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ABSTRACT

The thermo-mechanical coupling effects on mixed-mode crack tip parameters in pseudoelastic shape mem-
ory alloys are studied by a finite element solution. Different loading rates are applied on the K-dominant
part of the small scale transformation region. Both plane strain and plane stress analyses are carried out to
study how the coupling between thermal and mechanical regimes alters the near tip fields in the martensitic
region. The crack tip energy release rate and the J-integral remain history-dependent. The stress/strain re-
sponse, the angular distributions of the stress and the released temperature, the shape of the transformation
zone and the released temperature are selected as the crack tip fields of interest. Special attention is given
to study of how the aforementioned crack tip fields are affected by the increase of applied loading rate. A
comparison is also drawn between the crack tip fields in plane strain and plane stress states to complete the
discussion.

martensitic region
Crack tip energy release rate
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1. Introduction

The shape memory effect, or the ability to recover large strains
and reverting to the original undeformed shape upon heating, at-
taches a great deal of importance to shape memory alloys (SMAs),
making this type of active materials highly desirable in aerospace, au-
tomotive, and biomedical applications. The key to this unique behav-
ior is the non-diffusional martensitic transformation, during which
the homogeneous shear lattice movement of atoms changes the crys-
talline structure. In addition to the shape memory effect, which is
a result of phase transformation upon heating, SMAs do possess
the pseudoelastic behavior, which is the phase transformation un-
der high applied stresses. Fig. 1 describes the typical pseudoelastic
behavior of SMA by depicting a complete loading/unloading stress—
strain cycle. Four fundamental temperatures associated with points
of change in slope of stress-strain curve, presented in the Fig. 1,
are: Ms martensitic start temperature, My martensitic finish tempera-
ture, As austenitic start temperature, and Ay austenitic finish temper-
ature. Corresponding levels of stresses are also defined accordingly.
As shown in Fig. 1, loading an SMA specimen above the stress level
oms With ambient temperature above Ay triggers the forward phase
transformation from austenite to martensite, indicated by a change
in the slope of the stress/strain curve in the stress level o ;s. Further
increase of the loading completes the partial transformation process
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in point oy, resulting in the fully transformed martensitic crystal,
which in general has different macroscopic material properties than
the properties of austenite phase. By removing the external loading,
the martensitic crystal deforms elastically to stress level o ps, where
the reverse phase transformation initiates. Further unloading com-
pletes the reverse transformation at stress level o 4, recovering the
strain and finishing the pseudoelastic cycle.

As discussed earlier, sufficient high stress can trigger the forward
phase transformation process in SMA. Therefore, a region in which
this phenomenon could happen is the region close to the crack tip,
where the existing very high stress levels transform the crystals from
austenite to martensite. This phenomenon is illustrated schemati-
cally in Fig. 2, in which three distinct regions can be distinguished.
One is the austenitic region relatively far from the crack tip where the
level of stress is not sufficient enough to trigger phase transformation.
By moving closer to the crack tip, the material starts to transform, re-
sulting in a partially transformed region. Finally, in the region close to
the crack tip, a fully transformed martensitic region is formed. These
transformed zones affect the fracture parameters close to the tip.
Therefore, understanding the effect of these fully and partially trans-
formation zones is crucial for fracture analysis and design of SMAs.
Since the phase transformation is inherently a thermo-mechanically
coupled phenomenon, this study is devoted to study of how the rate
of applied loading affects the temperature distribution and, in turn,
fracture parameters of SMAs.

A number of experimental studies on fractures in SMAs exist in
the literature: Robertson et al. (2007) used Synchrotron X-rays to
study strain fields and the martensitic region in front of a propagating
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Fig. 1. Stress-strain curve of pseudoelastic behavior of shape memory alloys.

»
>

Distance from the crack tip, r

Crack

Austerjitic region
(A)

Transformation zone
(A-M)

Fig. 2. Stress induced phase transformation in the tip of a crack.

crack under cyclic loading. They found that the deformed marten-
site constitutes the plastic region in front of the crack tip. More-
over, they came to understanding that the local texture and con-
sequent micromechanics are two key factors affecting the shape of
transformation zone in the crack tip vicinity. Gollerthan et al. (2008)
and Gollerthan et al. (2009b) examined a compact tension speci-
men to investigate the shape of the transformation zone ahead of
the crack and the effect of this zone on fracture mechanics behav-
ior of the specimen. To study thermal alterations on the material sur-
face, Gollerthan et al. (2009a) employed Infrared thermography and
observed that unloading triggers reverse transformation of marten-
sitic regions. Employing a synchrotron beam, it was proved that un-
der plane strain condition, the stress-induced martensite was dis-
cernible ahead of the center crack in a CT specimen. Maletta et al.
(2014) incorporated full field measurement techniques of Infrared
thermography and Digital Image Correlation, to capture the cyclic
thermal and mechanical behavior of crack tip along with calculating
the corresponding mode I stress intensity factor in a single edge crack
specimen.

