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ABSTRACT: This paper presents a combined finite/discrete element method
for 2D/3D modeling of composite specimens subjected to dynamic/impact loadings.
Simulation of various composite failure modes, such as delamination and layer
cracking, requires a sophisticated numerical approach capable of handling
anisotropic behavior of individual layers as well as potential interaction phenomena.
The combined finite/discrete element (FE/DE) methodology has proved to be an
efficient approach for the simulation of progressive fracture in brittle and quasi-
brittle media. Therefore, an existing FE/DE approach has been adopted and
modified in this study for the simulation of delamination and fracture in composites
subjected to impact loadings. The paper comprises a section on fundamental aspects
of adopted FE/DE algorithm and discusses the basics of a general node to face
nonlinear frictional contact algorithm. It is followed by details of formulation
for composite failure mechanisms, including the Hoffman material model and the
3D Hashin interface model. Several numerical simulations are then discussed to
assess the performance of the proposed approach. Full progressive fracture and
fragmentation behavior as well as potential post-cracking interactions caused by
the newly created crack sides and segments are automatically controlled. The same
procedure is capable of modeling application of fiber reinforced polymer (FRP)
layers to other engineering structures in order to improve their flexible behavior
in static and dynamic loading conditions.

KEY WORDS: delamination, debonding, impact, cracking, composites, discrete
element method.

INTRODUCTION

S
TRUCTURES ARE SUBJECT to various types of damage in their lifetime, induced either
by loads higher than the design service loads or by chemical processes

due to aggressive environmental conditions. Catastrophic crack propagation failure
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is known to be a major safety concern in all engineering applications. As a result,
development of efficient and reliable models for determining the failure behavior of
engineering materials, such as composites, has been an active subject of research for
computational community. One of the most considerable problems in designing composite
structures is their vulnerability to transverse impact, which can cause significant internal
damage in terms of delamination, matrix cracking, local and global buckling, and
fragmentation.

Continuum mechanics has widely been used to formulate the basic governing equations
[1,2]. Their main disadvantage was in their restriction to laminates with simple geometries.
More sophisticated models were developed by adopting contact interaction algorithms
for simulation of ply interface interactions [3–6].

By introducing interface elements, analysis of crack initiation and propagation by finite
elements has widely been performed in various engineering applications [7,8].
Nevertheless, the finite element method has roots in the concepts of continuum mechanics,
and is not suited to general crack propagation and, in particular, to fragmentation
problems. In contrast, the recently revived discrete element method (DEM), which
is basically a finite element method coupled with concepts of multi-body dynamics,
is specifically designed to solve problems that exhibit strong discontinuities in material
and geometric behavior [9].

In this study, a new approach based on the combined finite/DEM has been developed.
The proposed algorithm consists of full material and geometry non-linearities. An explicit
central difference time integration technique is adopted in order to increase the
computational efficiency, especially for impact simulations. The present DEM, utilizes
principles of penalty based contact mechanics in order to enforce developing contact
constraints. The use of discrete elements in problems with evolving geometry and
boundary conditions in successive time steps, combined with its capability of error
estimation and adaptive remeshing, provides a powerful numerical tool for modeling
complex problems [9].

Here, the combined finite/discrete element simulation strategy is briefly explained.
Plies bonding (debonding) interaction is modeled by a contact constraint enforcement
approach. The interlaminar behavior in the post-delamination phase, such as slipping
and crack faces interactions, are also considered by contact mechanics mechanisms.

Consider a composite plate subjected to a high velocity impact by an external object
as illustrated in Figure 1. The specimen is discretized by a finite element mesh, except for
the potentially susceptible damage region of composite, which is modeled using discrete
element mesh. Coarser finite elements may be used in regions far from the impact point
and the potential damage region, in order to reduce the analysis time. Each discrete
element is discretized by a finite element mesh. Interlaminar characteristics of plies, such
as debonding, impenetrability, friction and sliding, determine connection (bonding) states
of the adjacent discrete elements. Discrete element system and finite element mesh of
the rest of the plate are connected together by transition interface, preventing
separation/penetration under all stress conditions.

