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Abstract The problem of an interface crack between
a shape memory alloy and an elastic layer is numer-
ically addressed. The shape memory alloy behavior
is modeled with a continuum thermodynamics based
constitutive model embedded within the finite element
method. With the help of the boundary layer approach,
and the assumption of small scale transformation zone,
the K-dominated region in the tip of the interface crack
is loaded under general mixed-mode condition. Both
slow and fast loading rates are considered to study the
effects of thermo-mechanical coupling on the interface
crack tip fields, especially the crack tip energy release
rate within a history-dependent J-integral framework,
the stress/strain curve during the loading process, and
the shape and size of the transformation zone and the
heated zone. A special effort is made to investigate how
changing the rate of applied loading, the mode-mixity,
and the material properties of SMA and elastic layer
modify the crack tip fields.
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1 Introduction

Unique features of shape memory alloy (SMAs) have
made these materials popular in different applications,
ranging from aerospace structures to piping and medi-
cine industry. SMAs have two different but stable
crystallographic phases: austenite and martensite. The
reversible thermo-mechanically coupled phase trans-
formation between austenite and martensite is the
basis of SMAs’ two unique behavior: shape memory
effect (SME) and pseudoelasticity (PE). While SME is
the capability of recovering large strains and return-
ing to original undeformed shape upon heating, PE
refers to the process of forward phase transformation
upon loading and reverse phase transformation upon
unloading.

The pseudoelasticity phenomenon results in a com-
plex stress distribution near the tip of a crack. Mov-
ing from the tip outward, three separate zones of
fully martensite, partially martensite and austenite are
expected. The outer austenite zone exists far from the
crack where the existing stresses are not sufficient
enough to initiate the phase transformation (§ = 0).
Moving towards the tip of crack, initiation of mate-
rial transformation results in a partially transformed
martensitic zone wherein a mixture of austenite and
martensite phases exists (0 < & < 1). In regions near
the crack tip, stress levels are high enough to form the
inner fully transformed martensitic zone (§ = 1). The
importance of these zones lies beyond their impact on
fracture parameters of SMAs.
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There are several analytical works on fracture of
SMAs. Birman (1998) presented an analytical model
to estimate the size of plastic zone in front of the
crack tip and subsequently investigated the effect of
the phase transformation on the stress intensity factor.
Yi and Gao (2000) used the Eshelby inclusion method
to analytically demonstrate that the martensite trans-
formation decreases the crack tip stress intensity factor
and enhances the fracture toughness of shape memory
alloys under mode I loading. An analytical model based
on Irwin’s correction of linear elastic fracture mechan-
ics was provided by Maletta and Furgiuele (2010) to
define the extent of phase transformation in the vicin-
ity of crack tip and the corresponding stress distribu-
tion in both transformed and untransformed regions.
Baxevanis and Lagoudas (2012) obtained closed form
solutions for mode I fracture parameters of a SMA plate
utilizing the Dugdale-Barenblatt and derived a relation-
ship between the J-integral and the crack opening dis-
placement.

Among the vast literature that addresses different
features of SMAs, there exist only few experimen-
tal studies focusing on the fracture of these alloys.
Gollerthan et al. (2009) used infrared thermography
to examine forward and reverse martensitic transfor-
mations in front of a crack tip of SMA compact tension
specimens upon loading and unloading, respectively.
Robertson et al. (2007) reported three-dimensional
strains and phases in front of a propagating fatigue
crack in SMAs by combining the synchrotron X-ray
microdiffraction with fracture mechanics approaches.
Furthermore, Maletta et al. (2013) studied the effect of
temperature on stress intensity factor and stress distri-
bution at crack tip vicinity of a shape memory alloy
specimen and verified the results numerically. It was
reported that increasing the testing temperature could
lead in a slight increase in the critical stress intensity
factor. Maletta et al. (2014) employed Infrared ther-
mography and digital image correlation techniques to
investigate the cyclic temperature and displacement
evolutions in the crack tip vicinity in SMAs subjected
to fatigue mechanical loads.