In addition to experimental studies, theoretical and numerical ap-
proaches have been employed to study the effects of transformation
zone ahead of the tip of a crack. Yi and Gao (2000) used the crack

shielding theory to investigate the toughening effects of the transfor-
mation zone in the tip of mode-I crack. Another equally important
conclusion of this study was the decrease of crack tip stress inten-
sity factor by increase of temperature. The same work was also ex-
tended to the case of mixed mode loading in Yi et al. (2001) indicat-
ing that the transformation zone became asymmetric on the grounds
of mode-mixity. The effect of reversible phase transformation in de-
creasing the increased toughness in fracture of SMAs was reported
in works of Stam and Van der Giessen (1995) and Freed and Banks-
Sills (2007). Xiong and Liu. (2007) utilized a linear elastic fracture
mechanics with Irwin’s correction to study the thermally induced
fracture in Ni-Mn-Ga shape memory alloys showing that as a re-
sult of increased cooling rate, the stress intensity factor would experi-
ence a significant increase. In another theoretical model, Maletta and
Furgiuele (2011) after defining two different stress intensity factors
corresponding to stress fields in austenitic and martensitic regions,
attempted to investigate the effects of thermo-mechanical parame-
ters on stress intensity factors. Employing the Dugdale-Barenblatt
model, Baxevanis and Lagoudas (2012) derived closed form solu-
tions for the size of the transformation zone, the energy release
rate and the crack opening displacement (COD) of mode-I station-
ary cracks, and derived an equation relating the J-integral and the
COD.

Also, using the finite element model of Auricchio et al. (1997),
which neglected plastic deformation in the tip of crack, Wang et al.
(2005) simulated the transformation zone in the crack tip of com-
pact tension (CT) specimens and observed the growth of transforma-
tion zone ahead of a crack tip by the increase of the crack length.
Wang (2007), however, incorporated the plastic deformation in the
numerical model and calculated a 47% increase in fracture toughness
due to martensitic transformation. Finally, to numerically investigate
the crack propagation phenomena in shape memory alloys, Hatefi Ar-
dakani et al. (2015) utilized the extended finite element approach, de-
termining the crack extension by a stress-based weighted averaging
method and considering the thermo-mechanical coupling of these al-
loys.

Since nearly all available theoretical and numerical studies on the
effects of martensitic transformation on fracture of SMAs have ne-
glected the thermo-mechanical couplings, the current study is de-
voted to analyze the coupling effects of released temperature during
the forward phase transformation on crack tip parameters. In fact,
this work can be considered as an extension of the work of Baxevanis
et al. (2012), in which the effect of martensitic transformation on the
J-integral was simulated under the isothermal condition. The current
study, however, employs a fully coupled thermo-mechanical consti-
tutive equation to account for such coupling effects, and to inves-
tigate the effects of the applied loading rate on crack tip parame-
ters. Although shape memory alloys are not viscous materials, ap-
plied loading rate is important due to thermo-mechanical interac-
tion, and should be considered in simulations. Moreover, while the
simulation of Baxevanis et al. (2012) was limited to only pure mode
cracks in plane strain conditions, both plane strain and plane stress
states of general mixed mode fractures are studied here. In addition,
while Hatefi Ardakani et al. (2015) focused on extended finite ele-
ment method (XFEM) and the stress-based crack propagation phe-
nomena in SMAs, this study employs a J-integral approach to investi-
gate the effect of applied loading rates and the corresponding latent
heat on the crack tip fields in pseudoelastic SMAs under mixed mode
loading conditions.

The present work has the following structure: Section 2 de-
scribes the geometry and boundary condition of the considered prob-
lem within the framework of small scale transformation zone. It
also describes the method utilized for evaluating the energy release
rate. Section 3 briefly discusses the adopted continuum thermody-
namic based constitutive model, along with its numerical imple-
mentation. Section 4 presents the numerical results of the effects of



162

S. Hatefi Ardakani et al. / International Journal of Solids and Structures 81 (2016) 160-178

SRARERE RN

€

s B

K-dominant region

A A A A A A AL

u= KO, 2O 5=

Transformation
zone

Fig. 3. Mixed-mode fracture analysis of SMA crack tip.

stress-induced phase transformation zone ahead of a crack tip, incor-
porating thermo-mechanically coupled effects on crack tip energy re-
lease rate, stress/strain curve during the loading process, angular dis-
tributions of the stress and released temperature, shape of the trans-
formation zone and released temperature. The results are provided
for a mixed-mode crack under both plane strain and plane stress
states. Finally, Section 5 concludes the paper by a brief discussion of
the results.