FINITE/DISCRETE ELEMENT FORMULATION

A finite element formulation based on the weak form of the boundary value problem
has been adopted. Let � represent the body of interest and � denote its boundary.

2 S. MOHAMMADI AND A. A. M. KHANDAN

+ [Ver: 8.07r g/W] [10.7.2006–7:35pm] [1–18] [Page No. 2] FIRST PROOFS {SAGE_FPP}Jcm/JCM 068085.3d (JCM) Paper: JCM 068085 Keyword



Also, the boundary is assumed to consist of a part with prescribed displacement u, �u,
and a part with prescribed traction force f surf, ��, In addition, it is assumed that a part
�C may be in contact with another body (see Figure 2).

The variational form of the dynamic initial/boundary value problem can be expressed
as [10]

wint �u,uð Þ þM �u,uð Þ ¼ wext �uð Þ þ wcon �uð Þ ð1Þ

where

wint �u,uð Þ ¼

Z
�

�"ðuÞ : �ðuÞdv ð2Þ

M �u,uð Þ ¼

Z
�

�u � � ü dv ð3Þ

Figure 1. A composite plate subjected to a high velocity projectile. The combined finite/discrete
element mesh is only used for the delaminated/fractured part. Damaged and undamaged regions are
connected to each other by means of contact transition interfaces.

Figure 2. Boundary value problem for a body in contact with another body.
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wext �uð Þ ¼

Z
�

�u � f body dvþ

Z
�u

�u � f surf da ð4Þ

wconð�uÞ ¼

Z
�c

�gðuÞ � f con da ð5Þ

denote, respectively, the virtual work of internal forces, the inertial forces contribution,
the virtual work of external forces and the virtual work of contact forces. Here � is the
Cauchy stress tensor; ", strain tensor; u, displacement vector; while g represents the
contact gap vector,

g ¼ gN,gT
� �T

ð6Þ

where gN is the normal distance between contactor node and contact segment. gT is
a tangential vector whose size is equal to the distance between the projection of the
contact node in the current configuration and the initial configuration. Figure 3 defines
the adopted 3D node to face contact interaction model.

According to the weak form of the boundary value problem (1), the component form
of the virtual work of the contact forces associated to the contact node is given by [6,11]:

�wc ¼ f ck �gk ¼ f ck
�gk
�usi

�usi ð7Þ

where k¼ n, t and i¼x, y, and usi is the i-component of the displacement vector at node s,
and f c is the contact force vector over the contact area Ac,

f c ¼Ac�c ð8Þ

Figure 3. 3D node to face contact interaction.
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� ¼ Kcg ¼
Kc

n 0

0 Kc
t

� �
gn

gt

� �
ð9Þ

where Kc is the penalty term matrix with two normal and tangential penalty compo-
nents, Kc

n and Kc
t , respectively. These components may vary between contact nodes.

The corresponding recovered residual force is then evaluated as

rsi ¼ f ck
@gk
@usi

ð10Þ

The calculated contact force has to be distributed to the target and the contactor
nodes [9].

COMPOSITE MATERIAL MODEL

An anisotropic Hoffmann material model is adopted for modeling the composite
material. It has widely been used for simulation of the composite behavior in the past two
decades [2,6,10,12]. Having an orthotropic nature with different tensile and compressive
strength parameters and requiring relatively simple experimental tests for the evaluation
of material parameters are amongst the main advantages of the Hoffman model. A major
drawback, however, is its lack of objectivity which may limit its use in large strain
simulations [9,12]. It requires normal tensile and compressive strengths in three orthogonal
directions and three shear strengths. Accordingly, the imminence of material failure
is monitored by the orthotropic Hoffman criterion, where a geometric yield surface � is
constructed from three tensile yield strengths �T, three compressive strengths �C, and
three shear strengths �S. It may be defined as [12]

� ¼
1

2
�TP� þ �Tp� ��2ð!Þ ð11Þ

where the projection matrix P, and the projection vector p are defined based on the nine
material yield strengths and a normalized yield strength ��, and ! is a softening/hardening
parameter

