& = A€, (®)

where A is the transformation tensor:
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where the material parameter H is associated with the
maximum uniaxial transformation strain, o' is the
deviatoric stress tensor, and &’ % is the transformation
strain at the reversal point. To solve the constitutive
relation numerically, an implicit scheme based on the
return mapping and the Newton-Raphson method is
exploited. For further information, refer to [7,8].

To discuss the discrete form of the heat equation, first the
fully coupled form of the heat equation of SMAs is
presented [9]:

. T ;
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where 7 is the thermodynamic force
oG
=0:A- . 11
n=o0 o (1

The first and third terms of the left-hand side of Eq. (10)
express how the temperature varies due to stress variations,
and due to a change in martensitic volume fraction,
respectively. The second term of the left-hand side of Eq.
(10) represents the heat capacity. The first and second
terms on the right-hand side of Eq. (10) are related to the
heat transfer process by the heat flux q.

The thermal conductivity, the effective specific heat, and
the thermal expansion coefficient of the two phases are
identical for most SMAs [8]. By this assumption and using
the Fourier’s law of heat conduction ¢ = —kVT, Eq. (10)
yield to:
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Ta: 6+ peT + (1 + pAsoT)E = V.(kVT).  (12)

Now, the general type of convection boundary condition
is imposed:

qgn= (13)

where 7 is the outward normal vector, / is the convection
coefficient and Ty, is the external temperature. Tempera-
ture distribution at 7= 0 is given as the initial condition 7=
T ext:

By considering the Dirichlet and Neumann temperature
boundary conditions and applying Stokes’ theorem along
with the conventional finite element discretization,
Eq. (12) yields to

*(kVT)I’l = h(TfText):

(K+K,+K, +K¢).T+M.T =F, (14)
or in an incremental form:
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where the superscript n represents the increment, At is the
time of each increment, K is the heat conduction matrix, K,
is the heat convection matrix, K, is the matrix of latent heat
due to stress changes, K is the matrix of latent heat due to
martensite volume fraction changes, M is the heat capacity
matrix and £ is a load vector:
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where N; and N; are the finite element shape functions.
Ultimately, the temperature at the increment n + 1 is
obtained from:

" = (K N ER, (22)

where K”! and F.I! are:

M
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M
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3 Numerical algorithm

To implement the thermo-mechanical coupled model into a
finite element code, a staggered time-step numerical
algorithm is employed. According to this algorithm, in
each iteration, first the isothermal mechanical problem is
solved. To numerically solve the constitutive equation, the
return mapping algorithm based on an elastic prediction
and phase transformation corrector is employed. In the
elastic prediction part, the phase transformation strain is
assumed constant, and other variables are calculated. Then,
in the phase transformation step, the strain and other
variables are corrected. After solving the mechanical part,
the thermal effects are calculated and considered for the
next mechanical step. This step-by-step algorithm is given
bellow. Note that in this algorithm # is the step number and
k represents the iteration number in each step.

1) Solve the balance equation and calculate the
displacement vector

2) Calculate the strain tensor from the consistency
equation

3) Return mapping algorithm

(a) Set initial values

k= 0 £n+1 Env n+1 8”’ S1<1+)1_Sn’ ail?zl:an' (25)

(b) Elastic prediction and checking the phase transfor-
mation condition

k k k r(k
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(c) If ’q& i) ‘ <tol;, return to step 4

(d) Calculate variations of martensitic volume fraction &
and phase transformation strain &”

(k) ‘D(k>1
IV - 9
+0 gz5n+1 . n+1 : 0 ¢n+1 0 ¢n+1
Ag;rﬂ _A£n+l n+l’ (29)

where + and — are for the forward and reverse
transformations, respectively.
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(e) Updating state variables; phase transformation strain
and martensitic volume fraction

k k k
e =) +agll, (30)
et =l + g, @31

(f) Updating material parameters; elastic and thermal
moduli

ClO)=Ct+ecM-cy=ct+¢enc, (32

a(§) = a’ + €(d" —a) = a' + €Aa, (33)

where C* and CY are the stress influence coefficients
of austenite and martensite phases, respectively (see
Eq. (36)-(39)).

(g) Set k =k + 1 and return to (a).