2. Problem statement

Since the objective of the paper is to study the thermo-
mechanically coupling effects on crack tip parameters under mixed-
mode conditions, the configuration presented in Fig. 3 is considered.
The global specimen is loaded under a mixed-mode condition, result-
ing in both opening and shearing crack face displacements. Presum-
ing a small scale transformation zone, the displacements of the K-
dominant region, i.e. the region in which the stress and displacement
can be described by the singular term of the asymptotic expansion,
are applied as the boundary condition to the domain of interest. For
an isotropic solid, these displacements have the following form:

. K] r 6 .2 0
U = ﬂ Ecos (2) [K — 1+ 2sin (2>:|
Ky 0 20
+m sm<2>|:/<+l+2cos <2>] (1)
T sin <§> [K+1 —2cosz<§>}

2p\ 21

KH 0 22 0
o 27TCOS<2)|:K1 — 2sin <2>] (2)

where Kj and Kj; are pure modes stress intensity factors, w is the shear
modulus, and k is a constant

Uy =

—

3 — 4u plane strain
K=13- (3)

v lane stress
1+vp

The mode-mixity of the crack tip can be quantified by the phase
angle W,

_ Ky
W = tan~ <KI) (4)

The primary crack tip parameters of interest in this work are the
energy release rate, and the stress and temperature distributions. The

J-integral
domain

4

Transformation
zone

Fig. 4. Q-function for numerical evaluation of J-integral.

energy release rate, G, can be obtained from the J-integral

ou
j:/F (n.a.ax] Wn1)ds (5)

where I' is any arbitrary contour surrounding the crack tip, n is the
unit vector normal to I', and W = [§ o : de is the strain energy den-
sity. Numerical implementation of Eq. (5) is carried out using the fol-
lowing equivalent domain integral (Li et al., 1985):

q, dq
J= /( a)(l—Wa—l—atr(a)q)dA
Ju 8u
f—.qdA— dC 6
/ 0x; d fate 3X1 a ®

where t and f are traction on the crack surface and body force per unit
volume, respectively, which, in this study, are considered to be zero.
Also, q is an arbitrary function which, as depicted in Fig. 4, by moving
from the interior region A to the outer boundary varies from q = 1
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to ¢ = 0. In an isotropic homogeneous solid, the J-integral is path-
independent, resulting in the same value if the radius of the contour
(rin Fig. 4) is changed. In shape memory alloys, however, a zone of
transformation in the crystalline structure occurs near the tip of the
crack which in turn results in a material with significant different me-
chanical properties. As a result, the conventional J-integral loses its
path-independent nature in the transformation zone. Nonetheless,
J-integral retains its path-independent characteristic in farther dis-
tances from the crack tip. The corresponding energy release rate can
be presented as,

1
Gapplied = E (K12 + Klzl)
E’ = E4 Plane stress (7)

E = _Ea Plane strain
1 -2
While similar studies utilized singular elements in the vicinity of
the crack tip to reproduce singular stress and strain fields, the parti-
tion of unity crack tip enriched elements are assumed here to capture
the local stress and displacement distributions. The displacement in
the crack tip element has the following form:

u= ZN,‘U{ + ZNi (Z fkaik> 8)
i i k

where a;, are the additional degrees of freedom for enriching the
crack tip element with the following four functions:

f(r.0) = {«ﬁsin<g), «/Fcos<z>, ﬁsin(@)sin(g),

ﬁsin(@)cos(i)} (9)

where rand @ are polar coordinates measured from the crack tip.

3. Thermo-mechanical constitutive model of SMA

Having defined the method by which the crack tip parameters
are determined, this section is devoted to the description of thermo-
mechanically fully coupled constitutive response of SMAs. A number
of studies have been carried out on constitutive behavior of SMAs.
They include the phase diagram based works of Bekker and Brin-
son (1997), Govindjee and Kasper (1999), Auricchio et al. (1997),
and Lubliner and Auricchio (1996), the Helmholtz free energy based
works of Paiva et al. (2005), Anand and Gurtin (2003), Abeyaratne and
Knowles (1993), Helm and Haupt (2003), and Reese and Christ (2008),
and the Gibbs free energy based works of Boyd and Lagoudas (1996),
Raniecki and Lexcellent (1998), Bo and Lagoudas (1999), Popov
and Lagoudas (2007), Lagoudas and Entchev (2004), and Ahmadian
et al. (2015). The fully coupled model of Boyd and Lagoudas (1996) is
adopted here to represent the constitutive response of SMAs.

3.1. Kinematics of deformation

The additive decomposition rule of the infinitesimal strain theory
defines the total strain in terms of the thermo-elastic and the trans-
formation components,

8total — Sthermo—elastic + St (]0)

where gthermo-elastic g ¢t gre the thermo-elastic and the transforma-
tion parts of the total strain, respectively. Note that the plastic strain
is neglected in the decomposition form of Eq. (10) due to the fact that
the plastic deformation constitutes a very small portion of the defor-
mation of the fully-transformed martensitic zone (see Baxevanis et
al. (2012)).