P ¼ 2

�31 þ �12 ��12 ��31 0 0 0

��12 �23 þ �12 ��23 0 0 0

��31 ��23 �31 þ �23 0 0 0

0 0 0 3�44 0 0

0 0 0 0 3�55 0

0 0 0 0 0 3�66

2
6666666666664

3
7777777777775

ð12Þ

p ¼ �11 �22 �33 0 0 0
� �

ð13Þ
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with

�ii ¼ ��2 ��iiC � ��iiT
��iiC ��iiT

� �
, i ¼ 1, 2, 3 ð14Þ

�ii ¼
��2

3 ��2
jkC

,

i ¼ 4, j ¼ 2, k ¼ 3

i ¼ 5, j ¼ 3, k ¼ 1

i ¼ 6, j ¼ 1, k ¼ 2

8>>><
>>>:

ð15Þ

�ij ¼
��2

2

1

��iiC ��iiT
þ

1

��jjC ��jjT
�

1

��kkC ��kkT

� �
,

i ¼ 1, j ¼ 2, k ¼ 3

i ¼ 2, j ¼ 3, k ¼ 1

i ¼ 3, j ¼ 1, k ¼ 2

8>>><
>>>:

ð16Þ

A bilinear local softening model is also adopted in this study to account for the release
of energy and redistribution of forces which caused the formation of a crack. It may
properly avoid the mesh dependency of the results by introducing a length scale into the
softening material model [10].

The additivity postulate of computational plasticity is used to formulate the rate form
of the stress return algorithm. The integration of the flow rule in a finite step is then
performed by the backward Euler method coupled with the Newton–Raphson iterative
scheme, resulting in the following consistent tangent matrix DCT [13]

_�j ¼ DCT _"j ð17Þ

DCT ¼ Q I�
aaTQ

Bþ aTQa

� �
ð18Þ

where

Q ¼ D Iþ B�jDP�

� ��1
ð19Þ

and a is the stress derivative of the yield function

a ¼
@(

@�j
¼ P��j þ p� ð20Þ

and

B ¼
@(

@ �r

@r

@!

@!

@B�j
ð21Þ

Using the consistent tangent matrix DCT ensures the quadratic convergence rate for the
stress update procedure at the Gauss point level and the overall solution.
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INTERFACE MODEL

Debonding in interface of composite plies is one of the major failure modes of
composites subjected to impact loadings. In the proposed algorithm, a 3D Hashin model
is adopted to predict initiation of interfacial debonding. Beginning with the assumption
of large deformations, the rate of the Green–Lagrange strain tensor �_E is decomposed into
elastic and inelastic parts. The inelastic strain rate follows the associated flow rule [7,8]:

�_E ¼
�_E
el
þ

�_E
in

ð22Þ

�_E
el
¼ �C

�_S ð23Þ

�_E
in
¼

�_E
pl
¼ _�

�F

� �S
ð24Þ

Here, �C is the elasticity matrix for plane isotropic behavior of the material. �S is the
stress matrix, � is the inelastic coefficient, and F is the yield function. The Hashin
delamination criterion is a function of interlaminar stresses �S33, �S13, �S23, tensile strength
in direction of the thickness Z0, and tangential strength of layer R0.

�S 33
� �2
Z2

0

þ
�S 13

� �2
þ �S 23
� �2

R2
0

� 1 ð25Þ

The yield function Fð �S,�Þ is defined from the delamination criterion and a linear
softening function Z(�):

F �S,�
� �

¼ g �S
� �

� Z �ð Þ � 0 ð26Þ

g �S
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffi
�STA �S

p
ð27Þ

A ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 Z0

R0


 �2
0

0 0 0 0 0 Z0

R0


 �2

2
66666666666666664

3
77777777777777775

ð28Þ

Z �ð Þ ¼ Z0 1� ��ð Þ ð29Þ

The variable � can be assumed as the equal inelastic strain. The parameter � describes
the slope of the softening function Z(�). It is a material parameter and can be determined
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from the critical energy release rate Gc, tensile strength Z0, and the thickness of the
intermediate layer hT:

