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The extended isogeometric analysis method (XIGA) is further developed to study fracture of homoge-
neous and inhomogeneous materials under mechanical and thermo-mechanical loadings. The domain of
the problem is discretized by the knot spans of the isogeometric analysis (IGA) and the same basis
functions used for constructing the geometry are employed to discretize the solution. In addition, crack
face discontinuity and tip enrichment functions of the extended finite element method (XFEM) are
incorporated into the NURBS basis functions of IGA in order to reproduce crack face displacement
discontinuity and tip singularity of the stress field. The proper form of the interaction integral method in
inhomogeneous materials and thermal conditions is employed to evaluate the mixed mode stress in-
tensity factors. In order to assess the efficacy of the proposed approach, a number of problems with
different configurations and loadings are analyzed and the results are verified by comparing with the
reference values.

© 2014 Elsevier Masson SAS. All rights reserved.
1. Introduction

Manufacture of composites and other high-tech materials such
as functionally graded materials (FGMs) has become increasingly
sophisticated, and the area of their application incorporated more
aspects of engineering. As a result, extensive research has been
directed towards the study of their failure and fracture modes as
the presence of cracks can adversely affect their structural and
thermal safety and performance.

Practical fracture mechanics problems, which contain complex
characteristics such as arbitrary geometries and loadings, and non-
linear material behavior, have limited the applicability of analytical
methods (Lekhnitskii, 1963; Sih et al., 1965; Bowie and Freese,1972;
Kuo and Bogy, 1974; Viola et al., 1989; Lim et al., 2001; Nobile and
Carloni, 2005) and directed many researchers to adopt advanced
numerical methods, such as the finite element method (FEM), the
boundary element method (BEM), meshless methods, and the
extended finite element method.

In XFEM (Melenk and Babuska, 1996; Belytschko and Black,
1999), cracks are not required to conform to element edges and
ing Lab, School of Civil Engi-
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served.
they are modeled by adding enrichment functions, derived from
asymptotic analytical solutions, to the classical finite element shape
functions. As a result, the enriched basis becomes capable of
reproducing the crack face displacement discontinuity and com-
plex crack tip stress fields, without the necessity of using singular
elements or remeshing procedure in crack propagation problems
(Sukumar et al., 2003; Sukumar et al., 2000, 2001; Dolbow, 1999;
Stolarska et al., 2001; Mo€es et al., 2002; Mohammadi, 2008,
2012). Since the seminal work of Belytschko and Black (1999),
XFEM has been widely used for modeling different discontinuity
problems (Belytschko et al., 2009). Moreover, for the specific ap-
plications of fracture analysis of composites, new enrichment
functions have been proposed to capture crack tip singularity;
including static orthotropic function (Asadpoure et al., 2006a;
Asadpoure and Mohammadi, 2007; Asadpoure et al., 2006b), dy-
namic orthotropic problems (Motamedi and Mohammadi, 2010a,
2010b), and anisotropic bi-material delamination (Ashari and
Mohammadi, 2011; Menk and Bordas, 2010; Ashari and
Mohammadi, 2012).

Trying to bridge the gap between design and analysis, Hughes
et al. (2005) proposed the Isogeometric Analysis (IGA) as an
alternative to FEM. The original idea is to use Non-Uniform
Rational B-spline (NURBS), a technology used in computer
graphics for free form modeling, as a basis for analysis. In other
words, NURBS functions in IGA both define the exact geometry and
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estimate the solution (Hughes et al., 2005). IGA has been suc-
cessfully used in many engineering problems: shape optimization
(Wall et al., 2008; Qian and Sigmund, 2011; Qian, 2010; Manh et al.,
2011), shell analysis (Uhm and Youn, 2009; Kiendll et al., 2009;
Benson et al., 2010, 2011; Casanova and Gallego, 2013), FGM and
laminated composite plates (Valizadeh et al., 2013; Tran Loc et al.,
2013; Thai Chien et al., 2012; Thai Chien et al., 2013; Thai Chien
et al., 2013; Nguyen-Xuan et al., 2013; Tran et al., 2013), contact
mechanics (Temizer et al., 2011, 2012; Jia, 2011; De Lorenzis et al.,
2011), and so forth. Recently, IGA has been extended to tackle
fracture problems by Ghorashi et al. (2012) and De Luycker et al.
(2011) in the form of extended isogeometric analysis (XIGA),
incorporating the enrichment technique of XFEM into IGA to
model crack face discontinuity and crack tip singular stress field.
Nevertheless, the problems solved by XIGA have remained limited
to homogenous solids under mechanical loading. Here, the XIGA
approach (Ghorashi et al., 2012) is further developed to include
FGM composites and thermo-mechanical loadings for both
isotropic and orthotropic materials.

A number of researchers have already studied cracked FGM by
employing different approaches: experimental methods (El-Hadek
and Tippur, 2003a, 2003b; Yao et al., 2005), numerical and
analytical methods (Delale and Erdogan, 1983; Abotula et al., 2012;
Gupta et al., 2012; Schovanec and Walton, 1988; Konda and
Erdogan, 1994; Gu and Asaro, 1997; Erdogan and Wu, 1997; Jin
et al., 2002; Kim and Paulino, 2005, 2003, 2002). Specifically,
Hosseini et al. (2013) and Bayesteh and Mohammadi (2013) used
XFEM to analyze fracture of FGMs under thermo-mechanical and
mechanical loadings, respectively. Furthermore, several re-
searchers also utilized numerical methods to study fracture of
cracked solids under thermal loadings: finite and boundary ele-
ments (Wilson and Yu, 1979; Shih et al., 1986; Raveendra and
Banerjee, 1992; Prasad et al., 1994a,b), and XFEM (Merle and
Dolbow, 2002). To the best knowledge of the authors, however, it
is the first time that XIGA is applied to fracture analysis of either
FGM composites or thermal loadings.

This paper is organized as follows: Section 2 is devoted to the
basics and formulation of isogeometric analysis. Then, XIGA crack
modeling procedure and computation of stress intensity factors for
cracks in FGM solids under thermal loading are presented in Sec-
tion 3. Several numerical examples with different configurations
are solved in Section 4 in order to evaluate the efficiency of XIGA in
thermo-mechanical fracture analysis of homogeneous and inho-
mogeneous isotropic/orthotropic problems. Finally, Section 5 closes
this paper with a conclusion.