S;

body force f,

r,
AN

Fig. 5. A typical cracked SMA and boundary conditions.

Fig. 6. The finite element mesh.

3.2. Thermodynamic potential

Assuming the external state variables of stress tensor o, the
transformation strain ' and the temperature T, and the marten-
sitic volume fraction & as the internal state variable, the specific
Gibbs free energy, proposed by Boyd and Lagoudas (1996) and
Qidwai and Lagoudas (2000), can be written as

Gs(o,T, &' &) = —%O’:S [0 — %0 (T —To) + &)
T 1
+c((T—T0) ~TIn (T—o)) = soT o+ 1(€)

(11)

where S, «, ¢, p, Uy, Sp, andT, are the effective compliance ten-
sor, the effective thermal expansion tensor, the effective specific
heat, the material density, the effective specific internal energy,
the effective specific entropy, and the reference temperature, re-
spectively. n(€) is also a transformation hardening function defined
later. During the phase transformation, the effective material prop-
erties are defined in the following manner, with £ = 0, 1 represent-
ing the pure austenite (A) and martensitic (M) phases, respectively



164 S. Hatefi Ardakani et al. / International Journal of Solids and Structures 81 (2016) 160-178

(Boyd and Lagoudas, 1996):

S(§) =SA+&£(SM-$%) (121)
a(E) =ar+&(aM—at) (12.2)
cE)=ch+E(M-ch) (12.3)
So(§) =sh+&(sM - 53) (12.4)
up(§) = uf) + & (ulf — uf) (12.5)

Now, the total small strain can be obtained from the specific Gibbs
free energy (Boyd and Lagoudas, 1996) by
0Gs
do

Finally, the hardening function proposed by Boyd and Lagoudas
(1996) is utilized in this work

(13)

e=—p =C:0+a(T-T) +¢&

1
n(§) = 5obME* + (1 + p2)§ (14)
where bM, 141, andu, are dependent material properties,
pM = —AS()(MS — Mf) (15])
1
M1 = ijSO(MS +Ap) — pAug (15.2)
1
M2 = Z,OASO(AS — Af — My + Ms) (15.3)

3.3. Transformation rule

The transformation strain can be related to the martensitic vol-
ume fraction through the transformation tensor A

8l = A€

During the forward phase transformation (£ > 0), the transforma-
tion tensor has the following form in the model proposed by Boyd and
Lagoudas (1996):

3 Odey

A=Z-H
2 Ot

(16)

(17)

where H is the maximum transformation strain. o, is the deviatoric
stress tensor

I (18)

and o, is the von Mises stress

(19)

3
Oeff = j"dev S Odev

Using the Clausius-Planck inequality, the thermodynamic force I1
conjugated to &, is defined in the following manner for the specific

l'l(a,T,é)=0:A+%0:AS:0+0:A0¢(T—T0)

—pAc((T ~Ty)—Tln (Tz)) + pAsoT
0

an

—PpAuy + =

P AUy JE

Defining & as the transformation surface, the forward phase

transformation initiates as Il reaches a critical material parameter
X

O=I1-X=0

(20)

(21)
1
X= ZpAso(Ms + M; — As — Ap) (22)

3.4. Thermo-mechanical coupling effects

The K-dominated region is governed by the mechanical equilib-
rium equation

Vo+f,=0 (231)
o.n = tonl; (23.2)
u=uonly (23.3)

with the stress/strain relation in the following incremental form
(Lagoudas, 2008):

do =L:de+ OdT

where L is the tangent stiffness tensor and © is the thermal moduli
tensor, given as

(24)

L=S1-A®A (25)
) AdD
with
0D 0o 0P
_ ~ - .Q-1._-- _ ~ =
=\ 355 e T E (27)
s1:2®
_ o
A_ia (28)

To solve the discretized form of the equilibrium equation
(Eq. (23.1)), KAu = fext — fint the Newton-Raphson solver is em-
ployed using the global tangent stiffness matrix

1<,,:/ (B;)"D(B;)d%2 (29)

QE

= | NfdD (30)
Iy

fint — / (B,)TodS2 31)
Qe

where D is the tangent stiffness matrix. First, having calculated the
thermo-elastic prediction by