� ¼
Z0 � hT
2Gc

ð30Þ

The rate of the internal variable is defined with the evolution law:

_� ¼ � _�
@F

@Z
ð31Þ

The gradient of the yield function is derived as follows [14]:

@F

@ �S
¼

1

g �sð Þ
A �S ¼ N ð32Þ

@F

@Z
¼ �1 ð33Þ

Using Equations (9) and (1–2) and adopting a backward Euler algorithm within a time
step tnþ1¼ tnþ�t yields

�Enþ1 ¼ �C�1 �Snþ1 þ �Epl
n þ

l

g �Snþ1

� �A �Snþ1 ð34Þ

�Snþ1 ¼ �C�1 þ
l

Z �nþ1ð Þ
A

� �
�Enþ1 � �Epl

n

� �
ð35Þ

�Snþ1 ¼ P �Etr ð36Þ

where subscripts n and nþ 1 denote the quantities of the known converged configuration
at time tn and tnþ1, respectively. Updating the internal parameter � is performed using a
backward Euler integration:

�nþ1 ¼ �n þ l ð37Þ

Linearization of the stress tensor has to be derived for the finite element formulation.
After some algebraic manipulations, one ends up with the consistent tangent matrix:

�D ¼ P�
PN PNð Þ

T

NTPNþH
ð38Þ

H ¼
Z0

1� l Z0=Zð Þ
ð39Þ

Z0 ¼ �� ð40Þ
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NUMERICAL SIMULATIONS

Impact Induced Delamination in a Composite Plate

A composite plate, clamped at its two opposite sides and free at the other two, is
impacted with a cylindrical nose steel impactor along its central line. The plate is 10 cm
long with a total thickness of 2.3mm and has a [06/904/06] composite lay-up (Figure 4).
Material properties of the plate and impactor object are defined in Table 1. Because of the
symmetry, only half of the problem has been modeled and only the delamination of the
plate is considered.

A full fracture analysis of the plate with matrix cracking was performed by
Geubelle and Baylor [15] by using 33180 LST and 23773 cohesive triangle elements.
The present simulation is performed with discrete elements, showing a great reduction
in computational efforts, comparing to the modeling procedure undertaken by
Geubelle and Baylor [15]. Deformation and delamination patterns of the plate are
shown in Figure 5 at times 0.1ms, 0.6ms, respectively, while the global deformation
is depicted in Figure 6.

Displacement history of the central point of the plate has been shown in Figure 7,
showing good agreement with the reference results [15] obtained from a nonlinear analysis
coupled with a cohesive model. It can clearly be seen that a linear analysis can only be
relied on for the early stages of impact loading.

Figure 4. Geometry of composite impact problem.

Table 1. Material properties of the composite plate.

Exx¼ 156GPa Eyy¼ 9.09GPa
�xy¼ 0.228 �yz¼ 0.4
GIC¼ 147 J/m2 GIIC¼ 526 J/m2

�¼ 1540 kg/m2
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Figure 5. Delamination patterns (black region) at t¼ 0.1ms and t¼ 0.6ms.

Figure 6. The extent of delamination and the overall deformed shape of the plate.

Figure 7. Displacement history of central point of the plate in comparison to the results by [15].
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Buckling of a Delaminated Composite Panel

A composite panel with an initial interlaminar crack is subjected to axial compressive
loading until local and global buckling modes are generated. The panel is composed
of [020] composite layers with an initial crack between the 04/016 layers as depicted
in Figure 8. The loading is incrementally increased until the local and global buckling
modes occur in 04 and 016 layers, respectively. Composite material properties are defined
in Table 2 (original data were in pound-foot units).

Normal and frictional contact interaction laws have been considered for delaminated
layers, while mixed mode criteria have been adopted for the calculation of delamination
propagation. Initial local deformation of the finite element model is depicted in Figure 9.