In addition to aforementioned studies, several works
are devoted to numerical investigation of stress-induced
martensite phase transformation ahead of a crack tip.
Stam and Van der Giessen (1995), by employing a finite
element analysis, investigated how the size and shape
of transformation zone and transformation toughen-
ing during crack growth were affected by reversible
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phase transformation. In another work, Wang et al.
(2005) implemented Aurichio’s model for pseudoe-
lasticity into the ABAQUS code to study the stress-
induced martensitic transformation in front of the crack
in compact tension specimens. The results revealed that
the phase transformation zone in front of the crack tip
was parallel with the plastic zone in a material under-
going plastic deformation. Transformation toughening
of a slowly propagating mode-I crack was numeri-
cally investigated by Freed and Banks-Sills (2007) uti-
lizing a cohesive zone model. Moreover, Wang et al.
(2010) reported the changes of martensitic transforma-
tion, stress-strain, and failure behavior in front of crack
tips in SMAs due to triaxial stress state in plane strain
condition. The results demonstrated that in such con-
ditions crack propagation occurred unstably.

Considering the increasing demands of multi-func-
tional needs, SMAs are being used as layers in lami-
nated composites or as fibers in fiber reinforced com-
posites in numerous applications. Many studies have
been devoted to the design concepts, constitutive mod-
eling, behavior and micromechanical properties, and
self-healing of these composites. For instance, Wei
et al. (1997) discussed the design concepts and fab-
rication of SMA composites. Lagoudas et al. (1997)
implemented the layerwise laminate theory of Reddy
in a finite element framework for thermo-mechanical
analysis of a laminated composite bonded with SMA
strips. Furthermore, Shimamoto et al. (2004) con-
ducted a test employing photoelastic method to evalu-
ate the impact of SMAs on enhancement of mechan-
ical strength of NiTi fiber-reinforced epoxy compos-
ites and to present an analytical approach based on
Eshelby model. Hu et al. (2005) utilized a shear lag
model and variational principle to present a failure
criterion for an interface crack in SMA fiber rein-
force structures with damage. With the assumption
of constant temperature, Freed et al. (2008) used the
cohesive zone model to study the slowly propagat-
ing crack along the interface of a SMA and a lin-
ear elastic medium and the consequent transforma-
tion toughening. Neuser et al. (2012) investigated the
improvement of solvent-based self-healing material
with the aim of shape memory alloys by means of
reducing the crack face separation and providing inter-
nal healing.

To include the effects of thermomechanical cou-
pling, which make the applied loading rate important in
simulations, Hatefi Ardakani et al. (2015a) investigated
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the impacts of thermo-mechanical coupling effects and
loading rates on crack tip fields in homogeneous SMAs.
The current study is an extension of Hatefi Ardakani
et al. (2015a), with the main objective of investigating
fracture parameters of an interface crack. To this end,
the problem of an interface crack between a SMA and a
linear elastic layer under general mixed-mode fracture
is studied by assuming the plane strain condition and a
small scale transformation zone.

This paper consists of the following sections. In
Sects. 2 and 3, after defining the geometry and bound-
ary conditions of the problem, a brief discussion of
constitutive equation and the implementation method
is presented. Section 4 presents numerical results
of thermo-mechanically coupled fracture analysis of
interface crack between SMA and an isotropic elastic
medium in the plane strain condition. Finally, a concise
conclusion is presented in the last section.