2. B-splines and NURBS

A one-dimensional Knot vector X ¼ fx1; x2;…; xnþpþ1g is a non-
decreasing parametric representation of coordinates in the para-
metric space, where xi is the ith knot and n indicates the number of
basis functions of order p. Knots divide the parametric space into
knot spans, where numerical integrations are implemented. With
respect to a given knot vector, the B-spline basis function of orders
p ¼ 0 and higher orders (p > 0) are defined as (Cox, 1971; De Boor,
1972; Cottrell et al., 2009),

Ni;0ðxÞ ¼
�
1 if xi � x � xiþ1
0 otherwise

(1)

Ni;pðxÞ ¼
x� xi

xiþp � xi
Ni;p�1ðxÞ þ

xiþpþ1 � x

xiþpþ1 � xiþ1
Niþ1;p�1ðxÞ (2)

To further generalize the representation of B-spline piecewise
polynomials, the Non-uniform Rational B-Spline (NURBS) has been

 

 

introduced by multiplying B-spline basis functions with appro-
priate weights

Ri;pðxÞ ¼
Ni;pðxÞwi

Wi
¼ Ni;pðxÞwiPn

j¼1
Ni;pðxÞwj

(3)

where Ni,p is the ith basis function of order p, and wi are a set of n
positive weights. In a manner similar to B-spline curves, NURBS
curves are constructed from linear combination of NURBS basis
functions:

CðxÞ ¼
Xn
i¼1

Ri;pðxÞBi (4)

Having control points Bi,j and two knot vectors
X ¼ fx1; x2;…; xnþpþ1g and Q ¼ fh1; h2;…; hmþqþ1g in a Bi-
dimensional space, a tensor-product NURBS surface is defined as

Sðx; hÞ ¼
Xn
i�1

Xm
j�1

Rp;qi;j ðx; hÞBi;j (5)

where Bi,j are the control points in a bi-dimensional space. The
bivariate NURBS basis functionsRp;qi;j are similarly defined as,

Rp;qi;j ðx;hÞ ¼
Ni;pðxÞMj;qðhÞwi;jXn

a¼1

Xm
b¼1

Mb;qðhÞNa;pðxÞwa;b

(6)

where wi,j are a set of n � m positive weights. Typical two dimen-
sional basis functions with different orders of continuity are pre-
sented in Fig. 1.

3. Isogeometric formulation

3.1. Problem statement

Let us consider the problem of a linear elastic solid with a crack,
as shown in Fig. 2. In the present study, both homogeneous and
FGM solids under mechanical and thermal loadings are considered.
Under the mechanical loading, the solution of the problem must
satisfy the following equilibrium and boundary conditions

divðsÞ þ f ¼ 0 In U (7)

s$n ¼ s On Gt (8)

u ¼ u On Gu (9)

where s, f, u, s, u, and n are the stress, body force, displacement,
prescribed traction on the natural boundary Gt, prescribed
displacement on the essential boundary Gu, and the unit normal
outward vector, respectively. Under the thermal loading, the two-
dimensional orthotropic steady state heat conduction with its
boundary conditions is solved

V$ðkVTÞ ¼ 0 (10)

T ¼ T On GT (11)

q ¼ qn On Gq (12)

where k denotes the vector of heat conductivity coefficient along
the i direction, T is the temperature on each point, T is the pre-
scribed temperature, and qn is the prescribed value of the heat flux.



Fig. 1. Different orders of continuity for a quartic B-spline.
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The crack is deemed to be insulated in this work, resulting in a
discontinuity in the temperature field across crack faces.

3.2. Stressestrain relationship

The strain in a thermo-mechanical problem is composed of two
parts

ε
t ¼ ε

m þ ε
th (13)
Fig. 2. An arbitrary cracked two-dimensional medium.
where ε
t, εm, and ε

th are the total, mechanical and thermal strains,
respectively.

The thermal part of the strain ε
th for the plane stress state can be

written as8>>><>>>:
ε
th
11
ε
th
22
ε
th
33
2εth12

9>>>=>>>; ¼

8>><>>:
a11
a22
a33
0

9>>=>>;DT (14)

and for plane strain8>>><>>>:
ε
th
11
ε
th
22
ε
th
33
2εth12

9>>>=>>>; ¼

8>><>>:
n31a33 þ a11
n32a33 þ a22
a33
0

9>>=>>;DT (15)

where vij and aij denote the Poison's ratio and the thermal expan-
sion coefficient, respectively.

Based on the generalized Hook's law (Lekhnitskii, 1963), εm, the
mechanical part of the strain, can be written as,26666664
ε
m
11
ε
m
22
ε
m
33
2εm23
2εm13
2εm12

37777775 ¼

26666664
a11 a12 a13 a14 a15 a16

a22 a23 a24 a25 a26
a33 a34 a35 a36

a44 a45 a46
SYM: a55 a56

a66

37777775

26666664
s11
s22
s33
s23
s13
s12

37777775 (16)

For a plane strain state, however, aab should be replaced by bab

bab ¼ aab �
aa3ab3
a33

ða;b ¼ 1;2;6Þ (17)



Fig. 3. Unit tangential and normal vectors.
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3.3. XIGA discretization

The discretized form of the mechanical equation (Eq. (7)) can be
written as

Kuh ¼ f (18)

where the displacement vector uh consists of both standard and
additional degrees of freedom (Mohammadi, 2008)

uh ¼ fu a b1 b2 b3 b4 g (19)

where uh denotes the standard degrees of freedom while a and ba

(a ¼ 1,2,3, and4) denote additional degrees of freedom used to
reproduce crack faces and crack tip fields, respectively. The global
stiffness matrix K and the mechanical force vector f are all formed
by the assembly of their element contributions (Mohammadi,
2008)

Ke
ij ¼

2664
Kab
ij Kua

ij Kub
ij

Kau
ij Kaa

ij Kab
ij

Kbu
ij Kba

ij Kbb
ij

3775 (20)

fi ¼
n
fui fai fb1i fb2i fb3i fb4i

oT
(21)

