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ABSTRACT
The aim of this paper is to study the T-stress and its effect on crack propagation in FGM materials
with adiabatic cracks subjected to thermo-mechanical loading based on the J-integral formulation
and the extended finite element method (XFEM). Path-independent J-integral responses of T-stress
for adiabatic cracks and the effects of incompatible terms for FGMs are discussed. Having exam-
ined the T-stress parameter, the effect of fracture characteristic/process length on crack propaga-
tion angle in adiabatic cracks is studied. The results show that the initial crack propagation angle
deviates from the standard propagation angle by increasing the size of the fracture process zone.
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1. Introduction

Functionally graded materials (FGMs) are growingly applied
in many engineering fields, such as medical and aerospace
industries, to overcome the shortcomings of homogeneous
materials in handling both the mechanical and thermal
effects, or potential inconsistencies that may exist around
the interfaces of layered composites [1, 2]. One of the main
applications of FGMs is in the conditions where both the
mechanical and thermal strength of materials are simultan-
eously required, especially in thermal barrier coating. While
traditional layered ceramic/metals materials could severely
suffer in thermo-mechanical conditions and experience
delamination due to the sudden changes of thermal proper-
ties between different layers [3], FGMs could substantially
improve the response by providing a continuous variation of
material properties. Nevertheless, thermal fracture analysis
of FGMs remains an important task, due to the existing ini-
tial cracks during the complex manufacturing process and
the severe thermo-mechanical conditions.

In a thermo-mechanical fracture analysis, crack surfaces
play an important role in the thermal response of the material
[4]. The thermal condition of a crack can be specified by the
thermal insulation coefficient, which is defined across the
crack surfaces [4, 5]. The perfect conduction and the perfect
insulation (zero-heat flux) are the two extreme cases of ther-
mal crack analysis [5]. In practical applications, when an air-
gap exists in between the crack surfaces, the insulated crack
assumption, also known as the adiabatic crack, may be
adopted. From the analytical perspective, the heat conduction
field becomes singular near the crack tips of an adiabatic
crack. This has to be properly considered in numerical

simulations. A comprehensive survey on literature shows that
most available literature on thermal analysis of FGMs are
dedicated to the simpler case of nonsingular condition [6–10],
and only very limited researches are devoted to the study of
singular adiabatic cracks [5, 11, 12]. Accordingly, the main
focus of the present paper is set to study of adiabatic cracks
in FGMs.

In fracture mechanics, the concepts of stress intensity fac-
tors (SIFs) and T-stress are the main parameters that,
respectively, reflect the singular and nonsingular responses
of stress near a crack tip. Different numerical methods have
been developed in recent years to study SIFs in FGMs,
including the boundary element method [13–17], the finite
element method [6, 12, 18–35], numerical manifold method
[11, 36], graded finite element [37], peridynamic [3, 38],
local Petrov–Galerkin method [39], and the extended finite
element method (XFEM) [40–50]. Among them, XFEM has
become one of the robust and effective numerical methods
for analysis of fracture problems in isotropic and anisotropic
functionally graded materials subject to general mechanical
and thermal loadings. Due to the main advantages of XFEM
in modeling cracks independent of mesh configuration, and
reproducing the crack tip singular stress field, XFEM is
adopted in the present study for fracture evaluation and
crack propagation analysis of FGMs under thermo-mechan-
ical loadings. The path-independent J-integral, well-estab-
lished as a robust method to extract fracture parameters of
FGMs under mechanical and thermo-mechanical loadings
[6–8, 51–54], is adopted in this research.

On the other hand, few researchers have worked on evalu-
ation of T-stress in FGMs under the thermo-mechanical load-
ing [10, 11], but without considering its effect on crack
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propagation angle. Accordingly, the present investigation is
devoted to evaluation of T-stress in adiabatic cracks in FGMs
under thermo-mechanical loadings based on the interaction
integral method. The effect of T-stress in crack propagation is
also explored within the context of XFEM methodology.

To this end, the theoretical basics of evaluation of frac-
ture parameters of FGM materials, based on the interaction
integral method, and the crack propagation criterion are
reviewed in sections 2-5. Afterwards, the corresponding
XFEM formulation is briefly explained in sections 6 and 7.
In section 8, different thermal crack examples are numeric-
ally investigated, and the method is then employed to inves-
tigate a number of adiabatic crack problems in details.

2. FGM stress–strain relationship in thermo-
mechanical condition

Considering H, e, r, E, G, t and a as temperature, strain,
stress, modulus of elasticity, shear modulus, Poisson’s ratio
and thermal expansion coefficient, the stress–strain relation-
ship for plane stress problems in thermo-mechanical condi-
tions can be written as,
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where

G ¼ E
2 1þ tð Þ (2)

and eij is the total strain, including the mechanical (emij ) and
thermal (eH) strains, and aDH is the thermal strain eH:
Clearly, the mechanical strain emij ¼ eij � aijDH is related to
the strain energy.

In the plane strain condition, the stress-strain relation is
written as
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where the last term represents the thermal strain in the
plane strain condition. Notably, the total and thermal strains
in the plane strain condition in the x3 direction are

e33 ¼ 0, eh33 ¼ aDH (4)

Accordingly, the mechanical strain in x3 direction can be
derived

em33 ¼ �aDH (5)

which must be considered in computing the strain energy
for SIF and T-stress calculations.

3. SIFs and T-stress

Considering singular and nonsingular terms in the stress
field around the crack tip, the analytical solutions for
stresses components in the polar coordinate system can be
written as [55]

rrr ¼ KIf rrKI
r, hð Þ þ KIIf rrKII

r, hð Þ þ Tf rrT r, hð Þ þ :::

rhh ¼ KIf hhKI
r, hð Þ þ KIIf hhKII

r, hð Þ þ Tf hhT r, hð Þ þ :::

rrh ¼ KIf rhKI
r, hð Þ þ KIIf rhKII

r, hð Þ þ Tf rhT r, hð Þ þ :::

(6)

where f rrKI
, f rrKII

, f hhKI
, f hhKII

, f rhKI
, f rhKII

are the functions representing
the singular stress field around crack tips, and f rrT , f hhT , f rhT are
nonsingular higher-order functions. KI and KII are SIFs that
explore the effects of geometry, boundary and loading
conditions on singular-terms of the stress field, and T repre-
sents the T-stress parameter that is related to the higher-
order terms of stress.