2 Theory and problem statement

Consider the schematic configuration of a bimater-
ial interface crack as shown in Fig. 1. The crack is
located along the interface of two planes, with the
upper-half plane being composed of SMA and a lin-
ear elastic lower-half plane, denoted with subscripts 1
and 2, respectively. Taking into account the small scale
transformation zone, displacements of the K-dominant
zone are imposed as the boundary condition. The dis-
placement fields around the crack tip in the upper-half
plane are given in Eq. (1). The reader should note that

for lower-half plane ex should be replaced with —ex
(Suo 1989).
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where (7, 0) are polar coordinates with the origin at
the right crack tip. Re[.] and Im[.] denote the real and
imaginary parts of complex numbers, respectively. K
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is the complex stress intensity factor, defined as
K =K +iK> 2

with A
e—s(n—@)

A=
(1 + 4&2) cosh(mre)

3

The oscillatory parameter ¢ is a bimaterial constant

IEIWAEY: A
= 5 tog (155) @

which indicates the mismatch in material properties.
In contrast to classical fracture mechanics, oscillatory
parameter is no longer constant due to the martensitic
region near the crack tip. In Eq. (4), B is the second
Dundurs parameter:

i —1D -k =1

= 5
w1 + 1) + poa(kr + 1) ©)
K =3—4v,- (6)

where 1;, v;, and k; are shear modulus, the Poisson’s
ratio and the Kolosov constant of material i, respec-
tively, with i = 1, 2 for upper and lower half planes.

The phase angle W is a measure of the relation
between components of shear and normal stresses
along the interface at an arbitrary reference length of I
at the front of crack, defined as
Im [K /i ‘9]

U = tan~!

Of utmost importance in fracture study of interface
crack is the energy release rate, G, which can be cal-
culated from the J-integral

9
G:J:/(n-o-—u—Wnl)ds (8)
r 0xy

or alternatively,

/ aq ou
J = — .0 —
A 0x 3)61

9 aT
W o) 2 g ) daA
3)61 axl

9 9
—/f.—“.qu—/ t- 2. 4dC (9)
A 0x ct+c-  0xp

where ¢ is an arbitrary function ranging from ¢ = 1
at the inner region A to ¢ = 0 at the outer boundary.
f and t are body force per unit volume and traction on
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the crack surface, respectively, and in this study are
equivalent to zero.

While for non-dissipative materials (such as nonlin-
ear elastic materials), the value of J-integral is inde-
pendent of the chosen contour of integration, for the
dissipative materials (such as elastic-plastic materi-
als and SMAs) the J-integral depends on the chosen
contours. This inconsistency is due to plastic strain in
the crack tip of elastic-plastic materials, as discussed
in Carka and Landis (2011), Carka et al. (2012) and
the martensitic transformed zone near the crack tip
in SMAs, as discussed in Baxevanis et al. (2012). At
far-enough distances, however, the J-integral retains its
path-independent characteristic.

The reference J-integral, calculated in the austenite
region, and associated with the applied boundary con-
dition is defined as

G = ! |K|2 (10)
applied = Tpx cosh?(e)

where

K> = KK = K + K2, (11a)
2 1 1

E* Eq E>

_ E;

Ej=—— (11c)

3 The constitutive model of SMA

This section provides a brief discussion on thermo-
mechanical behavior of polycrystalline SMAs utilizing
a fully coupled constitutive equation. The constitutive
equation of SMAs has been studied in several works,
mostly based on either the Helmholtz free energy (Brin-
son 1993; Leclercq and Lexcellent 1996; Juhasz et al.
2002; Helm and Haupt 2003; Paiva et al. 2005; Reese
and Christ 2008) or the Gibbs free energy (Sun and
Hwang 1983a, b; Boyd and Lagoudas 1996; Qidwai and
Lagoudas 2000; Lagoudas and Entchev 2004; Popov
and Lagoudas 2007; Ahmadian et al. 2015). In order to
capture the thermo-mechanical response of SMAs, this
study employs the Gibbs based constitutive equation of
Boyd and Lagoudas (1996).

Considering the infinitesimal strain theory, the addi-
tive decomposition allows the total strain to be decom-
posed into thermo-elastic ghermo—elastic and transfor-
mation &' parts,



Numerical analysis of crack tip fields in interface fracture

43

18total — 8thermo—elasnc + Et (12)

As discussed in Baxevanis et al. (2012), the plastic zone
is highly suppressed due to the phase transformation of
SMAs and only a very small section of fully trans-
formed martensitic region deforms plastically. Con-
sequently, the plastic strain is disregarded in the dis-
cretized strain form of Eq. (12).