4) Calculate the temperature 7}
5) Calculate the residual internal force (R)

R :.f(;xt _ﬁnt s

where f., is the equivalent applied load and £, is

(34)

—— f BT 5dQ, (35)
Q

where B is the matrix of shape function derivatives.

6) If |R| < tol, or |T,’l‘j:l1 ~TE, ] <tols, return to step 1

4 Numerical simulations

4.1 Tensile test

The first simulation is performed to assess the accuracy of
the proposed model in three different loading rates in
comparison with the loading-unloading in a pseudo-
elasticity experimental problem, previously reported by
[10]. The simulations are carried out on a mesh of 450-
quadrilateral elements to model a thin strip subjected to
the displacement control condition, as depicted in Fig. 1.
For this simulation L, w, and ¢, are chosen 30, 2.6, and
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Fig. 1 (a) Geometry and boundary conditions; (b) finite element mesh

0.5 mm, respectively. The applied displacement is set to u
=2.4mm. The specimens are fixed at both ends and are
elongated up to the strain of 0.08. The original tests were
conducted in the air, where the ambient and initial
temperatures were equal to 23°C. Due to the fact that
some of the parameters of the model were not reported in
[10], a model calibration is required. The transformation
surfaces can be defined as [9]:

ous = CY(T—Thyg), (36)
ory = CY(T—-Tyy), (37)
045 = CH(T~Ty), (38)
o4 = CHT—Ty), (39)

where T is the material temperature. 0, 0y, 045 and oy
are the start and finish stresses of forward and reverse
transformations, respectively, which are captured from the
stress versus strain diagram provided in [10]. Conse-
quently, the unknown material parameters T, Tagr, Ty,
T s can be calculated from Egs. (36) —(39). Table 1 lists the
adopted material properties. The average convection
coefficient in air is taken from Ref. [11] and the conduction
coefficient is adopted for a typical Ni Ti [8]. The
convection coefficient in water is assumed 300 W/(m?K),
which is required to study the effects of convection
boundary conditions.

The stress-strain curves at different strain rates of 1.1 x
107, 1.1 x 102 and 1.1 x 10™* are presented in Fig. 2 and

Table 1 SMA material properties
material parameters value material parameters value
E 16.5 x 10° Pa a' =aM 22 x107° 1/K
EM 16.5 x 10° Pa pCt = pcM 3.2 x 10° J/(m’K)
vy =y 0.3 pAso —0.375 x 10° J/(m*K)
Tos -30°C Hoae 0.3
Twy -31°C k 18 W/(mK)
T4s 4°C Nair 50 W/(mK)
Ty 5°C yater 300 W/ (mK)
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Fig. 2 Comparison of the experimental and numerical simulation for the strain rate of (a) 1.1 x 10 4571 (b) 1.1 x 10 257l (©)11x10"s !

are in good agreement with the experimental data. The
slight difference at the onset of forward transformation is
due to nucleation phenomenon which is a consequence of
unstable phase transformation. According to the fact that in
practice, SMAs are often trained to shake out this slight
instability, particularly for engineering purposes, it is
neglected in this study.

Note that there is a high heat exchange between the
specimen and the grips which can lead to faster decrease in
the temperature of the material during the unloading,
causing higher slopes of the reverse phase transformation
plateau. Hence, by increasing the strain rate, the numerical
and experimental curves tend to deviate from each other
during the reverse transformation. However, at slow strain
rates (Fig. 2(c)), which is near the adiabatic condition, the
specimen would not have enough time to dissipate the
latent heat to the environment; consequently, slopes of the

reverse transformation plateau in the experiment and
numerical simulation become nearly identical.

4.1.1 Convective boundary condition

To study the effect of convective boundary condition,
simulations are now performed in different environments;
air and water. The results are demonstrated in Fig. 3.
Comparing the stress versus strain diagrams of air and
water in different strain rates, shows that the water
boundary generates much less variations than the air.
Due to the higher value of convection coefficient of water,
heat exchange with the environment is higher. The increase
in the convection coefficient leads to a decrease in the
slope of the stress-strain curve. Thereby, a near-isothermal
material response of SMAs in highly convective environ-
ments such as water is trivially expected (Fig. 3(e)).
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Fig. 3 Numerical stress-strain curves in air and water for different strain rates of (a) 1.1 x 10s™, (b)3.3 x 10%s !, (c)2 x 102s,

(A 1.1 x102s !, (e) 1.1 x 10*s!
4.1.2 Effect of the strain rate

Now all the simulations are performed in air. As shown in
Fig. 4, the increase in strain rate will result in higher stress
levels during the forward transformation. The reason can
be attributed to the fact that during the forward
transformation, the temperature of material increases
monotonically with the increase of the strain rate, resulting
in higher stress levels. However, the increase in strain rate
does not necessarily result in lower stress levels during the

reverse transformation.