Definitions of the components of Eqs. (20) and (21) are provided
in Appendix A. Similarly, the discretized form of the thermal Eq.
(10) can be written as

QTh þ fth ¼ 0 (22)

where the definition of temperature vector Th is similar to Eq. (19)

Th ¼ fu a b1 g (23)

Formation of the thermal stiffness matrix Q and the thermal
force vector fth are also equivalent to Eqs. (20) and (21) with a
different form of matrix of basis function derivatives

Q e
ij ¼

24Q ab
ij Qua

ij Qub
ij

Q au
ij Q aa

ij Q ab
ij

Q bu
ij Q ba

ij Q bb
ij

35 (24)

fth�e
i ¼ f fth�u

i fth�a
i fth� b1

i
g (25)

Definitions of the components of Eqs. (24) and (25) are also
provided in Appendix A. Having solved the thermal Eq. (22), the
thermal strain ε

th can be calculated by Eq. (14) or (15) from the
temperature values. Afterward, the force vector in KU ¼ f can be
expressed as

f ¼ f th�equivalent þ fmech: ¼
Z
U

BTCεthdUþ fmech: (26)

where the B matrix is defined by Eqs. A5-A8 (Appendix A).
Since in general IGA shape functions do not meet Kronecker

delta property, the penalty method is utilized in this paper to
impose essential boundary conditions.

3.4. Modeling cracks in XIGA

The extended isogeometric analysis employs the basic concepts
of enrichments of XFEM within the framework of IGA. In XIGA, the

 

 

extended displacement or temperature fields for both crack faces
and crack tips are added to the standard IGA approximation

c ¼ cIGA þ cXIGA ¼ cIGA þ ctip þ cheaviside (27)

where c represents either the temperature T or the displacement U.
The cheaviside part of the enrichment is used to model the crack face
strong discontinuity in both temperature and displacement fields
and is defined as (Mohammadi, 2008)

cheaviside ¼
X
i2ns

NiðxÞHðxÞbai (28)

where ns is the set of control points enriched by the Heaviside
function. The Heaviside function for a point located at the physical
coordinate X is defined as (Mohammadi, 2008)

HðXÞ ¼
�
þ1 if ðX� X*Þ$en >0
�1 otherwise

(29)

where X* is the coordinate of the closest point of the crack to the
point X (Fig. 3).

The ctip part of the enrichment is used to reproduce the complex
analytical crack tip field (Mohammadi, 2008)

ctip ¼
X
i2Tp

NiðxÞ
 X

k2F

fkðxÞbbik

!
(30)

where Tp is the set of control points enriched by the set F of crack
tip functions fk. These functions are derived from the asymptotic
solution and are unique to each set of problems. For an isotropic
solid under static mechanical loading, the following four functions
are used (Dolbow, 1999)

Fðr; qÞ ¼
� ffiffiffi

r
p

sin
�
q

2

�
;
ffiffiffi
r

p
cos
�
q

2

�
;
ffiffiffi
r

p
sinðqÞsin

�
q

2

�
;

ffiffiffi
r

p
sinðqÞcos

�
q

2

�� (31)

where polar coordinates r and q are measured from the crack tip
(Fig. 2). Moreover, in the case of orthotropic materials, the
following four functions have been proposed (Asadpoure et al.,
2006a)
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Fðr; qÞ ¼
� ffiffiffi

r
p

cos
�
q1

2

� ffiffiffiffiffiffiffiffiffiffiffi
g1ðqÞ

p
;
ffiffiffi
r

p
cos
�
q2

2

� ffiffiffiffiffiffiffiffiffiffiffi
g2ðqÞ

p
;

ffiffiffi
r

p
sin
�
q1

2

� ffiffiffiffiffiffiffiffiffiffiffi
g1ðqÞ

p
;
ffiffiffi
r

p
sin
�
q2

2

� ffiffiffiffiffiffiffiffiffiffiffi
g2ðqÞ

p � (32)

with

gjðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
cosðqÞ þ zjsin

�
q
��2 þ �bjsin�q��2q

ðj ¼ 1;2Þ (33)

qkðqÞ ¼ tan�1
�

bk sinðqÞ
cosðqÞ þ zk sinðqÞ

�
ðk ¼ 1;2Þ (34)

where zi and bi are the real and complex parts of the roots of the
characteristic equation (Lekhnitskii, 1963)

atip11m
4 � 2atip16m

3 þ
	
2atip12 þ atip66



m2 � 2atip26mþ atip22 ¼ 0 (35)

m1 ¼ z1 þ ib1

m2 ¼ z2 þ ib2
(36)

where aij are defined by Eq. (16). It should be noted, however, that
since no analytical solution exists in the literature for FGM solids,
the homogeneous asymptotic solution with material properties
evaluated at the crack tip is adopted for all FGM examples in this
work.

For the thermal equation, the following tip enrichment is used
(Duflot, 2008)

Fthðr; qÞ ¼ ffiffiffi
r

p
sin
�
q

2

�
(37)

 

 

3.5. Determining the enriched control points

The method utilized in this paper for selecting the enriched
control points is similar to the level set method used in XFEM with
a slight difference stemmed from dissimilarities between the con-
trol points of XIGA, and nodes in XFEM. In the XFEM context, only
nodes associated with elements containing either crack face or
crack tips are enriched, whereas in an XIGA framework, many
control points located far away from the crack may be enriched
since their basis function influence domain is much larger, as
illustrated in Fig. 4. A control point whose corresponding basis
Fig. 4. Definition of different points in XIGA crack modeling.
function has nonzero value in the crack face or crack tip is selected
for enrichment with the Heaviside or tip enrichment functions,
respectively. For instance in Fig. 4, all control points (located in the
dashed rectangle) whose corresponding basis function has nonzero
value in the crack tip knot span (blue rectangular domain (in web
version)) are chosen to be enriched with crack tip enrichment
functions in their influence domain.