Different methods have been developed to compute SIFs
and T-stress [7–10, 12, 51–53, 56–58]. Among them, the
path-independent J-integral formulation, frequently
employed by many researchers, is adopted in this work.
Other methods include the displacement extrapolation [59],
and the crack tip opening angle/displacement [60, 61].

4. J and interaction integrals

The original definition of the J-integral can be written as,

J ¼ lim
Cs!0

ð
Cs

wd1j � rijui, 1
� �

njdC (7)

where w ¼ 1=2emij rij is the strain energy density and ui is
displacement field. Other parameters are depicted in Figure
1. em33 and r33 are non-zero in the plane strain cases and
should be considered in the computation of strain energy.

The equivalent domain integral form of the J-integral can
be written in terms of the ramp function Q (as depicted in
Figure 2) [53],
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where Q is a smooth function varying from 1 at the crack
tip to zero at the outer edge of the integral domain. Q is

Figure 1. Definitions of the contour J-integral.
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usually discretized by the standard shape functions of FEM,
as depicted in Figure 2.

4.1. Incompatible M-integral

Using a compatible auxiliary displacement field around the
crack tip (denoted byuauxi ) and the superposition assump-
tion, allows for deriving the J-integral for a combined effect
of actual and auxiliary fields:

J ¼ Jact þ Jaux þM (9)

where Jact and Jaux are obtained by replacing the actual and
auxiliary fields in Eq. (8), respectively [53].M is called the
interaction integral that includes the coupled effect of actual
and auxiliary fields [53]:
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where superscripts act and aux refer to the actual and auxil-
iary fields. The actual fields (displacement, strain and stress)
are calculated from the main problem by XFEM, whereas
the auxiliary fields are extracted from the analytical solu-
tions, as will be discussed in the next section.

According to the M-integral formulation, the auxiliary
fields need to be evaluated in different locations inside the
domain integral. On the other hand, the auxiliary field that
is conventionally used in the M-integral computation is
based on the asymptotic analytical solutions around a crack
tip based on a homogeneous material. Consequently, the M-
integral formulation can lead to some inconsistency that
should be considered in formulations. Three approaches
have well been implemented in the literature [8], namely,
incompatible, non-equilibrium and constant constitutive for-
mulations. Among them, the incompatible formulation has
been frequently used, especially in thermo-mechanical con-
ditions [9, 53]. In the incompatible formulation, the auxil-
iary stress and displacement fields are directly adopted from
the analytical solutions computed by the mechanical proper-
ties at the crack tip location. Then, the strain field is calcu-
lated directly from eauxij ¼ sijklrauxkl , where sijkl is the
compliance tensor. Consequently, the compatibility condi-
tion can no longer be satisfied in the domain:

eauxij 6¼ 1=2 uauxi, j þ uauxj, i

� �
(11)

The effect of this inconsistency in the M-integral formu-
lation is compensated to some extent by adding the term
ðsijmnÞtip � sijmn [9, 53]:
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where eactthij, 1 is defined for plane stress problems as:

eactthij, 1 ¼ a, 1DHþ aDH, 1ð Þ 1 0
0 1


 �
(13)

and for plane strain conditions:

eactthij, 1 ¼ a, 1 1þ tð ÞDHþ at, 1DHþ a 1þ tð ÞDH, 1

� � 1 0
0 1


 �
(14)

4.2. Auxiliary fields for FGM to evaluate SIFs

Asymptotic analytical solutions are used as the auxiliary
fields in the M-integral formulations. Available analytical
solutions are mainly based on homogeneous material formu-
lations and may violate some basic conditions in FGM
materials. In the incompatible formulation, however, the fol-
lowing homogeneous displacement, stress and strain auxil-
iary fields are adopted [8, 59]:
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Figure 2. Definition of smooth function Q in the equivalent domain integral method.
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eauxij ¼ sijklr
aux
kl (17)

where ltip is the shear modulus and jtip is the material con-
stant defined as (computed at the position of crack tip)

plane stress : jtip ¼
3� ttip
1þ ttip

plane strain : jtip ¼ 3� 4ttip
(18)

It is re-iterated that eauxij cannot be computed directly from
the analytical auxiliary field in an incompatible formulation
and should be calculated from Eq. (17) with material proper-
ties sijkl at an appropriate location (e.g. Gauss points in FEM).

4.3. Auxiliary fields for FGM to evaluate T-stress

A similar procedure to SIF computation is used to obtain the
T-stress for adiabatic cracks by the interaction integral method.
The main difference is related to the adopted auxiliary field. In
the T-stress case, the analytical asymptotic field is obtained
from the solution of a point load parallel to the crack applied
at the crack tip location, as depicted in Figure 3. In this case, a
singular field of order 1=r is derived in the stress field, which
helps to evaluate the nonsingular effect of T-stress.

With a similar incompatible strain formulation used in
SIF calculations, the auxiliary fields for computation of the
T-stress are [6, 52]:

uaux1 ¼ � f jtip þ 1ð Þ
8pltip

ln
r
d
� f
4pltip

sin2h

uaux2 ¼ � f jtip � 1ð Þ
8pltip

hþ f
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sin h cos h
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raux11 ¼ � f
pr

cos3h

raux22 ¼ � f
pr

cos h sin2h

raux12 ¼ raux21 ¼ f
pr

cos2h sin h

(20)

eauxij ¼ sijklr
aux
kl (21)

where f is a point load applied at the crack tip location in
parallel with the crack line as depicted in Figure 3, and d is
the x1 component of a fixed point [7].