Gibbs free energy (11): k) _ (L. (k) t(k)
0,0 = (S¥)) 1 (B — o (Ton — To) — €)19) (32)
Table 1
Applied loading rates (G,ppiieq) for different phase angles W.
Gapplied (7s5) U=0° U= 15° U =30° W = 45° U = 60° U =75° W =90
Plane strain I 0.88 0.65 0.38 0.24 0.17 0.145 0.138
Il 8.8 6.5 3.8 24 1.7 145 138
11 88 65 38 24 17 14.5 13.8
Plane stress I 0.97 0.72 0.42 0.27 0.20 0.164 0.155
Il 9.7 72 4.2 2.7 2.0 1.64 155
11 97 72 42 27 20 16.4 15.5
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Table 2
SMA properties for the verification simulation.
Ea(GPa) En(GPa) vp um H M(°C) M;(°C) Gu(MPa°C-1) To(°C)
69 38 0.33 0.33 0.06 46 48 8.7 80
and checking the transformation surface
w“ w“ w“ T|, =T° (35.2)
q)rH—l = q)(anﬂ’ Tt §n+1) (33) 9T
the cutting plane return mapping algorithm, proposed by (Qidwai kn al = ¢ =h(T5, — T (35.3)
and Lagoudas, 2000), is employed to determine the increment of Sq

martensitic volume fraction Aén(ﬂ and the transformation strain

Aegi)], satisfying Eqgs. (16) and (21).
d®
k) _ n+1
Aén+l B 34):1’21 . S(k) -1, 3¢ftljr)1 3‘I>,(1Ii)1 (34.1)
do ( n+1) * T 00 T 0
(k) _ (k) A (k)
Ae,l, = AE LAY (34.2)

Detailed numerical implementation of this explicit return map-
ping algorithm can be found in the work of (Qidwai and Lagoudas,
2000) and hence is not repeated here. Calculating the admissible in-
crement in the martensitic volume fraction and the transformation
strain, these values are next utilized to solve the fully coupled heat
equation in a staggered manner.

Since some latent heat is produced during the forward phase
transformation, the coupled heat equation should be solved to ac-
count for the coupling effects of temperature (Lagoudas, 2008)

To: 6 + pcT + (=TI + pAsyT)E =V .q (35.1)

a 125

Gopica

where q is the heat flow, T is the prescribed temperature on surface
S, knis the thermal conductivity, n is the unit normal vector, and g° is
the prescribed heat flux on surface Sq (Fig. 5). Assuming the Fourier’s
law of heat conduction, the corresponding weak form of Eq. (35.1) can
be written as

/Var(ra L6+ pcl + (=7 + pAsoTIE = V.(KVT))dV =0 (36)

Applying the divergence theorem leads to
/‘/8T¢x : derV+fv8Tch'dV+/v8T(fn + pAseT)EAV
- /S ST((KVT).n)dS — /V VSTV (kT)dV (37)

Using the convective boundary conditions (35.3) and substituting
the following finite element interpolations

T=Y NT,
i

(381)
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Fig. 7. Verification of the method for pure modes under isothermal conditions (a) ¥ = 0° (mode I), (b) ¥ = 90° (mode II).
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T;= ZBiTi
oSN
TS = IX:N,T,.S
0T = i:Ni((ST)i
i
result in the final discretized form of Eq. (35.1),

(K+Ky +K; +K)T+CT=Q

which can be reformulated in an incremental form
+1

(K + K + Kn+1 + Kn+l)Tn+1 + cu _ Qn+1
h o & At -

where the elements of above matrices and vectors are

Ky = /Q KVN,VN;dQ

(Kn)yy = /S hNN;dS

(K(r),-j:/ﬂ(ot:d)N,-deQ

(Ke), = [ pAssENN R

Cijzfg,ocNideQ

Q= [S RN, Taye S + /Q TENAQ
1.2

1.15

1.1

GG,

(38.2)
(38.3)
(38.4)

(38.5)

(39)

(40)

where N is the finite element shape function. Solving Eq. (40) results
in the nodal values of the temperature, after which the total out of
balance force of the domain is checked

R = fext _ fint (42)

If ||R|| > TOL, the whole process described in this section is re-
peated until Eq. (42) is satisfied.

4. Results and discussions

This section presents the results of thermo-mechanical interac-
tion on crack tip fields. After the verification of formulation, detailed
effects of applied loading rates on fracture behavior of SMAs are pro-
vided. In this work, the applied loading rate is considered as the ratio
of applied energy release rate, i.e. far field value (Eq. (7)), to the total
time of loading. The energy release rate is computed directly from the
J-integral. The ratios considered in this study for each mode-mixity
are presented in Table 1.

4.1. Verification

A finite element mesh consisted of 3886 elements, with an in-
creased element density around the crack tip region, is utilized to
solve the problem shown in Fig. 6. The transformation zone must be
small in comparison to the K-dominated zone in order for the small
scale transformation assumption to be valid. In the present case, the
K-dominated zone is about 50 times larger than the transformation
zone. All dimensions are normalized to the length scale, Rg, which

— P = (- mode |
—_— 5
— = 3

Fig. 9. Comparison of calculated energy release rate for different cases of loading.
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itself is a rough estimation for the half height of the transformation
zone in the plane strain state

1 KZ +6.25K2
=37 7
3 (UMS)Z

First, an attempt is made to verify the proposed method. The avail-
able work in the literature is the study of individual mode-I and
mode-II crack tip fields under the isothermal condition by Baxevanis
et al. (2012). The material properties are presented in Table 2.