According to Fig. 5, with the increase of the strain rate,
the stress level of reverse transformation is decreased.
However, further increase in the strain rate results
adversely. The reason is that at these strain rates, there is
not enough time for the released latent heat to completely
transfer to the environment. Hence, the temperature of the
material becomes much higher than the ambient tempera-
ture at the start of the reverse transformation, which leads
to higher stress levels. Consequently, depending on the
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Fig. 5 Temperature variations vs. time steps for different strain
rates

value of strain rate, the temperature of the material may
become higher or lower than or even equal to the ambient
temperature after the unloading.

Table 2 SMA material properties [8]

Note that the behavior of SMAs at different strain rates
can be explained by a comparison between the dominance
of heat exchange or internal heat generation/absorption
during the forward/reverse phase change [9]. At inter-
mediate strain rates, the amount of latent heat generation/
absorption due to the forward/reverse transformation is
comparable to the amount of heat exchange with the
environment due to convection. Hence, as it can be seen in
Fig. 2, a slightly nonlinear behavior is observed in the
transformation region of stress-strain curves. However, the
increase/decrease in the temperature will make the heat
exchange or heat generation/absorption dominant, and the
transformation region of the stress-strain would conse-
quently become nearly linear.

4.1.3 SME versus superelasticity for a tensile SMA

The same specimen with dimensions of 18 mmx
10 mmx1 mm is now simulated at two temperatures of
—76°C and —10°C, and is subjected to an elongation
equivalent to 9.5% strain. The material properties are
changed to Table 2 [8] to allow for better capturing the
differences between the shape memory effect (SME) and
superelasticity.

According to the results of Fig. 6, the loading paths in
superelasticity and SME are respectively shown with A-B-
C-D and A-F-H-D, while the unloading paths follow D-E-
G-A and D-E-I, respectively. In superelasticity, as
expected, the generated strain during the loading is fully
recovered upon the unloading. In SME, the unloading
process cannot recover the entire strain and a strain equal to
6.7% is remained. Further heating can initiate the reverse
transformation and the strain will become fully recovered
under zero stress condition (I-A).

4.1.4 The effect of aspect ratio

To study the effect of aspect ratio, three thin strips with
different length/width ratios of 5, 15, and 100 are simulated
with 248- regular quadrilateral element specimens under
the pure tension condition. The material properties are
chosen as Table 2. The specimens are elongated up to a
given strain of 0.085 at the constant strain rate of 1.1 x
107 under the displacement control condition. Note that

material parameters value material parameters value
F1 55 x 10° Pa V= vy 0.33
EM 46 x 10°Pa a' = av 22 x 107° 1/K
Thss -28°C pCh = pcM 4.81 x 10° J/(m’K)
Tryr —43°C Aso 0J/(m’K)
Tys -3°C Hinax 0.056
Ty 7°C k 18 W/(mK)
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Fig. 6 SME and superelasticity paths

the temperature is fixed at the right and left sides of the
strips and is equal to 55°C.

The stress-strain responses for different aspect ratios of
5, 15, and 100 are presented in Fig. 7. During the forward
transformation, the material response changes from nearly
isothermal to nearly adiabatic condition by the change of
length/width ratio. To explain this phenomenon, one
should note that different heat transfers in various regions
can cause a non-uniform distribution of temperature
(higher temperature at inner regions), which due to
thermo-mechanical coupling results in non-uniform dis-
tribution of stress (higher stress at inner regions). However,
the lower stress plateau in Fig. 7 indicates that the non-
monotonic stress level changes during the reverse
transformation do not necessarily lead to lower stress
levels.