4.4. SIF computation

Replacing the auxiliary fields from Eqs. (15–17) into (12),
the M-integral can be expressed in terms of the actual and
auxiliary SIFs as [6]

M ¼ 2
E�tip

KIK
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I þ KIIK

aux
II

� �
(22)

where

E�tip ¼
Etip : plane stress

E�tip ¼
Etip

1� t2tip
: plane strain

8><
>: (23)

Finally, the actual SIFs are then calculated from relation
(22) as

KI ¼
E�tip
2

Mð1Þ where : Mð1Þ ¼ f Kaux
I ¼ 1,Kaux

II ¼ 0
� �

KII ¼
E�tip
2

Mð2Þ where : Mð2Þ ¼ f Kaux
I ¼ 0,Kaux

II ¼ 1
� � (24)

4.5. T-Stress computation

Replacing the auxiliary fields (19–21) in (12), leads to com-
putation of T-stress [6]

T ¼ E�tipM

f
� #tipatipDHtipE

�
tip (25)

where

#tip ¼ 1 : plane stress
1þ ttip : plane strain

�
(26)

5. Crack propagation angle

The generalized maximum hoop stress criterion as described
in [7], is used to find the crack propagation angle. Here, the
T-stress values are included in the formulation. Stress com-
ponents in a polar coordinate system in terms of SIFs and
T-stress are expressed as [7, 52]
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KI sin hþ KII 3 cos h� 1ð Þ½ � � T sin h cos h ðcÞ

(27)

where KI , KII and T are mode I, mode II and T-stress
parameters, respectively. According to the maximum hoop

Figure 3. The basic problem of a point load at the crack tip and along the
crack line, as a basis to find the analytical solution to evaluate the T-stress.
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stress criterion, a crack propagates in the direction in which
the hoop stress rhh becomes maximum. Accordingly, the
crack propagation angle can be calculated by maximizing

@rhh
@h

¼ 0 ) h ¼ hp (28)

where hp is the crack propagation angle and is calculated
from [7, 52, 55]

cos
hp
2

KI sin hp þ KII 3 cos hp � 1
� �� 16

3
T

ffiffiffiffiffiffiffiffiffi
2prc

p
sin

hp
2
cos hp


 �
¼ 0

(29)

Solution of this equation leads to calculation of the crack
propagation anglehp: A characteristic crack length scale rc
and the effect of the T-stress terms have been introduced in
relation (29). rc is related to the size of the fracture process
zone [52]. It is discussed in [62, 63] that if r ! 0, the
higher order terms in the stress field vanish. Therefore, the
crack propagation criterion should be evaluated at the crit-
ical distance rc, in order to take into account the effect of
higher order terms of stress. rc is a material property [55]
that should be generally determined by experimental tests
[62]. Setting rc ¼ 0 leads to the standard maximum hoop
stress criterion (without the T-stress terms):

cos
hp
2

KI sin hp þ KII 3 cos hp � 1
� �
 � ¼ 0 (30)

After computing the crack propagation anglehp, the crack
propagation criterion can be written by replacing h with hp
and r with rc in rhh (relation 27-b) [7]

ffiffiffiffiffiffiffiffiffi
2prc

p
rhhð Þc ¼ KIc ¼ cos

hp
2

KI cos
2hp � 3

2
KII sin hp
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þ ffiffiffiffiffiffiffiffiffi

2prc
p

T sin 2hp

(31)

It should be noted that KIc is generally variable in FGM
materials [53], and a common assumption is to consider it
changing with the same function as of the modulus of elasti-
city [53]. The effect of the characteristic crack length scale rc
on crack propagation angle is investigated in detail in
numerical examples.

6. Governing steady-state thermo-mechanical
equations of an adiabatic crack

A steady state thermo-mechanical formulation is adopted in
this section.

6.1. Steady state thermal formulation

The following steady-state thermal equation is solved in the
first step [54].

qi, i þ sh ¼ 0 on X
H ¼ �H on Ch

qn ¼ �q on Cq

(32)

where sh is the heat source and the heat flux qi is defined as

qi x1, x2ð Þ ¼ k x1, x2ð ÞH, i x1, x2ð Þ (33)

�H and �q are the prescribed temperature and the heat flux
on Ch and Cq, respectively, and k is the heat conductivity
that varies within the non-homogeneous domain. X is the
domain of the problem with boundary C ¼ Ch [ Cq: Note
that the crack faces Cc, as depicted in Figure 4, is part of Cq

in adiabatic cracks, and the heat flux q is zero across the
crack faces. Note that in non-adiabatic crack problems, Cc is
only considered in solving equilibrium equation, without
any effect (neither Ch norCq) on thermal equation.

6.2. Equilibrium equation

After solving the thermal equation to find the temperature
field H, the following equilibrium equation should be solved

rij, j þ bi ¼ 0 on X
u ¼ �u on Cu

rijnj ¼ �t i on Ct

(34)

This equation is related to the thermal equation by the
definition of stress, as described in relations (1) and (3).
Here, �u and �t are the prescribed displacement and tractions
on Cu and Ct , respectively. C ¼ Cu [ Ct is the boundary of
the problem, and crack faces is part of Ct (Figure 4).

7. XFEM for adiabatic thermo-mechanical problems

XFEM, as a well-established method in fracture mechanics,
is used in the present study to solve the present thermo-

Figure 4. Domain and boundary conditions in the thermal adiabatic crack (left) and the mechanical equilibrium (right) problems.
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mechanical equations of fractured media. The main capabil-
ity of XFEM is to introduce crack faces as discontinuous
fields via additional enrichment functions in field variables
(instead of geometrical modeling of crack faces).
Additionally, XFEM is capable of reproducing singular stress
fields around the crack tip [60, 64, 65].

Considering that the crack faces act as a boundary in
adiabatic cracks, XFEM enrichment procedure should be
used in both thermal and mechanical parts.