Fig. 7 shows the normalized energy release rate for contour in-
tegrals with different radii based on Eq. (6), and very good agree-
ment exists between the present and reference results. For contour
integrals close to the tip of crack, the martensitic transformation of
the crystalline structure increases the energy release rate to have a
value up to 15-20% larger than the computed value of the far-field J-
integral (Eq. (7)). As the radius of the contour integral increases, two
distinct trends can be observed. While the mode-I energy release rate
decreases to a value smaller than the far-field J-integral and then in-

(43)
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creases, the mode-II energy release rate has a monotonic decreasing
trend towards the far-field value. In larger distances from the crack tip
where the material has not been fully transformed, the J-integral re-
gains its path-independent nature and becomes constant. Moreover,
a comparison of contours of phase transformation is presented in Fig.
8.Itis observed that both the shape and the size of these contours are
in good agreement with the work of Baxevanis et al. (2012).

4.2. Analysis under mixed-mode loading incorporating coupling effects

Next, the verified model is used to study the crack tip fields
under mixed-mode conditions utilizing the fully coupled thermo-
mechanical constitutive relation (Section 3.4). The analysis is per-
formed under plane strain condition first, and then some extensions
are made for the case of plane stress. The material properties of SMA
are chosen from the work of Baxevanis et al. (2014 ), and are presented
in Table 3. Moreover, to define the thermal boundary condition,
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Fig. 12. Effect of applied loading rate in decreasing the energy release rate (a) ¥ = 0°, (b) ¥ = 45°, (c) ¥ = 90°.
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Table 3

SMA properties for the mixed mode analysis.
Material parameters ~ Values  Material parameters  Values
E5(GPa) 47 TA(°C) 12
Ey (GPa) 24 TA(C0) 26
Up 0.33 Cp(MPa°C") 8.4
Uy 0.33 Cw(MPa°C-1) 6.7
H 0.05 kn(W.m~1.K-1) 18.3
To(°C) 35 p(kg.m3) 6500
TM(°C) -29 c(J.kg T K1) 837
T™M(°C) 3

prescribed values of ambient temperature are assigned to the
perimeter of the circle shown in Fig. 3.

The first objective is to determine how the energy release rate
changes as the mode-mixity of the crack tip shifts from pure mode-I
to pure mode-II To this end, the values of K; and Kj; in the applied
boundary conditions (Eqs. (1) and (2)) are chosen in such a manner
that all mixed-mode conditions result in the same value of R¢ (using
Eq. (43)) for all cases. Results of the calculated energy release rates
are depicted in Fig. 9, where it can be seen that the curves of mixed-
mode loading lie between those of pure mode-I and pure mode-II
loading. For mode-mixities of ¥ = 90°and 75°, all values of energy
release rate are located above the line G/G,ppjieq = 1, while in other
cases a minimum value below the aforementioned line is observed.

An interesting observation is that the contours of phase transfor-
mation follow the applied mode-mixity in the far field. This phe-
nomenon is depicted in Fig. 10, in which it is evident that the
shape of the transformation zone follows the phase angle of ap-
plied asymptotic boundary condition under different mixed-mode
loadings.

Since some latent heat is produced during the process of for-
ward phase transformation, thermo-mechanical coupling effects can-
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not be ignored in the analysis of crack tip fields. The amount
of produced heat during the transformation is a function of both
the magnitude and the time span of applied loading. More heat
is released during the forward phase transformation by increas-
ing the applied strain rate, having more profound effects on the
crack tip fields. Therefore, to account for the effects of applied load-
ing rate, all subsequent mixed mode loading simulations are per-
formed for four cases: three different loading rates and an uncoupled
case.

First, the contours of released temperature during the phase trans-
formation are depicted in Fig. 11 for all values of phase angles in the
highest strain rate to investigate the shape of the heated zone. As
mentioned before, the shape of the heated zone closely follows the
shape of the transformation zone for different mixed mode loadings.
Experimental observations have been reported by Gollerthan et al.
(2009a) and Maletta et al. (2014). However, the difference between
their work and the present study could be related to different fac-
tors, particularly heat transfer phenomena, applied loading rates and
boundary conditions. For instance, the less the applied loading rate,
the less the temperature releases. This matter will be fully discussed
in Figs. 17 and 22.

Solving the thermo-mechanically coupled equation and calculat-
ing the J-integral, it is observed that the latent heat decreases the
energy release rate of the crack. For instance, the calculated energy
release rates are presented in Fig. 12 for W = 0°, 45°and90°. It is ob-
served that the latent heat decreases the available energy for crack
growth close to crack tip.