Figure 10 shows the predicted local and global buckling modes, while Figure 11
illustrates the load–displacement diagrams for two points A and B on [04] and [016] layers,
respectively. According to Figure 11, local buckling commenced at load 1410 (lbf/in.)
and global buckling occurred at load 7130 (lbf/in.), comparable to the results reported
by Progini et al. [16] at 1312 (lbf/in.) and 7821 (lbf/in.), respectively.

Impact on a Concrete Beam Strengthened by CFRP

A CFRP strengthened RC beam (without internal steel reinforcement), tested by
Jerome and Ross [17], was analyzed to study the effects of debonding of the composite

Figure 8. Geometry of a composite panel with an initial interlaminar crack.

Figure 9. Initial local deformation of the finite element model of the composite panel.

Table 2. Material properties of the composite panel.

Modulus of elasticity Exx¼20200 ksi Poisson’s ratio �xy¼ 0.29
Modulus of elasticity Eyy¼ 1410 ksi Poisson’s ratio �xz¼0.29
Modulus of elasticity Ezz¼ 1410ksi Poisson’s ratio �yz¼ 0.29
Shear modulus Gxy¼ 810 ksi Shear modulus Gyz¼ 546 ksi
Tensile X strength XT¼ 22F0 ksi Compressive X strength XC¼ 231 ksi
Tensile Y strength YT¼6.46 ksi Compressive Y strength YC¼36.7 ksi
Shear strength S¼15.5 ksi
Energy release rate (I) GIC¼ 0.5 lbf/in. Energy release rate (II) GIIC¼ 0.5 lbf/in.
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layer (FRP) from a different material. Dimensions of the simply supported beam
were 3� 3� 30 in. (7.62� 7.62� 76.2 cm). The size of the CFRP panel was 3� 30 in.,
composed of three plies. Properties of concrete and CFRP panels are given in Table 3.
The drop-weight center-point loadings were conducted with the measured dynamic
loading curve versus time as shown in Figure 12.

Because of the symmetry of loading and geometry only one half of the beam was
modeled as depicted in Figure 13. Fracture energy release rate and bond strength are taken

Figure 10. Deformed finite element mesh showing local and global buckling modes.

Figure 11. Load–displacement curves for points A and B, showing local and global buckling loads at
1410 and 7130 lbf, respectively.

Table 3. Concrete and CFRP material properties.

Concrete CFRP

E0 24,000MPa 22,06.9MPa
� 0.2 137.9GPa
ft 4.35MPa Fiber volume 60%
fc 46.4MPa 3-ply thicknes 0.4953mm
�t 39.5MPa � 1577.2 kg/m3

� 1892.7 kg/m3

12 S. MOHAMMADI AND A. A. M. KHANDAN

+ [Ver: 8.07r g/W] [10.7.2006–7:35pm] [1–18] [Page No. 12] FIRST PROOFS {SAGE_FPP}Jcm/JCM 068085.3d (JCM) Paper: JCM 068085 Keyword



0.5N/mm and 4MPa respectively. Analysis was conducted in a plane stress state with
triangular plane stress elements for both the concrete beam and CFRP sheet (Figure 13).
The size of these elements varied due to their distance to CFRP sheet, so those elements
adjacent to CFRP sheet had a size of 0.001m and elements adjacent to top of the beam
had a size of 0.01m. The elements of CFRP sheet had a size of 0.00025m which was
decomposed of two layers of elements through the thickness.

Failing to properly set one of several parameters affecting the results such as contact
related parameters, fracture properties and material related data may result in unrealistic
results. Contact penalty coefficient, contact zone, bonding/frictional effects and the size
of timestep are among the main contributing parameters affecting the quality of a contact
analysis.

According to the report [17] flexural cracks occurred between 400 ms till 500 ms and
by 600 ms, the cracks ran to the upper surface of the beam, which is in a close agreement
with results of the performed simulation (Figure 14). Test data for a point located on
the bottom centre of the beam, indicated an abrupt change of slope in the strain–time
curve at about 430 ms, indicating that crack initiation has occurred. At the original neutral
axis of the beam, failure appeared at about 430 ms. At another point located at 2.75 in.
from the bottom of the beam, a change of slope in strain–time curve is seen at about
555 ms, indicating the crack(s) reaching the upper surface of the beam. A post-test

Figure 12. Load–time curve [17].