7.1. XFEM formulation

Generally, the displacement field in XFEM formulation is
composed of the standard and enrichment parts. The stand-
ard approximation is based on the standard FEM shape
functions, regardless of any crack in the domain. The
enrichment part of approximation is to represent the discon-
tinuity or singular responses. Accordingly, the approxima-
tion in mathematical form is expressed as [59]

u ¼ ust þ uen (35)

where ust and uen refer to the standard and enrichment parts
of the approximation, respectively. The enriched part is div-
ided into the Heaviside to describe the discontinuity of field
variables (displacement and temperature) across crack faces,
and the tip enrichment to reproduce the singular responses
of stress and heat fluxes near the crack tip. Accordingly, uen

is written as [59]

uen ¼ uHeaviside þ utip (36)

where

uHeaviside ¼
X
i2nH

NiðxÞ HðfÞ �H fið Þ
 �
bu�H
i (37)

utip ¼
X
i2ntip

NiðxÞ
XNTF
j¼1

Fuj ðxÞ � Fuj xið Þ
h i

bu�T
ij

0
@

1
A (38)

bu�H
i and bu�T

ij are additional degrees of freedom related to
the Heaviside and tip enrichments, respectively, NiðxÞ is the
standard shape functions of the FEM, and nH and ntip are
the set of nodes that are enriched by the Heaviside and tip
enrichments, respectively, as depicted in Figure 5. Fuj ðxÞ are
the tip-enrichment functions that will be described in the
next section for different conditions, and HðfÞ is the discon-
tinuous Heaviside function

HðfÞ ¼ 1 8f > 0
�1 8f < 0

�
(39)

fðxÞ ¼ d:nCcr
x (40)

Parameters fðxÞ ¼ d:nCcr
x and fðxÞ ¼ d:nCcr

x are defined in
Figure 6. In relations (37) and (38), HðfiÞ and Fuj ðxiÞ are
values of the Heaviside and tip enrichments at node i:

The same procedure is used to approximate the tempera-
ture field in adiabatic cracks as follows

H ¼ Hst þHen (41)

Hen ¼ HHeaviside þHtip (42)

HHeaviside ¼
X
i2NH

NiðxÞ HðfÞ � H fið Þ
 �
bh�H
i (43)

Htip ¼
X
i2Ntip

NiðxÞ FhðxÞ � Fh xið Þ
h i

bh�T
i (44)

The general concept of all parameters are the same as
displacement field approximation with the following
definitions:

bh�H
i additional DOFs related to the Heaviside enrich-

ment functions of the temperature field
bh�T
i additional DOFs related to the tip enrichment

functions of the temperature field
NiðxÞ standard shape functions of FEM
FhðxÞ tip enrichment functions of temperature at point x

(usually a Gauss point)
FhðxiÞ tip enrichment functions of temperature at node i
HðfÞ heaviside functions at point xðfÞ (usually a

Gauss point)
HðfiÞ heaviside functions at node i

Note that the geometric approximation of XFEM formu-
lation is exactly the same as the standard FEM

x ¼
X
i2nst

Nixi (45)

where nst is the set of standard nodes of finite element
model. It should be stated that in the non-adiabatic cracks,

Figure 5. Definition of sets of standard, Heaviside and tip-enriched nodes in
XFEM formulation.

Figure 6. Definition of Heaviside enrichments in XFEM formulation.
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where crack faces are not part of essential and natural boun-
daries, the temperature field approximation becomes similar
to the standard FEM interpolation as H ¼ Hst:

7.2. Tip enrichment functions

Enrichment functions are generally derived from the avail-
able analytical asymptotic solutions in fracture mechanics.
They can be different based on the type of problem: i.e. iso-
tropic problems [59], orthotropic cases [66] and plate and
shells [60]. In the present study, the isotropic enrichment
functions for the displacement field are used [59]

FuðxÞ ¼ ffiffi
r

p
sin

h
2
,

ffiffi
r

p
cos

h
2
,

ffiffi
r

p
sin

h
2
sin h,

ffiffi
r

p
cos

h
2
sin h

� �
(46)

Among these enrichments,
ffiffi
r

p
sin h=2 is more important

because it also guarantees the discontinuity of field variable
in the enriched element.

A single tip enrichment function is used for the tempera-
ture field [53]

FhðxÞ ¼ ffiffi
r

p
sin

h
2

(47)

7.3. Discretization

Considering the displacement and temperature approxima-
tions and enrichment functions in sections 7.2 and 7.3, the
Discretized matrix form of the thermal and equilibrium
equations are briefly discussed in this section.

7.3.1. Discretization of the thermal equation
The final discretized form of the thermal equation can be
expressed as [53]

KHHþ fH ¼ 0 (48)

where the extended nodal temperature vector H is defined
based on the standard nodal Hst and enriched Hen

unknowns as

H ¼ Hst Hen
� �

(49)

The matrix KH and vector fH are assembled from each
node i :

KH
i ¼

ð
X

BH
i

� 	T
k BH

i

� 	
dX (50)

fHi ¼
ð
Cq

NH
i

� 	T
�qdC (51)

where NH
i and BH

i are the matrix of temperature shape
functions and their derivatives, respectively, as defined by

NH
i ¼

Ni for standard nodes
Ni Ni HðfÞ �H fið Þ� �
 �

for heaviside enriched nodes

Ni Ni FhðxÞ � Fh xið Þ
� 	h i

for tip enriched nodes

8><
>:

(52)

Figure 7. The sub-triangulation technique to compute integrals inside the
enriched elements.

Figure 8. Geometry, boundary conditions and mesh configuration of the mixed-mode crack under thermal loading.
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BH
i ¼

Ni, x1
Ni, x2


 �
for standard nodes

Ni, x1 Ni HðfÞ �H fið Þ� �� �
, x1

Ni, x2 Ni HðfÞ � H fið Þ� �� �
, x2

" #
for heaviside enriched nodes

Ni, x1 Ni FhðxÞ � Fh xið Þ
� 	� 	

, x1

Ni, x2 Ni FhðxÞ � Fh xið Þ
� 	� 	

, x2

2
64

3
75 for tip enriched nodes

8>>>>>>>>>><
>>>>>>>>>>:

(53)

In non-adiabatic cases, Hen is omitted and the aforemen-
tioned discretization is reduced to the standard FEM formu-
lation. Accordingly, the standard FEM shape functions and
their derivatives are used in Eqs. (52) and (53) (i.e. all nodes
are considered as the standard nodes):

NH
i ¼ Ni (54)

BH
i ¼ Ni, x1

Ni, x2


 �
(55)

7.3.2. Discretization of the equilibrium equation
Similarly, the equilibrium equation can be discretized as [64]

Kud ¼ fm þ feq�H (56)

where the extended nodal displacement vector d is defined

based on the standard nodal dst and enriched den unknowns
as

d ¼ dst den
� �

(57)