Higher strain rates, which produce more heat in the transforma-
tion zone, result in more decrease in the energy release rate. Interest-
ing to note is that in pure mode-I, the coupling effect of latent heat
diminishes faster than the case of pure mode-II. While for pure mode-
I the effect of latent heat is almost negligible in distances farther than
r/Re = 0.04, this critical distance is above r/R; = 0.15 for pure mode-
Il simulations.
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Fig. 13. Effect of the applied loading rate on the level of stress of the partially transformed material (a) ¥ = 30°, (b) ¥ = 60°.
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Aside from the energy release rate, the coupling effects modify the
stress/strain distribution around the crack tip. In two mixed-mode
conditions of W = 30° and 60°, the effective stress versus the effective
strain curves during the loading process are plotted in Fig. 13 for a
point close to the crack tip.

By shortening the time span of applied loading, considerable heat
is produced during the forward phase transformation, which in-
creases the stress in steps in which the crystalline structure is par-
tially transformed. The latent heat also increases the finish stress of
forward transformation (o), f) by an approximate value of 150 MPa for
the material properties considered in this study. When the material in
the considered point fully transforms into the martensitic phase, no
more heat is produced, resulting in the same stress value for all load-

ing rates. Although this trend is depicted only for two mixed-mode
conditions, other modes also follow the same pattern.

Moreover, the produced heat alters the angular distribution of
stress in points where partial transformation occurs. For the case
of pure mode-I, the angular distribution of von Mises stress is de-
picted in Fig. 14(a) for r/Rg = 0.0139, where it can be seen that
changing applied loading rate only affects stresses of points located
in the partial transformation zone and stresses in fully transformed
zones are quite insensitive to the applied load rating. As depicted in
Fig. 14(b), in pure mode-I, the partially transformed zone lies in front
of the crack (—45° <6 < 45°, approximately) and behind the crack
tip (=180° <6 < — 150° and 150° < 6 < 180°, approximately), the
angles in which the stress is sensitive to rate of applied loading rates.
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¥=30°

y=75

Fig. 18. Contour of phase transformation around the tip of plane strain crack in mode-mixities of ¥ = 30° and W = 75°.

Fig. 15 is provided to more clarify this point. It can be seen that
in angles where strain is different, e.g. —30° < 6 < +30°, stress
(Fig. 14(a)) is naturally different. In angles where strain is similar,
eg —45° < 0§ < —30°and +30° < 6 < +45°, the point undergoes
partial transformation, resulting in different stress as the constitutive
behavior (Fig. 13) predicts. Finally, in points located in fully trans-
formed region where strain is similar, the same constitutive behavior,
Fig. 13, predict a similar stress.

The same analysis has also been performed for phase angles of
W = 60°and¥ = 90°, and the calculated von Mises stresses are plot-
ted in Fig. 16. It can be seen that the released heat affects the angular
distribution of effective stress.

In addition to the angular distribution of stress, angular variation
of temperature is affected by the rate of applied loading. These vari-
ations are depicted in Fig. 17 for pure mode-I, ¥ = 30°andW = 75°.
The considered point is located in r/Re = 0.0139 and in the last me-
chanical loading step. In the uncoupled case, all points around the
crack have the same temperature equal to the ambient temperature,
and by increasing the applied loading rate, heat is released in the
region which is in the process of forward transformation, resulting
in a relatively uniform increase in the temperature of region close
to the crack tip. However, the angular variation loses its uniformity
in higher loading rates. The reason of this inhomogeneous variation
in higher rates of loading can be attributed to the fact that the heat
released from points with partial transformed region in these load-
ing rates does not have enough time to reach the considered radius.
By analyzing Fig. 14(b), in which the transformation region near the
mode-I crack tip is depicted, it can be seen that points behind and in

125 p-------

G/ Gy

front of the crack tip (—45° < 6 < 45°, —180° < # < —150° and 150°
< 0 < 180°) are partially transformed, while points located above
and below the crack (—180° < 8 < —50°and 50° < 6 < 180°) have
completed the forward phase transformation. In slow loading rates,
the heat has time to reach farther points, so the heat released from
both the fully and partially transformed regions have time to reach
the considered radius of r/R; = 0.0139, making the temperature dis-
tribution uniform. In faster loading rates, however, the heat releases
earlier from fully transformed regions (since these regions have com-
pleted partial transformation) and has more time to diffuse to other
points. The heat from partial transformed zones, on the other hand,
is being released in later loading steps and has only a short time for
conduction, leaving the points in front of the crack tip colder. If the
thermal equation is allowed to be solved after the last step of applying
the mechanical loading, the temperature variation of highest loading
rates also becomes uniform. An analogous explanation can also be
provided for inhomogeneous temperature variation of high loading
rates in other mixed-mode conditions (zoomed-in contours of trans-
formation zone are provided in Fig. 18 for phase angles ¥ = 30° and
W = 75°).