A subtle yet important point is that for the control points, whose
basis functions are nonzero over both knot spans containing the
crack face and knot spans containing the crack tip, only the crack tip
enrichment functions are used, since enriching these control points
with the Heaviside function erroneously extends the crack front.
Crack tip enrichments are capable of reproducing the jump across
the exact crack face, and hence, the control points with theses
enrichments do not alter the kinematic discontinuity of the real
crack. The ability of the crack tip asymptotic function

ffiffiffi
r

p
sinðq=2Þ in

reproducing the crack face discontinuity in isotropic materials is
demonstrated in Fig. 5. The same notion is also true for orthotropic
enrichment functions.

3.6. Transition of displacement and temperature fields between
knot spans

Due to the fact that the types of the approximation fields differ
in an enriched domain and its neighboring non-enriched domains,
a sharp transition between these domains may result in substantial
numerical inaccuracies. To avoid this shortcoming, blending ele-
ments have been proposed for the case of XFEM, which can be
similarly extended to XIGA. In this work, however, another
approach has been adopted.

To consider the blending effect and to avoid displacement field
discontinuity between the aforementioned selected domain and its
neighboring elements/knot spans, all basis functions of elements/
knot spans located in the support domain of the enriched nodes/
control points (basis function pertaining to elements/knot spans
nearby the tip element/knot span, shown by a dark blue domain (in
web version) for a particular control point in Fig. 4) are also
enriched. This lemma has almost the same smoothing effect as
blending elements. It is noted that the Heaviside function does not
alter the order of standard IGA basis functions, and therefore, the
adopted technique can still be effectively used for the case of
transition between a subdomain with the Heaviside enrichment
and a subdomain with the crack tip enrichment.

It should be mentioned that while additional smoothness,
particularly in the stress field, can be achieved with more advanced
transition methods, the adopted technique remains sufficiently
Fig. 5. Crack face displacement discontinuity reproduced by the crack tip enrichment
function

ffiffiffi
r

p
sinðq=2Þ.
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accurate when the path independent integral is employed to derive
the stress intensity factors. The reason can be attributed to the fact
that only field variables which are not in the close vicinity of the
crack tip are used for evaluation of SIFs through a domain inter-
action integral.

3.7. Numerical integration of enriched knot spans

Since the accuracy of Gauss quadrature integration rule signif-
icantly decreases in discontinuous domains, the well-developed
sub-triangulation technique (Ghorashi et al., 2012) is adopted
here. Knot spans containing a crack face or a crack tip are divided
into subdomains of sub-triangles, and the Gauss quadrature rule is
applied for each of these triangles. The three-stage mapping
required in the aforementioned integration technique is presented
in Fig. 6. In the last mapping, which is an additional step to the two-
stage typical mapping procedure of IGA, the position of crack tip in
the parent domain is determined using the NewtoneRaphson al-
gorithm. Also For knot spans containing the crack face, the same
nonlinear solver is used to obtain the coordinate of any other
physical point in the parent domain.

3.8. Stress intensity factor

In this work, the interaction integral method has been used to
compute the stress intensity factors. For inhomogeneous problems
three formulations of non-equilibrium, incompatibility, and con-
stanteconstitutive have been proposed. Non-equilibrium and in-
compatibility methods lead to more or less similar results, while
the constanteconstitutive approach is usually less accurate (Kim
and Paulino, 2005). Here, only the incompatibility formulation is

 

 

Fig. 6. Different mappings used in the i
adopted, in which the auxiliary strain field is calculated from
ε
aux
kl ¼ c�1

ijklðxÞsauxij , which results in a different value obtained from

c�1
ijklðxtipÞsauxij ¼ 1

2 ðuauxi;j þ uauxj;i Þ(where xtip is the crack tip coordi-

nate). This discrepancy results in the following incompatible
relations:

sauxij;j ¼0; and sauxij ¼cijklðxÞεauxkl ; but ε
aux
ij s

1
2

	
uauxi;j þuauxj;i



(38)

where superscript aux denotes the auxiliary fields. Now, back to the
definition of the equivalent domain integral form of the J-integral
for a cracked body:

J ¼
Z
A

�
sijui;1 �wd1j

�
q;jdAþ

Z
A

�
sijui;1 �wd1j

�
;jqdA (39)

where dij is the Kronecker delta and w is the strain energy density,

w ¼ 1
2
�
s11ε

m
11 þ s22ε

m
22 þ 2s12ε

m
12
�

(40)

in plane stress condition. A is the interior region of the arbitrary
contour G surrounding the crack tip (Fig. 7), and q is a smooth
function ranging from q¼ 1 on the interior boundary of surface A to
q ¼ 0 on the outer one, as depicted in Fig. 7. In thermo-mechanical
problems, the interior radius of surface A in Fig. 7 must reduce to
zero; so A is an arbitrary region including the crack tip with q¼ 1 at
the crack tip and q ¼ 0 on the outer boundary of A.

Using the conservation J integral for two acceptable auxiliary
and actual states, the interaction integral method is employed in
this paper to calculate the mixed mode stress intensity factors
ntegration over enriched elements.
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J ¼ Jact þ Jaux þM (41)

where Jact, and Jaux are the conservation integrals corresponding to
actual and auxiliary fields, respectively. Since no analytical solution
is available in the literature for FGM solids, the acceptable auxiliary
stress and displacement fields used in this study are those derived
at a crack tip for a homogenous orthotropic body (see Appendix B).
M denotes the interaction integral and consists of mechanical and
thermal terms for a thermo-mechanical problem (Hosseini et al.,
2013)

M ¼ Mm þMth (42)

with

Mm ¼
Z
A

�
siju

aux
i;1 þ sauxij ui;1 �

1
2
�
sikε

aux
ik þ sauxik ε

m
ik

�
d1j

�
q;jdA

þ
Z
A

n
sij

	
stipijkl � sijklðxÞ



sauxkl;1

o
qdA

(43)

Mth ¼
Z
A

n
sauxij ε

th
ij;1

o
qdA ¼

Z
A

�
sauxii

�
lii;1ðDTÞ þ liiT;1


�
qdA

(44)

where lij is related to the thermal expansion coefficient aij,

l11 ¼ a11; l22 ¼ a22; l33 ¼ a33; l12 ¼ 0 (45)

for the plane stress state. For plane strain problems, the following
amendments to Eq. (45) are required,

l11 ¼ n31a33 þ a11; l22 ¼ n32a33 þ a22; l33 ¼ a33; l12 ¼ 0
(46)

where nij denotes Poison's ratio. In addition, further modification to
Eq. (40) is required to account for εm33(Jirasek and Belytschko, 2002).
It is alsoworthmentioning that the thermal effects are negligible in