The stiffness matrix Ku, the mechanical force vector fm,
and the equivalent thermal force feq�H are assembled from
each node i :

Ku
i ¼

ð
X

Bu
i

� �TD Bu
i

� �
dX (58)

fmi ¼
ð
Ct

Nu
i

� �T�tdCþ ð
X

Nu
i

� �TbdC (59)

feq�H
i ¼

ð
X

Bu
i

� �TDeHdC (60)

where D is the constitutive matrix and eH is the thermal strain,
as defined in section 2. Nu

i and Bu
i are matrix of displacement

shape functions and their derivatives, respectively, as

NH
i ¼
for standard nodes :

Ni 0

0 Ni

" #

for heaviside enriched nodes

Ni 0 Ni HðfÞ � H fið Þ� �
0

0 Ni 0 Ni HðfÞ �H fið Þ� �
" #

tip enriched nodes

Ni 0 Ni Fu1 ðxÞ � Fu1 xið Þ� �
0

0 Ni 0 Ni Fu1 ðxÞ � Fu1 xið Þ� �
" #

(61)

Bu
i ¼

for standard nodes :

Ni, x1 0

0 Ni, x2

Ni, x2 Ni, x1

2
64

3
75

for heaviside enriched nodes

Ni, x1 0 Ni HðfÞ � H fið Þ� �� �
, x1

0

0 Ni, x2 0 Ni HðfÞ �H fið Þ� �� �
, x2

Ni, x2 Ni, x1 Ni HðfÞ � H fið Þ� �� �
, x2 Ni HðfÞ �H fið Þ� �� �

, x1

2
6664

3
7775

tip enriched nodes

Ni, x1 0 Ni Fu1 ðxÞ � Fu1 xið Þ� �� �
, x1

0

0 Ni, x2 0 Ni Fu1 ðxÞ � Fu1 xið Þ� �� �
, x2

Ni, x2 Ni, x1 Ni Fu1 ðxÞ � Fu1 xið Þ� �� �
, x2

Ni Fu1 ðxÞ � Fu1 xið Þ� �� �
, x1

2
6664

3
7775

(62)

7.4. Numerical integration

The Gauss integration rule is used for the standard ele-
ments. In Heaviside and tip enriched elements, the standard
Gauss integration cannot provide sufficient accuracy, and

Figure 9. Comparison of the normalized KI and KII stress intensity factor for the
cracks with different angles (b ¼ 0:5).

Figure 10. Variation of normalized KI and KII for crack angles 08 and
608 (ba ¼ 0:5).
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the sub-triangulation technique is used to compute all inte-
grations, as described in Figure 7.

After sub-triangulation, the standard integration proced-
ure is performed for each sub-triangle.

7.5. Solution procedure

The solution procedure for an adiabatic crack problem can
be summarized into the following steps:

Step 1: Find the discontinuous temperature distribution by
solving Eq. (48)

Step 2: Find the equivalent force resulted from the thermal
strain by Eq. (60)

Table 1. Comparison of T-stress for different angles with the reference results.

ba theta

T-Stress

Left crack tip Right crack tip

Present XFEM Ref. [51] Ref. [52] Ref. [8] Present XFEM Ref. [51] Ref. [52] Ref. [8]

0 0 �0.976 �0.947 �0.999 �0.983 �0.976 �0.947 �0.999 �0.983
15 �0.847 �0.844 �0.866 �0.853 �0.847 �0.844 �0.866 �0.853
30 �0.488 �0.488 �0.5 �0.497 �0.488 �0.488 �0.5 �0.497
45 0.004 0.002 0 �0.005 0.004 0.002 0 �0.005
60 0.495 0.5 0.5 0.491 0.495 0.5 0.5 0.491
75 0.863 0.867 0.866 0.859 0.863 0.867 0.866 0.859
90 1.010 1.003 1 0.995 1.010 1.003 1 0.995

0.5 0 �0.870 �0.854 �0.876 �0.858 �0.890 �0.879 �0.867 �0.896
15 �0.790 �0.743 �0.763 �0.747 �0.760 �0.757 �0.763 �0.773
30 �0.440 �0.431 �0.444 �0.436 �0.420 �0.418 �0.444 �0.434
45 0.004 0.016 0.01 0.011 0.018 0.049 0.01 0.036
60 0.466 0.49 0.49 0.484 0.507 0.525 0.49 0.513
75 0.833 0.857 0.858 0.85 0.878 0.878 0.858 0.868
90 0.999 1.003 1 0.994 0.999 1.003 1 0.994

Figure 12. Variations of the T-stress for angles 08 , 308 and 608 (ba ¼ 0:5).

Figure 11. Comparison of T-stress for different angles with the reference results
(b ¼ 0:5).

Figure 13. Geometry and boundary conditions of an edge cracked rectangular
FGM plate.

Figure 14. Mesh configurations of the edge cracked rectangular plate.
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Step 3: Find the discontinuous displacement field by solving
Eq. (56)

Step 4: Find SIFs:
4.1. Calculate the auxiliary displacement, stress and
strain fields (Eqs. 15–17)
4.2 Find the M-integral parameters for each crack tip
(Eq. 12)
4.3 Find the first and second modes of SIFs (Eq. 22)

Step 5: Find the T-stress:
5.1. Calculate the auxiliary displacement, stress and
strain fields (Eqs. 19–21)
5.2 Find the M-integral parameters for each crack tip
(Eq. (12)

5.3 Find the T-stress (Eq. 25)
Step 6: Given a characteristic lengthrc, find the crack propa-
gation angle using Eq. (29)

Step 7: Check for crack propagation if the propagation cri-
terion is satisfied (Eq. 31).