To formulate the constitutive equation, the stress ten-
sor o, temperature 7', and transformation strain &’ are
chosen as the external state variables and the marten-
sitic volume fraction £ is considered as the internal state
variable. The specific Gibbs free energy can be written
as (Boyd and Lagoudas 1996; Qidwai and Lagoudas
2000)

Gy(o, T, &', &)
——LG'S'O’—lG'(Ot(T—T)—i-Et)
= 250 50 0
+c((T—T0)—T1n(1))—soT
Ty
1
+u0+;77($) (13)

where p, ¢, so and ug are material density, the effec-
tive specific heat, the effective specific entropy and the
effective specific internal energy, respectively. o and
S are the effective thermal expansion and compliance
tensors. n(£) is the polynomial transformation harden-
ing function (see Boyd and Lagoudas 1996).

The effective material parameters during phase
transformation are defined using a linear relation pro-
posed by Boyd and Lagoudas (1996).

Note that £ = 0 and & = 1 represent pure austenite
and martensite phases, respectively.

The total strain can be obtained from the specific
Gibbs free energy,

090G
J0

gE=—p =C:0+a(T —Tpy) + ¢ (14)
The transformation tensor relates the transformation
strain to the martensitic volume fraction

g\ = Aé (15)

The transformation tensor during the forward transfor-
mation (¢ > 0) is presented as

A= éHodev

(16)
2 Oeff

where H, 04ey and oefs are the maximum transfor-
mation strain, the deviatoric stress tensor and the von
Mises stress, respectively.

Employing the Clausius-Planck inequality, the ther-
modynamic force IT conjugated to & for the specific
Gibbs free energy can be defined as,

1
H(o,T,S):o:A+Eo:AS:o+a:Aoz(T—To)

T
— pAc ((T —To)—Th (?0))

0
+pAs0T—pAu0+a—g 17
The bottom line assumption of phase transformation is
that the phase transformation initiates only if the ther-
modynamic force IT reaches its limit

dP=IN-X=0 (18)

where ® is the transformation surface. X is the material
parameter given as

1
X = pAs (TSM FTM o TA - TfA) (19)

where TSM, TfM,TSA and TfA are the martensite start and
finish temperatures, and the austenite start and finish
temperatures, respectively.

The mechanical balance equation of the K-dominant
domain and its associated boundary conditions are

V-o+f,=0 (20a)
o-n=tonl} (20b)
u=uonly (20c)

where u is obtained from Eq. (1a).

To account for temperature coupling effects during
the forward phase transformation, the heat equation
should be solved. The coupled heat equation and its
boundary conditions are

Ta: 6+ pcT + (=M1 + pAsgT)éE =V -q  (2la)

T =T%onSr (21b)
aT ,
k”a_n =q¢" =hT5, —T5ons, )

where q, T*, k,,, n, and ¢° are the heat flow, the pre-
scribed temperature on surface St, the thermal conduc-
tivity, the normal unit vector and the prescribed heat
flux on surface S, respectively.
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To numerically solve the discretized form of bal-
ance and heat equations the Newton-Raphson method
is utilized. A more detailed discussion of the thermo-
mechanical coupling algorithm is provided in Ahma-
dian et al. (2015). Considering the return mapping
algorithm, the interested reader should refer to the
algorithm fully discussed in Qidwai and Lagoudas
(2000).
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Fig. 2 The finite element mesh of 4320 quadrilateral elements

Table 1 SMA material properties

4 Results and discussions

In this section, fracture parameters of an interface crack
under mixed-mode condition are numerically investi-
gated employing a fully coupled thermo-mechanical
constitutive model. Invoking the assumption of small
scale transformation zone, the analysis is performed
on a 4320 element mesh (as shown in Fig. 2) under the
plane strain condition. The material properties of SMAA,
adopted from Baxevanis et al. (2014), are presented in
Table 1. The material properties of the elastic layer
are: E = 30 GPa, v = 0.25. Moreover, the perimeter
of the circle shown in Fig. 1 is considered as the ther-
mal boundary condition with the prescribed values of
ambient temperature.