 

 

Fig. 7. Equivalent domain form of the J-integral.
the auxiliary state and ε
aux can be reduced to contain only the

mechanical strain.
The interaction integral M is related to the stress intensity fac-

tors with the following equation (Kim and Amit, 2008)

M ¼ 2c11K
aux
I KI þ c12

�
Kaux
I KII þ Kaux

II KI
�þ 2c22K

aux
II KII (47)

with

c11 ¼ �a22
2

Im
�
m1 þ m2
m1m2

�
(48)

c12 ¼ �a22
2

Im
�

1
m1m2

�
þ a11

2
Imðm1m2Þ (49)

c22 ¼ a11
2

Imðm1 þ m2Þ (50)

where mi are the roots of characteristic Eq. (35).
The mode І and ІІ stress intensity factors can be evaluated by

solving the two simple simultaneous equations

8<: Ml
1 ¼ 2c11KI þ c12KII

�
Kaux
I ¼ 1 and Kaux

II ¼ 0
�

Ml
2 ¼ c12KI þ 2c22KII

�
Kaux
I ¼ 0 and Kaux

II ¼ 1
� (51)
Fig. 8. The orthotropic finite plate containing an oblique crack.



Fig. 9. Comparison of the results obtained by XIGA and XFEM.
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4. Numerical examples

4.1. Central slanted crack in an orthotropic plate

The first example is dedicated to a classical problem of mixed
mode fracture of a homogenous rectangular tensile orthotropic
plate with a central 45

�
slanted crack of length 2a ¼ 2 (Fig. 8). A

constant tensile traction (s ¼ 1) is applied and the orthotropic
material properties are assumed to be

E11 ¼ 3:5GPa; E22 ¼ 12GPa; G12 ¼ 3GPa; n21 ¼ 0:7

Several authors have solved this problem and evaluated the
mixed-mode stress intensity factors by using different analytical
and numerical techniques: Sih et al. (1965), Alturi et al. (1975),
Wang et al. (1980), Kim and Paulino (2002), and finally
Asadpoure et al. (2006a) and Asadpoure and Mohammadi (2007)
(XFEM combined with the interaction integral method). The
XFEM model included 5064 degrees of freedomwith a much more
dense mesh in the vicinity of the crack. In XIGA, however, the SIF
values are calculated by total 3364 degrees of freedom with a
uniform mesh (55 � 55 knot spans) and quadratic splines in both
directions. Moreover, the analysis is performed by utilizing the
orthotropic enrichment functions and the M-integral method
(Section 3.6) with the relative integration domain size of 0.8. The
reference and obtained results are compared in Table 1.

To further asses the credibility of the proposed approach, values
of stress intensity factors for different crack angles are calculated by
XIGA and compared with those obtained by XFEM (Asadpoure
et al., 2006a) in Fig. 9, which shows a close agreement.

 

 

4.2. Arc-shaped specimen

To further examine the proposed approach for a more compli-
cated geometry, a crack in an arc-shaped specimen is considered
(Fig. 10). The NURBS elements, control points, and the associated
weights used for constructing the semicircles are presented in
Fig. 11. Linear and cubic splines with associated knot vectors are
used to construct the geometry:

X ¼ f0;0;0;0;1;1;1;1g

Q ¼ f0;0;1;1g
Material properties and geometric descriptions are

E ¼ 1000 GPa; y ¼ :3

X
W

¼ 1; R ¼ 2

The problem is solved by 30 � 30 knot spans in the plane stress
state. The stress intensity factors are calculated by a domain inte-
gral of radius r ¼ 0.2, and the results are compared in Fig. 12 with
Table 1
Comparison of SIFs for the present and reference results.

Method KI KI KII KII

XFEM (Asadpoure et al., 2006a) 1.081 0.513 1.092 0.518
XFEM (Asadpoure and Mohammadi, 2007) 1.084 0.514 1.095 0.519
Sih et al. (1965) 1.054 0.500 1.054 0.5
Alturi et al. (1975) 1.019 0.484 1.079 0.512
Wang et al. (1980) 1.023 0.485 1.049 0.498
Kim and Paulino (2002) 1.077 0.511 1.035 0.495
XIGA (Present method) 1.083 0.514 1.074 0.509
those reported in (Tada et al., 2000) based on the boundary collo-
cation method. Clearly, very good agreements exist between the
results.
4.3. Square plate with a center crack under thermal loading

In this example, for the first time, a thermal fracture problem is
solved by XIGA. A center crack in a homogenous isotropic square
plate containing an adiabatic crack, with a heat flux perpendicular
to the crack surface, in plane strain state is considered, as illustrated
in Fig. 13. The temperature of ± 1000� is applied at the top and
bottom edges, and the left and right edges and the crack faces are
assumed to be insulated. Different crack lengths are analyzed in this
study. The details are

L ¼ 1; a ¼ 1:67� 10�5; E ¼ 218:4� 109 Pa; y ¼ 0:3

The domain is discretized with a uniform mesh consisting of
25 � 25 knot spans, which is far less than the 3632 elements used
by reference (Duflot, 2008). In terms of the order of splines,
quadratic functions are used in both parametric directions. The
stress intensity factors are calculated with a relative integration
domain size of 0.3 and are compared with those reported by
Murakami (1987), Prasad et al. (1994b) (BEM), and Duflot (2008)
(XFEM) in Table 2. The results are normalized by2aqE

ffiffiffi
L

p
, with a

being the expansion coefficient.
Fig. 10. Arc-shaped specimen.



Fig. 11. Scaffold of control points defining the cubic circle.

Fig. 13. Pure mode-ІІ adiabatic crack problem.
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By enriching the temperature field in XIGA, both the disconti-
nuity in the temperature and the singularity in the heat flux around
the crack tips are reproduced, as illustrated in Figs. 14 and 15,
respectively.

In order to show the insensitivity of stress intensity factors to
the selection of J-integral domain, Fig. 16 depicts the values of K/
Kexact computed from different J-integral domain radii. Clearly, the
stress intensity factors remain constant for different radii of con-
tour integral.