8. Numerical simulations

8.1. Example 1

To verify the developed formulation, a crack under thermo-
mechanical loading is investigated. An inclined crack in the
center of a rectangular FGM plate, studied in [6] by the
finite element method, is considered. The geometry of plate
is shown in Figure 8. The two sides of the plate are clamped
and crack surfaces are assumed isothermal [6]. A total of
1,521 4-node elements are used in the modeling. Material
parameters are considered unitless, as reported in [6]:

Geometric parameters :

a ¼ 1, L ¼ W ¼ 10, �h ¼ 08 � 908

Mechanical properties :

E X1ð Þ ¼ E0ebX1 , t X1ð Þ ¼ t, E0 ¼ 1, t ¼ 0:3

nonhomogeneity parameters :

ba ¼ 0:0 and 0:5

Table 2. Comparison of T-stress for present XFEM formulation and references
(b ¼ 15, d ¼ 5) based on Mesh 1.

a=W
Present
XFEM Ref [6]

Differences
(%)

Present XFEM
(Without FGM term)

0.30 �0.3535 �0.3476 1.70 �0.3580
0.4 �0.4237 �0.4206 0.75 �0.2490
0.5 �0.8748 �0.8695 0.61 �0.1740
0.6 �0.0438 �0.0427 2.59 �0.0318
0.7 0.0284 0.0278 2.10 0.0276
0.8 0.0342 0.0339 0.74 0.0340

Figure 15. Variation of modulus of elasticity with respect to b:

Table 3. Comparison of T-stress for two different meshes.

b Mesh 1 Mesh 2 Difference (%)

5 0.351 0.349 0.57%
15 0.875 0.902 3%

Figure 16. Variations of T-stress versus crack length for b ¼ 5, b ¼ 10
and b ¼ 15:

Figure 17. Variation of SIF and T-stress in terms of non-homogeneity parame-
terb for a=W ¼ 0:5:

Figure 18. Variation of normalized KI and T-stress for four different sizes of the
domain integrals.
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The results of the present XFEM model in the case of
b ¼ 0:5 and for different angles of crack are compared with
reference values in Figure 9 for KI and KII , respectively.
SIFs in this figure are normalized with respect to E0

ffiffiffiffiffiffi
pa

p
:

All results are in acceptable ranges with the reference.
To investigate the path-independent nature of the M-

integral method for nonhomogeneous materials, variations
of the first and second modes of normalized stress intensity
factors in six different size of the domain of integrals are
shown in Figure 10 for angles of 0 and 60 degrees and in
the case of b ¼ 0:5:

Table 1 and Figure 11 present the T-stress in different
crack angles. Closely a good agreement is observed with the
reference results. Additionally, the path-independency of the
adopted M-integral formulation to obtain the T-stress is
investigated in Figure 12, which shows approximately the
same results for six sizes of the domain integrals.

8.2. Example 2

In this problem, a horizontal edge crack in a rectangular
plate under thermal gradient in parallel with the crack line
is investigated. The region with high gradient of material
properties is limited to a narrow band [6]. Geometry and
boundary conditions are shown in Figure 13. The problem
is solved with two different meshes, as depicted in Figure 14
(1,369 and 5,929 4-node elements for coarse and fine

meshes, respectively). Variation of material properties are
defined as:

E X1ð Þ ¼ E� þ Eþ

2
þ E� � Eþ

2
tanh bX1ð Þ

t X1ð Þ ¼ t� þ tþ

2
þ t� � tþ

2
tanh dX1ð Þ

a X1ð Þ ¼ a� þ aþ

2
þ a� � aþ

2
tanh dX1ð Þ

k X1ð Þ ¼ k� þ kþ

2
þ k� � kþ

2
tanh dX1ð Þ

where the parameters are

a
W

¼ 0:3� 0:8

b ¼ 15 d ¼ 5

E�, Eþð Þ ¼ 1, 3ð Þ, t�, tþð Þ ¼ 0:3, 0:1ð Þ ,

a�, aþð Þ ¼ 0:01, 0:03ð Þ, k�, kþð Þ ¼ 1, 3ð Þ

T-stress values for different ratios of a=W are presented
in Table 2. Good agreement observed between the present
XFEM model and the FEM reference results, where the
maximum difference is limited to 2.6%, which is quite
acceptable. Additionally, to investigate the effect of FGM
terms in M-Integral formulation, the T-stress is calculated
without the FGM terms in M-Integral formulation. The
highlighted cell in Table 2 shows a significant error if FGM

Figure 19. Geometry, boundary conditions and mesh configurations of the adiabatic crack problem.
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Figure 20. Comparison of the temperature field and its gradients in adiabatic and non-adiabatic cracks.
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terms are omitted, which illustrates the considerable effect
of additional terms in the FGM formulation of the M-inte-
gral. It should be noted that this considerable error (the
highlighted cell) corresponds to a=W ¼ 0:5 that falls in the
FGM region, as depicted Figure 15, and the differences
between the two cases (with and without FGM terms)
decreases if the crack tip is located out of the FGM band (in
the homogeneous region).

Values of T-stress for two meshes in case of a=W ¼ 0:5
and b ¼ 5, 15 are compared in Table 3. Differences in both
cases are in the acceptable range. Nevertheless, in the case
of b ¼ 15, where severe gradients of mechanical properties
exist, larger differences between the results of two meshes
are observed.

To examine the effect of the size of FGM band in this
problem, the T-stresses are calculated and compared for
b ¼ 5, b ¼ 10 and b ¼ 15: Variation of modulus of elasti-
city in two cases are depicted in Figure 15. The figure
shows that the overall response approaches to nearly the
bi-material response for larger b: Variations of the T-stress
versus crack length are illustrated in Figure 16. The major
difference at a=W ¼ 0:5 can be attributed to the fact that
a=W ¼ 0:5 corresponds to the crack tip at the central
FGM band, where a major difference in the gradient of
modulus of elasticity is concentrated, as depicted in the
Figure 15. By increasing the non-homogeneity parameter
b, the plate approaches to a bi-material problem with sud-
den variation in mechanical properties. This situation can
also be clearly observed from Figure 17, which shows vari-
ation of T-stress and SIF in terms of the non-homogeneity
parameter b for a=W ¼ 0:5 . Clearly, the absolute values
of both SIF and T-stress increase as the problem
approaches to a bimaterial case. For example, SIF varies
considerably from KI ¼ 0:679 ðb ¼ 2:5Þ to KI ¼ 1:17 ðb ¼
20Þ, and jTj ¼ 0:173 ðb ¼ 2:5Þ to jTj ¼ 1:15 ðb ¼ 20Þ that
are considerable differences.