In order to study the impact of mode-mixity, rang-
ing from W = 0° to ¥ = 90°, on changes of energy
release rate, the values of K; and Kj; are chosen in a
way that results in the same value of R: = 0.03 in all
mode-mixities. Then, the corresponding applied energy
release rate is calculated from Eq. (10). Note that in this
contribution, the time ratio of applied energy release
rate (Gappl,-ed = Gupplied/total time) is considered as
the applied loading rate, as presented in Table 2 for
different phase angles (V).

The calculated energy release rates are presented
in Fig. 3. It is observed that the curves correspond-
ing to ¥ = 0° and W 90° are the lower and
upper boundaries of other mixed-mode loading curves,
respectively. The curves of mode-mixities of W
0°, 15°, and 30° have a minimum bellow the line

Material parameters ~ Values  Material parameters ~ Values
G/Gappiiea = 1, while all other mode-mixities are
Ea (GPa) 47 TH (°0) 26 entirely located above the aforementioned line. It is
En (GPa) 24 TA (°C) 12 worth mentioning that the calculated values of the
UA 0.33 Ca (MPa°C™!) 8.4 energy release rate become the far field Gappued, as
UM 0.33 Cm (MPa°C™h 6.7 expected.
H 0.05 ky Wm™T K1) 18.3 The phase transformation contours are depicted in
Ty (°C) 35 o (kgm=3) 6500 Fig. 4. It is clearly observed that the occurred trans-
™ (°C) _29 cUkg 'K 837 formation in the upper-half SMA plane follows the far
™ (°C) 3 field mode-mixities.
rT;B:e 2 Avplied loading Gapplied (mﬁs) W=0° W=15 W=30° W=45 W=60° W=75 W=90°
Loading rate I 0.481 0.370 0.227 0.148 0.145 0.156 0.124
Loading rate II 4.81 3.70 2.27 1.48 1.45 1.82 2.47
Loading rate III ~ 48.1 37.0 22.7 14.8 14.2 18.2 24.7
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Fig. 3 Calculated energy 1.12 ¢
release rates for different
values of mode-mixities 1.09
T 1.06 1
5
&)
~ 4
> 1.03
1 -
0.97

It should be noted that as a result of generated latent
heat during the forward transformation, ignoring the
thermo-mechanical coupling effects on fracture analy-
sis of crack tip is neither feasible nor plausible. The
temperature distributions around the interface crack tip
for all values of the phase angles at the loading rate
IIT are depicted in Fig. 5. It is apparent that the shape
of heated zone rotates in similar manner to the mode-
mixities. It is also observed that because of its conduc-
tive nature, temperature distributes well into the elastic
medium.

The magnitude and time span of applied loading are
two effective parameters that determine the value of
generated latent heat. More latent heat is released for
higher applied loading rates during the forward trans-
formation, which in turn significantly affects the crack
tip fields. To investigate these effects, the following
simulation is presented for an uncoupled case along
with three different loading rates.

Variation of the energy release rate versus the dis-
tance from crack tip is plotted in Fig. 6 for the cases of
¥ = 0°,90°, demonstrating that the available energy
for crack growth decreases as a result of the released
heat. Figure 6 shows that there exists a critical distance
from the crack tip wherein the latent heat effects remain
important. While this critical distance for W = 0° is
r/Re = 0.09, it extends to r/Rs = 0.2 for ¥ = 90°.
Thereby, It can be concluded that at ¥ = 0°, the
coupling effect of latent heat decreases in a shorter
span in comparison with the case of ¥ = 90°. In
another words, the critical distance becomes larger
with the mode-mixity shifting from & = 0° to ¥ =
90°.