In order to generalize the argument and make comparison, the
previous analysis is now extended to the plane stress case. Only the
crack tip values that show different trend with respect to plane strain
case are provided. First, for the sake of comparison between different
mixed-mode conditions, the energy release rate is calculated for all
modes under the isothermal condition and the results are provided
in Fig. 19. It is observed that in the small radii close to the crack tip,
the material fully transforms to the martensitic phase, resulting in the
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= P = 9()°- mode Il

0.5 0.6 0.7 0.8 0.9 1
r/R.

Fig. 19. Comparison of calculated energy release rate for different cases of loading.
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Fig. 20. Rotation of the transformation zone by changing the mode-mixity.
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growth of energy release rate. Important to note is the fundamental
dissimilarity between the trend of energy release rate in plane strain
and plane stress conditions. While in the plane strain condition the
energy release rate might have values lower than the far field energy
release rate (see Fig. 9), G/G,ppiieq IS always greater than unity in the
plane stress condition. Furthermore, contours of the transformation
zone for the isothermal condition for the highest strain rate are pre-
sented in Fig. 20, respectively. Same patterns have been reported by
Maletta et al. (2013), in which the finite element method was em-
ployed to present the shape of transformation zones for two different
values of ambient temperature. A comparison between the shapes of
the transformation zone in two cases of plane strain and plane stress
reveals the fact that the shape of transformation zone differs between
the two stress states. In mode-I, for instance, the transformation zone
mostly occupies the upper and lower region of the crack tip in plane
strain condition, but the transformation zone in plane stress state is
concentrated mainly in the front of the crack tip.

Fig. 21 is provided to show the thermo-mechanical coupling ef-
fects on the energy release rate of the crack for W = 0°. Again, the
same decreasing effect of the latent heat in the plane strain condition
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Coupled - loading rate II
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Fig. 24. Effect of applied loading rate on the shape of the transformation zone (a) ¥ = 0°, (b) ¥ = 15°, (¢) ¥ = 60°.
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is observed here. Unlike Fig. 12, however, the critical distance, where
the effect of applied strain rate becomes insignificant afterward, is
much larger in the plane stress case. As an example, in pure mode-I
plane strain condition, the critical distance is about r/Rg = 0.04, but
in the plane stress condition this distance is about r/R; = 0.16.

The thermo-mechanical coupling also affects the angular distribu-
tion of the temperature in points close to the crack tip. Fig. 22 shows
that the temperature variations of a point located in r/Rg = 0.0592
for two cases of W = 0°,30°with different loading rates. As in the
plane strain state, the variation becomes non-uniform in higher load-
ing rates. However, due to the fact that the shape of the transfor-
mation zone differs in the plane stress case, the pattern of non-
uniformity is different. In mode-I, for instance, in contrast to the
plane strain case, the points behind the crack tip become colder. In
plane stress state, the points in front of the crack have completely
transformed and released the heat in an earlier time, whereas the
points behind the crack remain in the partial transformation process
in the last step of loading (see a zoomed-in contour in Fig. 23), and as
a result, the released heat does not have sufficient time to reach the
radius r/Rg = 0.0592 in high loading rates.

The dissimilarity in the shape of the transformation zone is also
responsible for different angular distribution of temperature between
plane stress and plane strain states in other mixed-mode conditions.

With respect to the effect of applied loading rate on the size-
shape of the transformation zone (martensitic boundary (& = 1)),
Fig. 24 is provided to show how increasing the rate of applied load-
ing makes the zone smaller. Under slow loading rates, the forward
phase transformation completes in lower level of strains, which gives
a larger transformation zone. Zones of transformation for phase an-
gles of W = 0°, W = 15° and W = 60° are depicted in Fig. 24 in order
to show this phenomenon.

5. Conclusion

Performing plane stress and plane strain finite element analysis of
thermo-mechanical coupling effects on mixed-mode crack tip fields
in pseudoelastic shape memory alloys, increasing the rate of the ap-
plied loading releases more temperature in material points undergo-
ing phase transformation, which in turn via the thermo-mechanical
coupling effects results in decrease in the available energy for crack
growth. Also, increasing the loading rate increases the stress during
forward phase transformation, while making the size of the trans-
formation zone smaller. With respect to angular distribution of the
tip fields, the analysis demonstrated that the stress in partially trans-
formed region is highly affected by the thermo-mechanical interac-
tion in high loading rates. In a similar manner, temperature distribu-
tion of partially transformed regions is dissimilar to the fully trans-
formed ones, especially in high loading rates. Differences in angular
distribution of crack tip fields between plane stress and plane strain
states, stemmed from different shapes of transformation zones, have
also been examined and discussed.
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