Furthermore, the path-independency of M-integral for-
mulation in for both T-stress and KI is clearly observed in
Figure 18 based on four different sizes of domain integrals.

8.3. Example 3

In this example, a problem with adiabatic crack, where the
heat flux normal to the crack faces is zero, is considered, as

Figure 21. Comparison of normalized stress intensity factor in homogeneous cases I and II of the present study with reference [40].

Table 4. Material properties of ceramic/metal composite FGM [12].

Material E (GPa) t a (�C�1Þ k (W/mK)

ZrO2 27.6 0.25 10:01� 10�6 1
Ni 175.8 0.25 13:91� 10�6 7

Table 5. Stress intensity factor, T-stress and initial crack propagation angle
(with rc ¼ 0:025, b ¼ 30, W ¼ 2L, T0 ¼ acrEcr �H , K0 ¼ acrEcr �H

ffiffiffiffiffi
pa

p
).

a/W

KI/K0 KII/K0 T-stress/T0 hp

Left Right Left Right Left Right Left Right

0.2 0.058 0.050 0.176 �0.057 0.048 0.016 �66 57
0.3 0.067 0.078 0.251 �0.118 0.073 �0.083 �67 53
0.4 0.067 0.116 0.316 �0.176 0.138 �0.185 �69 50
0.5 0.052 0.164 0.362 �0.225 0.242 �0.261 �72 48
0.6 0.020 0.211 0.389 �0.264 0.356 �0.303 �73 47

Figure 22. Variation of initial crack propagation angle in terms of rc for the
right tip.

Figure 23. Variation of initial crack propagation angle in terms of the T-stress
for the right tip (T0 ¼ acrEcr �H).
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originally studied by [40] using XFEM (without the T-stress
effects). Geometry, boundary conditions and mesh configur-
ation are shown in Figure 19. Two cases of the pure second
mode of fracture with b ¼ 0 and W ¼ h (case I) and the
mixed mode condition with b ¼ 30 and W ¼ 2h (case II)

are examined [40] with 729 and 945 4-node elements for
cases I and II, respectively. Modulus of elasticity (E),
Poison’s ratio (t), thermal expansion coefficient (a) and
thermal conductivity (k) are174 ðGPaÞ, 0:3, 1:1�
10�5 ð�C�1Þ and 3 ðW=m

�
CÞ, respectively, and the plane

strain condition is considered.
First, the effect of adiabatic crack on stress and tempera-

ture field distributions in case I is considered. The boundary

Figure 24. Mechanical and thermal boundary condition.

Figure 25. Mesh configuration of a plate with a crack emanating from the
edge of semi-circular hole.

Figure 26. Comparison of the stress intensity factors and T-stress in the present
study with reference [7] under mechanical loading and different non-homogen-
eity parameterb:

Table 6. Stress intensity factor and T-stress for a plate with a semi-circu-
lar hole.

b ¼ c ¼ d

h ¼ 0deg h ¼ 45deg

KI KII T KI KII T

0.00 0.593 0.0 �0.564 0.539 �0.014 �0.599
0.25 0.557 �0.087 �0.547 0.725 �0.176 �1.202
0.50 0.493 �0.127 �0.509 0.956 �0.415 �2.486
0.75 0.466 �0.173 �0.464 1.326 �0.789 �4.905
1.00 0.487 �0.213 �0.399 1.916 �1.429 �9.980
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conditions of the adiabatic crack are shown in Figure 19.
First, comparison of the temperature field and its gradients
for the two assumptions of adiabatic and non-adiabatic
cracks are shown in Figure 20. Clearly, the adiabatic crack
has a considerable effect in changing the temperature distri-
bution and generates a singular heat flux around the crack

Figure 27. Temperature distribution in a) homogeneous d ¼ 0 and b) non-homogeneous d ¼ 1 cases.

Figure 28. Path-independency of domain integrals for different fracture param-
eters (h ¼ 08).

Figure 29. Path-independency of domain integrals for different fracture param-
eters (h ¼ 458).

Figure 30. Initial crack propagation angle in terms of the characteristic
length (h ¼ 0deg).

Figure 31. Initial crack propagation angle in terms of the characteristic
length (h ¼ 45deg).
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tip, while in a non-adiabatic crack, the crack is practically
ignored in solving the thermal equation.

The normalized SIF factor in the plane strain condition
in the homogeneous case is compared with [40], as shown
in Figure 21 for cases I and II. SIFs are normalized by
Ea �H

ffiffiffi
L

p
: Note that case I represents the pure second mode

of fracture; KI ¼ 0: Clearly, very good agreement is observed
between the present results and ref [40].

Now, the material is assumed an FGM composed of a
ceramic/metal composite (ZrO2/Ni), where 100% ZrO2 and
Ni are assumed in top and bottom layers, respectively.
Variation of material properties are defined as [12]:

EðyÞ ¼ Ecr þ Em � Ecrð Þ h�y
2h

� 	1:5
� h < y < h

tðyÞ ¼ tcr þ tm � tcrð Þ h�y
2h

� 	1:5
� h < y < h

aðyÞ ¼ acr þ am � acrð Þ h�y
2h

� 	2
� h < y < h

kðyÞ ¼ kcr þ km � kcrð Þ h�y
2h

� 	2
� h < y < h

and the parameters are presented in Table 4.
Geometry of this case is depicted in Figure 19 with b ¼ 30

and W ¼ 2L (the same as case II), and the plane stress condi-
tion is considered. Normalized stress intensity factors and T-
stress are reported in Table 5. Generally, the second mode of
fracture is dominant in this type of loading and boundary con-
dition, and KII increases by increasing a=W: The same behav-
ior is observed in T-stress. However, in the right tip, a change
in the sign of T-stress affects the crack propagation angle.