It is apparent that the coupling effects modify the
stress distribution around the crack tip. The von Mises

stress-strain response of a point near the crack tip
for ¥ = 0° is plotted in Fig. 7. The less the time
span of applied loading, the more stress is increased
in the partially transformed material. Moreover, Fig. 7
shows that as the rate of applied loading rate decreases
the strain in which the phase transformation com-
pletes becomes smaller (¢4 < €3 < & < &1).
Since material points farther from the crack tip expe-
rience smaller strains, the zone of complete phase
transformation (§ = 1) becomes larger in slower
loading rates. This interesting phenomenon is pre-
sented in Fig. 8 in which the martensitic boundary
(¢ = 1) is depicted for different values of phase
angle (' = 0°,45°, and 90°) at different loading
rates. It is observed that by increasing the applied
loading rate, the strain corresponding with marten-
sitic transformation completion increases, and con-
sequently, the available time devoted to completion
of phase transformation of material points lessens.
This matter is equivalent to the fact that less mater-
ial points reach the completion of martensitic trans-
formation, leading to smaller zone of complete phase
transformation.

To investigate the effect of ambient temperature, the
energy release rate of crack tip for W = (° is presented
in Fig. 9 for four different ambient temperatures: 30,
35, 40, and 45 °C. As reported by Baxevanis et al.
(2012) for a homogeneous SMA, it can be seen that
by increasing the ambient temperature, the available
energy for crack growth decreases.

In order to study the effect of Young’s modulus of
the elastic material on the energy release rate of crack
tip, simulations are performed in different cases and
the results are depicted in Fig. 10. The chosen val-
ues of Young’s modulus of the elastic lower-plane are
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Fig. 4 Phase ¢ [ | | | | | [

transformation contours for 005 015 025 035 045 055 065 075 085 095
different phase angels

Y =90
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Fig. 5 Temperature
distribution for different
phase angels
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Fig. 6 The impact of
applied loading rate on the
energy release rate of crack
tipaW =0°bW¥ =90°
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E®ltic = 30,60, 100, and 200 GPa. It is observed
that near the crack tip the increase of E°12U¢ results in
an increase of the energy release rate. However, the dia-
grams converge at a distance of 0.05R; and the trends
slightly reverse afterwards; i.e. reduced energy release
rate for higher values of E®1astic,

Figure 11 illustrates the influence of maximum
transformation strain (H) on size of the phase transfor-
mation regions (§ = 1) for the given values of phase
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angles of ¥ = 0°,45°, and 90°. It can be seen that the
increase of H leads to smaller boundaries of the trans-
formation zone. This is primarily due to the fact that
as H decreases, the phase transformation completes
sooner, providing more time for more material points to
reach the martensitic ratio of 1 (§ = 1), consequently
the transformation zone will experience a growth in
its size. Note that similar observations have already
been reported for homogeneous SMAs, both analyt-
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ically (Maletta and Furgiuele 2010) and numerically
(Hatefi Ardakani et al. 2015b).

5 Conclusion

Using finite element analysis and the boundary layer
approach, the effects of thermo-mechanical coupling

Uncoupled . . . .
Coupled - Inoding rate on mixed-mode crack tip fields in an interface crack
Coupled - laoding rate 11 between a SMA and an elastic layer are addressed.

Coupled - laoding rate IIT . .
It has been shown that increasing the rate of the

applied loading decreases the available energy for crack
growth, while increasing the stress during the forward
phase transformation. A smaller transformation zone
is also observed in higher loading rates. Moreover, a
decrease in the crack tip energy release rate is observed
by increasing the ambient temperature. A similar result
is also observed by decreasing the Young’s modulus of
the elastic layer. Finally the simulations have demon-

Fig.8 Effectof applied loading rate on the martensitic boundary strated that an increase in the maximum transformation
for ¥ = 0°, 45°, and 90°

strain makes the transformation zone smaller.

Fig. 9 Influence of ambient @15 . R e . IR . . I S e :
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isothermal condition, b LI N i [ co T R — T =35°C [
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