Table 3 illustrates the effect of tip enrichment. Solutions without
the tip enrichment, even in very fine meshes are extremely inac-
curate. However, by using the tip enrichments, all SIFs, even with
the very coarse mesh, are within 2% of the reference values.
Fig. 12. Comparison of the results obtained by XIGA and the reference boundary
collocation method.
4.4. Rectangular plate with an inclined crack under thermal loading

To further examine the performance of the proposed XIGA in
thermal mixed-mode conditions, an inclined adiabatic crack and
with different crack lengths and angles is analyzed. The geometry is
depicted in Fig. 17 and the thermal boundary conditions and ma-
terial properties are similar to the previous example. The di-
mensions are

L=W ¼ 0:5

Values of stress intensity factors for various crack lengths and
angles are presented in Tables 4 and 5. The results are normalized
byaqðW=LÞE

ffiffiffiffiffiffiffiffi
2W

p
, with a being the expansion coefficient. The

problem is solved by 35� 35 knot spans (1444 degrees of freedom),
quadratic NURBS basis functions and 4 � 4 gauss quadrature
integration rule. As the crack angle increases, the mode І SIF in-
creases, gradually reaches to its maximum at 45+, and then de-
creases to vanish at 90+. The mode ІІ SIF, however, constantly
decreases, as expected from the nature of the problem (note that
the crack in 90+ configuration becomes parallel to the heat flux).
Figs. 18 and 19 illustrate the temperature field and heat flux dis-
tribution for the crack length a ¼ 0.4 and crack angle45+.

To investigate the effect of different Gauss quadrature rules and
different NURBS orders on the accuracy, relative errors in mode-ІІ
stress intensity factor for the case of crack angle 0� are presented in
Fig. 20. As expected, the results for different gauss points become
constant after a specific number. The level of error remains almost
the same for different NURBS orders, with a slightly more accurate
prediction by the second order NURBS.
Table 2
Values of normalized mode-ІІ stress intensity factors.

Half crack
length a

Ref
(Murakami, 1987)

Ref
(Prasad et al., 1994b)

Ref
(Duflot, 2008)

XIGA

0.3 0.094 0.095 0.096 0.094
0.4 0.141 0.141 0.141 0.141
0.5 0.188 0.190 0.191 0.187
0.6 0.247 0.243 0.245 0.242



Fig. 14. Variations of temperature field (�C) for the crack length a ¼ 0.5.

Fig. 15. Contours of heat flux (�C/mm) for the crack length a ¼ 0.5.

Fig. 16. Path-dependent J-integral.
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Also, Fig. 21 provides values of J/Jexact versus various crack
lengths, clearly indicating the indifference of the J-integral value
with respect to the radius of contour integral. In isotropic materials
and for plane strain states, the exact value of J-integral can be ob-
tained from the SIF by the following relation

J ¼ K2
1 þ K2

2
E

	
1� n2



4.5. FGM plate with a center crack under mechanical loading

In this example, a cracked inhomogeneous plate under a con-
stant strain loading ε at the top and bottom edges is considered. The
constant strain is applied by assigning an equal stress load s22 ¼ Eε
at the top and bottom edges. The crack is parallel to material
gradient and the displacements of the center nodes of the left and
right edges are fixed (Fig. 22). Dimensions are

L ¼ 10; a ¼ 1
Table 3
Effect of tip enrichment for three different knot spans.

Number of knot spans With enrichment Without enrichment

KI Relative error % KI Relative error %

625 0.1399 1.47 0.0820 41.81
3025 0.1401 0.61 0.1120 20.52
7225 0.1404 0.44 0.1216 13.76

Fig. 17. Mixed mode adiabatic crack problem.



Table 4
Normalized mixed mode stress intensity factors for different crack lengths.

Half crack length KI KII

Ref (Murakami, 1987) Ref (Prasad et al., 1994b) Ref (Duflot, 2008) XIGA Ref (Murakami, 1987) Ref (Prasad et al., 1994b) Ref (Duflot, 2008) XIGA

0.2 0.002 0.002 0.002 0.001 0.030 0.030 0.0302 0.029
0.3 0.008 0.006 0.0068 0.005 0.048 0.048 0.0489 0.046
0.4 0.015 0.014 0.0149 0.012 0.064 0.064 0.0650 0.062
0.5 0.027 0.026 0.0265 0.025 0.076 0.076 0.0774 0.076

Table 5
Normalized mixed mode stress intensity factors for different crack angles.

Crack angle KI KII

Ref (Murakami, 1987) Ref (Prasad et al., 1994b) Ref (Duflot, 2008) XIGA Ref (Murakami, 1987) Ref (Prasad et al., 1994b) Ref (Duflot, 2008) XIGA

0� 0.0000 0.0000 0.0000 0.0001 0.054 0.054 0.0546 0.053
15� 0.0038 0.0036 0.0038 0.0032 0.054 0.054 0.0533 0.051
30� 0.0071 0.0064 0.0068 0.0060 0.048 0.048 0.0489 0.048
45� 0.0077 0.0071 0.0076 0.0068 0.042 0.041 0.0420 0.041
60� 0.0053 0.0049 0.0054 0.0046 0.032 0.032 0.0322 0.030
75� 0.0023 0.0010 0.0017 0.0009 0.018 0.018 0.0180 0.017
90� 0.0000 0.0003 0.0000 0.0000 0.000 0.000 0.0000 0.000
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This orthotropic functionally graded plate is assumed to possess
exponentially variable Young's and shear modulus, while the
Poisson's ratio remains constant.