4.2 Bending test

The second simulation is a three point bending test to
assess the necessity of considering thermo-mechanical
coupling. The geometry, loading, and boundary conditions
are adopted from [12] and are shown in Fig. 8. The original
test was conducted in the air and on a wire with the length
and diameter of 20 and 1.49 mm, respectively. The
constant thickness of finite element of the present

Table 3 SMA material properties
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Fig. 7 Global stress-strain responses of three SMA devices

simulation is chosen in such a way that the same moment
of inertia is achieved. Material parameters are adopted
from [8] and are given in Table 3. The plane-stress element
is elongated up to 5.2 mm with a constant strain rate of 1.1
x 107" under the displacement control condition.

d=52mm

1.49 mm ¢ | thickness = 1.15 mm

L =20 mm

Fig. 8 Geometry and boundary conditions

Variations of the force versus displacement of midpoint
of the specimen in comparison with numerical and
experimental results of reference [12] are shown in
Fig. 9. Auricchio et al. [12] used an uncoupled scheme
to solve the 322-element model with the exponential
hardening function; while neglecting the existing strong
thermo-mechanical coupling may lead to inaccuracy. Here,
the simulation is performed on a model of 915 quadrilateral
elements and the thermo-mechanical coupling is taken into
account. As expected, the results of this study shows better
agreement with the experimental data.

material parameters value material parameters value
E1 47 x 10° Pa V= vy 0.3
EM 33 x 10°Pa at = a" 22 x10°° 1/K
Ts -52°C pCt = pcM 6.5 x 10° J/(m’K)
Thy —60°C 50 0J/(m’K)
T -30°C Hpax 0.075
Ty ~20°C k 18 W/(mK)
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To demonstrate the change of phase transformation
patterns during the uniform 40-step increasing bending
loading, the phase transformation profiles at 8-step
intervals are shown in Fig. 10. At first, the material is
fully austenite, and the martensitic volume fraction is zero.
By increasing the load, the material starts to behave
elastically. Further increase in loading initiates the phase
transformation and consequently the martensitic volume
fraction begins to increase. The temperature boundary
condition is assumed fixed at the right and left sides of the
structure which causes lower temperature for points closer
to these sides compared with the inner regions. Consider-
ing this fact and occurrence of stress localization under the
point load, it can be concluded that the phase transforma-
tion should start in the middle of the beam, right under the
point load. Eventually, the value of the martensitic volume
fraction reaches 1 and the phase transformation completes.

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

-

(b)

Fig. 10 Phase transformation (martensite volume fraction distribution) during the forward transformation (The lateral deformation is

exaggerated by 100%)
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4.3  Strip with hole

The third simulation is performed on a thin strip with a
central circular hole. The geometry, loading, and boundary

285
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condition are shown in Fig. 11(a). Material parameters are
adopted from [8] and are given in Table 2. The strip is
elongated up to 5% strain under the displacement control
condition. Due to the symmetry, only a quarter of specimen
is simulated, as depicted in Fig. 11(b).

The change of temperature and stress contours are
demonstrated in Figs. 12 and 13, respectively. The
contours are at five equal loading steps; in other words,
each contour represents a 20% progression in the forward
phase transformation. Clearly, the temperature evolution
and the stress generation are similar. They initiate from the
point A on the edge of the circular hole, where the stress
concentration is maximum. By increasing the load, the
phase transformation propagates diagonally through the
specimen. This phenomenon is accompanied with a rise in
temperature in the transformed region, also associated with
the stress increase. As expected, the temperature and stress
variation are minimum at the point B on the edge of the
circular hole due to the minimum stress concentration in
that part of the specimen.

5 Conclusion

In this contribution, a staggered algorithm for solving
thermo-mechanical coupling in SMAs is presented. The
presented framework is capable of simulating the thermo-
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Fig. 13 Stress (o,,) contours during forward transformation based on MPa
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mechanical coupling for both superelasticity and SME
phenomena. Several numerical simulations are performed
to investigate the sensitivity of effective parameters and to
examine accuracy and efficiency of the model. It is
demonstrated that an isothermal process cannot be
guaranteed with the slow strain rate. To analyze the
sensitivity of material response, other variables such as the
convective boundary conditions should accurately be taken
into consideration.
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