One of the important effects of T-stress is on the initial
crack propagation angle. The role of T-stress on crack propa-
gation angle not only depends on its values but also on the
characteristic lengthrc: For example, the initial crack propaga-
tion angle in the case of rc ¼ 0:025 is presented in Table 5.
Figure 22 shows the variation of initial crack propagation
angle hp in terms of rc for the right tip. It further shows that
except fora=W ¼ 0:2, the crack propagation angle decreases
by increasing the characteristic length rc: The inverse behavior
of a=W ¼ 0:2 can be attributed to the positive sign of T-stress
in this case. To better consider the effect of T-stress on the
crack propagation angle, variations of hp in terms of the T-
stress are investigated in Figure 23, for the case of rc ¼ 0:05
in the right tip. Figure 23 shows that, in comparison to the
case of T ¼ 0, hp increases when T > 0 and vice versa.
Moreover, Figure 22 and Figure 23 show that the effect of T-
stress on the deviation of crack propagation angle is increased

when the parameter T
ffiffiffiffi
rc

p
increases. This finding confirms the

effect of the third term in Eq. (29) in comparison with the
cases where the T-stress is neglected.

Figure 32. First and second mode of stress intensity factors, and the T-stress
for isothermal condition.

Figure 33. Crack propagation under the thermal loading with b ¼ 0:5 (Yellow
path: incrementda ¼ 0:6, Red path: increment da ¼ 0:4).

Figure 34. Crack propagation under mechanical loading with b ¼ 0:5 (Yellow
path: incrementda ¼ 0:6, Red path: incrementda ¼ 0:4).
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8.4. Example 4

In this example, an edge crack emanating from a circular
hole in an FGM plate is investigated. This problem was ori-
ginally presented in [7] and analyzed using FEM under
mechanical loading with boundary conditions presented in

Figure 24-a. The modulus of elasticity is considered as E ¼
�EebX2 where �E ¼ 1 and b is in the range of0� 0:75, with a
constant Poisson’s ratio of t ¼ 0:3:

This problem is now solved under a displacement loading
D ¼ 10 on the upper edge similar to [7], as presented in
Figure 24-a. A mesh of 2,714 4-node elements is used, as
depicted in Figure 25.

The stress intensity factors and T-stress obtained by the
present approach are compared with ref [7] under mechan-
ical loading in Figure 26 for different values ofba, which
shows a very good agreement.

Now, in order to solve the problem for the case of adia-
batic crack under thermal loading, the boundary conditions
depicted in Figure 24-b are considered. To apply the adia-
batic crack conditions, the heat flux (q ¼ kðrTÞ) is set to
zero on crack surfaces. The thermal expansion and conduct-
ivity properties are assumed to vary by the exponential func-
tions a ¼ �aecy and k ¼ �kedy with �a ¼ 0:01 and �k ¼ 1: The
power factors c and d are assumed to be equal tob (in
modulus of elasticity). The initial uniform temperature is set
to 608C:

Normalized SIFs and T-stress are reported in Table 6 for
straight and inclined cracks, with different non-homoge-
neous parameters (b, c, d). Moreover, contours of tempera-
ture in homogeneous (d ¼ 0) and non-homogeneous
(d ¼ 1) cases are compared in Figure 27. The figure clearly
shows that the symmetric condition is violated in the FGM
condition and the effect of crack should be considered in
the thermal equation.

Path-independency of domain integrals is clearly
observed for SIFs and T-stress in cases of h ¼ 08 and h ¼
458 in Figures 28 and 29, respectively.

Figure 36. Temperature contour in the first step (left) and last step (right) under thermal loading with b ¼ 0:5:

Figure 35. Crack propagation under thermal loading for homogeneous prob-
lem with b ¼ 0 (pure mode 1).
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Figures 30 and 31 illustrate the initial crack propagation
angles in terms of the characteristic length rc: These figures
also show that the deviation of crack angle with respect to
the case of rc ¼ 0 approaches a constant value by increas-
ing rc.

Additionally, Figure 32 shows variations of different frac-
ture parameters (KI, KII and T-stress) in terms of the non-
homogeneity parameter b withh ¼ 458 for non-adiabatic
model that heat flux is continuous across the crack surfaces.

Finally, crack propagation under thermal and mechanical
loading is considered in this part. Figures 33 and 34 show
the crack propagation paths under thermal and mechanical
loadings, respectively, forb ¼ 0:5: In both cases, the crack
incremental lengths da ¼ 0:4 and da ¼ 0:6 are compared.
The identical paths for the two increments clearly show the
insensitivity of the response.

Additionally, the crack propagation path in case of b ¼ 0
is examined in Figure 35 under the thermal loading. This
figure predicts a straight crack path, which is related to pure
fracture mode I when the non-homogeneity parameter b is
zero (and the material is homogeneous). It is clear that in
cases of b 6¼ 0, a mixed mode condition governs the prob-
lem, and the crack deviates from its initial path (as pre-
sented in Figures 33 and 34).

The temperature distributions under the thermal loading
with b ¼ 0:5 in the first and last increments are presented
in Figure 36.

9. Conclusion

This study was dedicated to the investigation of T-stress of
adiabatic cracks in FGMs under the thermo-mechanical
loadings based on the interaction integral method. The effect
of T-stress on crack initiation angle was studied and the
crack propagation under the thermal and mechanical load-
ings was examined using XFEM. Since the insulated surfaces
of adiabatic cracks lead to zero-temperature flux across
crack surfaces, a model of singular temperature gradient/flux
around the crack tips was considered in XFEM formulation
by appropriate crack tip enrichments for the temperature
and displacement fields.

Path-independent results of T-stress for adiabatic cracks
based on the robust J-integral formulation were explored in
different examples. Additionally, it was investigated that the
effect of incompatible terms of the interaction integral for-
mulation on the result of T-stress should be included in
higher gradient of material properties. Furthermore, it was
numerically shown that the absolute values of SIFs and T-
stress would considerably increase when the smooth FGM
materials approached to a layered bimaterial; approving the
superiority of FGMs with respect to layered composites.

Finally, it was concluded that the initial crack propaga-
tion angle would deviate from the standard propagation
angle (without T-stress term) by increasing the size of the
fracture process zone (characteristic crack length). Crack
propagation paths under thermo-mechanical loading using
XFEM formulation would remain insensitive to crack incre-
mental length, regardless of the mesh configuration.
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