E11ðx1Þ ¼ E011e
bx1 ; E22ðx1Þ ¼ E022e

bx1 ; G12ðx1Þ ¼ G0
12e

bx1

In the orthotropic medium, the effective Young's modulusE, and
the effective Poisson's ratio are defined as

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E12E21

p
; y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

y12y21
p

95 � 95 knot spans with a total of 9604 degrees of freedom in a
uniform mesh, and quadratic splines in both directions are
employed for modeling the problem. Table 6 provides the
normalized SIF for different inhomogeneity parameters (b) and
compares the results with those reported by Kim and Paulino
(2003), who used a very fine unstructured mesh with 5851
Fig. 18. Contour of the te
degrees of freedom near the crack tip. The Normalization factor K0
is defined as

K0 ¼ εE
0 ffiffiffiffiffiffi

pa
p

; E
0 ¼ E0

d2
; E0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22

p
; d4 ¼ E11

E22
¼ y12

y21

Additionally, the effects of Poisson' ratio on SIF is investigated
and compared with Refs. Kim and Paulino (2003), Bayesteh and
Mohammadi (2013), Ozturk and Erdogan (1999) in Table 7.
Clearly, variation of the effective Poisson's ratio has an insignificant
effect on the normalized SIF.

To assess the convergence rate of error of normalized SIF, this
example is modeled by six different meshes. Fig. 23 shows that
after about 10,000 degrees of freedom, the results become suffi-
ciently accurate. Furthermore, Fig. 24 depicts the insensitivity of
the SIF computed from these six meshes with respect to the
number of knot spans, confirming that the results are mesh-
independent.
mperature (�C) field.



Fig. 19. Variation of the heat flux (�C/mm) in X and Y direction.
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To further demonstrate the capability of XIGA, the same FGM is
now considered under the thermal loading (Fig. 25). Material and
geometric properties are

E11ðx1Þ ¼ E011e
bx1; E22ðx1Þ ¼ E022e

bx1; G12ðx1Þ ¼ G0
12e

bx1

a11ðx1Þ ¼ a011e
bx1; a22ðx1Þ ¼ a022e

bx1

E011 ¼ 104; E022 ¼ 103; G0
12 ¼ 1216; y12 ¼ 0:3

L ¼ 10; a ¼ 1

The prescribed temperature field Dq ¼ e�bx1=aii is applied to the
plate to trigger the crack. The problem is solved by 105 � 105 knot
Fig. 20. Effect of Gauss quadrature rules and NURBS polynomial order on the accuracy
of KII.
spans in the plane stress state and the stress intensity factor
(normalized by theK0 ¼ E022

ffiffiffiffiffiffi
pa

p
) for different cases of in-

homogeneity parameterb is depicted in Fig. 26, which shows the
increase of SIF with the increase ofb. Also, in b ¼ 0.5 the result is
compared with the reference value (Kim and Amit, 2008).

4.6. Cracked plate with a central hole

This example consists of four cracks emanating from a hole in a
rectangular tensile plate (Fig. 27). This example is provided to show
the capability of XIGA to handle fracture analysis of complex
Fig. 21. J-Integral value for different contour integral radii.



Fig. 22. Geometry and mechanical properties of the FGM plate.

Fig. 23. Variation of the relative error with respect to the number of degrees of
freedom.

Fig. 24. Sensitivity of the results, with respect to the number of knot spans.
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geometries. The dimensions and material properties of this plane
stress problem are

b ¼ 4; h ¼ 8; R ¼ 1; a ¼ 1:4

E ¼ 1000eby

n ¼ 0:3

Considering the symmetry, the original geometry of the prob-
lem is constructed by using 18 control points (Fig. 28 and Table 8).
25 � 25 knot spans are used and the results of normalized stress
intensity factors are provided in Table 9 for both crack tips as the
crack angle changes in the case of b ¼ 0.5(results are normalized
bys

ffiffiffiffiffiffi
pa

p
). Note that variable material properties cause dissimilar

values for upper and lower cracks. Also, Fig. 29 depicts the SIFs
obtained from different contour integrals for the case of
a ¼ 45+ and b ¼ 0:3, showing that the J-integral is practically path
independent.
Table 6
Comparison of the stress intensity factors.

ba 0 0.1 0.25 0.5 0.75 1

Ref (Kim and Paulino, 2003) 0.9969 1.0750 1.2043 1.4371 1.7055 2.0318
XIGA 1.0052 1.0769 1.2069 1.4358 1.7121 2.0237

Table 7
The effect of Poisson's ratio.

y KI/K0

Ref (Bayesteh and
Mohammadi, 2013)

Ref (Kim and
Paulino, 2003)

Ref (Ozturk and
Erdogan, 1999)

Present
XIGA

0.1 1.3996 1.4300 1.4183 1.4188
0.2 1.4398 1.4334 1.4223 1.4292
0.3 1.4381 1.4371 1.4280 1.4357
0.4 1.4475 1.4405 1.4325 1.4392
0.5 1.4435 1.4438 1.4368 1.4441
0.7 1.4581 1.4505 1.4449 1.4467
0.9 1.4568 1.4563 1.4524 1.4512
The knot vectors are

X ¼ f0;0;0; :25; :25; :5; :5; :75; :75;1;1;1g

Q ¼ f0;0;1;1g
Table 10 depicts the calculated normalized stress intensity fac-

tors for different values of the inhomogeneity parameter b for the
Fig. 25. FGM-plate under thermal loading.



Fig. 26. Variations of the stress intensity factor with respect to b.

Fig. 27. Tensile FGM plate with cracks emanating from a central hole.

Table 8
Control points and their associated weights.

Control point x y Weight

1 �1 0 1
2 �0.8536 0.3536 0.8536
3 �0.06036 0.6036 0.8536
4 �0.3536 0.8536 0.8536
5 0 1 1
6 0.3536 0.8536 0.8536
7 0.6036 0.6036 0.8536
8 0.8536 0.3536 0.8536
9 1 0 1
10 �8 0 1
11 �8 2 1
12 �8 4 1
13 �4 4 1
14 0 4 1
15 4 4 1
16 8 4 1
17 8 2 1
18 8 0 1

Table 9
Variation of normalized stress intensity factors as a function of center angle.

a Upper crack Lower crack

KI KII KI KII

30� 0.732 0.473 1.354 0.391
45� 0.486 0.551 0.790 0.650
60� 0.144 0.435 0.355 0.591

Fig. 29. Path independent J-integral.

Table 10
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case of a ¼ 45+. Clearly, as the material becomes more inhomoge-
neous, the stress intensity factors of upper crack increases while for
the lower crack the stress intensity factors show a decreasing trend.

5. Conclusion

Fracture of functionally graded materials under thermal load-
ings has been analyzed by the extended isogeometric analysis.
Enrichment functions are added to the original displacement field
to model crack face displacement discontinuity and crack tip stress
Fig. 28. Representation of the problem geometry by 18 control points.
singularity. Mixed mode stress intensity factors, obtained from the
interaction integral, are in close agreement with the reference re-
sults. Hence, XIGA can be used as an alternative for fracture analysis
of problems involving crack solids under thermal loading, partic-
ularly problems in which constructing the geometry and approxi-
mating the solutionwith the same functions is an advantage for the
analyst.
Variation of normalized stress intensity factors as a function of b.

b Upper crack Lower crack

KI KII KI KII

0 0.927 0.834 0.927 0.834
0.1 0.906 0.824 0.949 0.846
0.2 0.880 0.808 0.974 0.859
0.3 0.852 0.791 1.001 0.871
0.4 0.820 0.771 1.025 0.878
0.5 0.786 0.751 1.049 0.882
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Appendix A

Components of the extended stiffness matrix and the force
vector, in the mechanical loading, are (Mohammadi, 2008)

Krs ¼
Z
Ue

ðBrÞTDBsdU ðr; s ¼ u; a; bÞ (A1)

fui ¼
Z
Gt

Nif
tdGþ

Z
Ue

Nif
bdG (A2)

fai ¼
Z
Gt

NiHf
tdGþ

Z
Ue

NiHf
bdG (A3)

fbai ¼
Z
Gt

NiFaf
tdGþ

Z
Ue

NiFaf
bdG ða ¼ 1;2;3; and 4Þ (A4)

where ft is the external traction force, fb is the body force, D is the
elasticity matrix, Ni are NURBS basis functions, and Br are matrices
of basis functions derivatives,

Bu
i ¼

24Ni;x 0
0 Ni;y
Ni;y Ni;x

35 (A5)

Ba
i ¼

24 ðNiHÞ;x 0
0 ðNiHÞ;y

ðNiHÞ;y ðNiHÞ;x

35 (A6)

Bb
i ¼ ½Bb1i Bb2i Bb3i Bb4i � (A7)

Bba

i ¼
24 ðNiFaÞ;x 0

0 ðNiFaÞ;y
ðNiFaÞ;y ðNiFaÞ;x

35 ða ¼ 1;2;3; and 4Þ (A8)

where Fa and H are the tip and Heaviside enrichment functions.
In the thermal loading condition, the components of the

extended stiffness matrix and the force vector are defined as

Q rs ¼
Z
Ue

ðBth�rÞT kBth�sdU ðr; s ¼ u; a;bÞ (A9)

fth�u ¼
Z
Gq

Ni qdG (A10)

fth�a
i ¼

Z
Gt

NiHqdG (A11)

fth�b1
i ¼

Z
Gt

NiFaqdG (A12)
Here, the matrices of basis functions derivatives are defined as

Bth�u
i ¼

�
Ni;x
Ni;y

�
(A13)

Bth�a
i ¼

� ðNiHÞ;x
ðNiHÞ;y

�
(A14)

Bth�b1
i ¼

� ðNiFthÞ;x
ðNiFthÞ;y

�
(A15)

and

k ¼
�
k11 0
0 k22

�
(A16)

where Fth is the thermal tip enrichment function, and kii is heat
conductivity coefficient in ith direction.

Appendix B

The asymptotic crack-tip displacement fields for a homogenous
orthotropic cracked body, as proposed by Bayesteh and
Mohammadi (2013), are defined as,

uaux1 ¼ KI

ffiffiffiffiffi
2r
p

r
Re

(
1

m
tip
1 � m

tip
2

h
m
tip
1 ptip2 gtip2 ðqÞ � m

tip
2 ptip1 gtip1 ðqÞ

i)

þ KII

ffiffiffiffiffi
2r
p

r
Re

(
1

m
tip
1 � m

tip
2

h
ptip2 gtip2 ðqÞ � ptip1 gtip1 ðqÞ

i)
(B1)

uaux2 ¼ KI

ffiffiffiffiffi
2r
p

r
Re

(
1

m
tip
1 � m

tip
2

h
m
tip
1 qtip2 gtip2 ðqÞ � m

tip
2 qtip1 gtip1 ðqÞ

i)

þ KII

ffiffiffiffiffi
2r
p

r
Re

(
1

m
tip
1 � m

tip
2

h
qtip2 gtip2 ðqÞ � qtip1 gtip1 ðqÞ

i)
(B2)

and the associated asymptotic crack-tip stress fields are

saux11 ¼ KIffiffiffiffiffiffiffiffiffi
2pr

p Re

(
m
tip
1 m

tip
2

m
tip
1 � m

tip
2

"
m
tip
2

gtip2 ðqÞ
� m

tip
1

gtip1 ðqÞ

#)

þ KIIffiffiffiffiffiffiffiffiffi
2pr

p Re

8><>: 1

m
tip
1 � m

tip
2

264
	
m
tip
2


2
gtip2 ðqÞ
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m
tip
1


2
gtip1 ðqÞ

375
9>=>; (B3)

saux22 ¼ KIffiffiffiffiffiffiffiffiffi
2pr

p Re
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m
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1 � m
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"
m
tip
1
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� m

tip
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(B4)

saux12 ¼ KIffiffiffiffiffiffiffiffiffi
2pr

p Re

(
m
tip
1 m

tip
2

m
tip
1 � m

tip
2

"
1

gtip1 ðqÞ
� 1

gtip2 ðqÞ
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þ KIIffiffiffiffiffiffiffiffiffi
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tip
2
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#)
(B5)

with
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gtipi ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðqÞ þ m

tip
i sinðqÞ

q
ði ¼ 1;2Þ (B6)

ptipk ¼ atip11
	
m
tip
k


2 þ atip12 � atip16m
tip
k ðk ¼ 1;2Þ (B7)

qtipk ¼ atip12m
tip
k þ atip22

m
tip
k

� atip26 ðk ¼ 1;2Þ (B8)

where atipij are the material properties at the crack tip (Eq. (19)), mtipk
are the roots of the characteristic Eq. (38), and (r,q) are the polar
coordinates measured from the crack tip (Fig. 2)
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