Figure 13. Finite element mesh and boundary conditions.
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damage assessment indicated the formation of a single flexural crack at the
beam’s midpoint. The results show that flexural cracks were propagated at the bottom
part of mid span at 460 ms. These flexural cracks started to propagate from two
distinct origins very close to mid span. Later, these cracks started to develop to upper
surface of the beam in time interval of 460 ms to 750 ms. They reached to top of the beam
at 750 ms.

According to the present numerical results, at 0.00113 s distinct cracks began to attach
to each other. Later, at 0.00127 s some signs of delamination were observed at bottom
of the beam and at 0.00132 s delamination started to develop gradually. At 0.00136 s,
flexural cracks attached to each other at middle of the beam, while at 0.00145 s, more
cracks appeared. At 0.00165 s microcracks started to develop from about mid height of
the beam toward the left side. Propagation of these cracks increased, so that at 0.00171 s
they reached the bottom of the beam, and it finally created a complete flexural cracking
beside microcracks at the bottom of the beam. It is notable that the location where
cracks stopped is exactly the same location where delamination of CFRP sheets stopped.
It can be seen from the results that the creation and propagation of cracks have occurred
at the peak point of loading.

For 3D simulation, 8-noded cubic elements were used for modeling of the FRP sheet
and concrete beam. Similar to 2D simulation, the size of the elements were gradually
increased for the concrete beam by their distance from the bottom of the beam by
an increasing ratio of 0.7�1. No contact interface elements were used for modeling
the adhesive layer and, instead, the contact of adjacent elements was conducted by
a node-to-face contact approach. 1200 and 630 elements were used for modeling the
concrete beam and CFRP sheets, respectively.

Improper setting of the interface contact related parameters produces unrealistic
delamination patterns as depicted in Figure 15. Figure 16 shows the debonded region
of CFRP sheet from mid span at 470 ms and 750 ms. Maximum principle stress contour
at 750 ms is illustrated in Figure 17.

Delamination of CFRP sheet from the concrete beam was approximately started
at 470 ms at the middle of the beam and propagated toward the support. At 750ms about
one-fifth of the total length of FRP sheet was debonded from bottom of the beam as
illustrated in Figures 16. As it is observed from Figure 17, the maximum principle stress

Figure 14. Cracking pattern at time steps of 0.00046 s, 0.00075 s, 0.000165 s, and 0.00174 s.

Figure 15. Unrealistic 3D interface debonding patterns.
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has exceeded from the tensile strength of concrete in the middle part of the beam which
is an indication of the occurrence of flexural cracking. The extent of delamination
in interlaminar layer to one-fifth of the length of FRP sheets, beside the excess of
principle stress from the tensile strength of concrete, occurs at 750 ms which is closely
similar to the experimental observations where failure of the beam had reportedly
occurred at 730 ms.

Various displacement history curves at mid span of the beam, computed in different
2D and 3D simulations, were compared to the displacement history resulted from the
experimental tests, as depicted in Figure 18. The existing large differences of no fracture
results can be attributed to the fact that the simulated beam has more stiffness than
the tested beam which is a consequence of elastic behavior of concrete in tensile regime
without any tensile fracture.

Figure 16. Delamination growth at different time steps: (a) time¼ 0.00047 s and (b) time¼0.00075 s

Figure 17. Contour of maximum principle stress at time step 0.00075 s.

Figure 18. Comparison of mid point displacement vs. time for different solutions.
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CONCLUSIONS

In this study, 3D multi delamination/fracture analysis of composites subjected to impact
loadings was studied. Developing a contact based delamination control and implementing
it within a combined finite/discrete element method has resulted in a reliable and efficient
approach for delamination and fracture analysis of composites subjected to high velocity
projectiles. Initiation and propagation of cracks have been considered by using a bilinear
strain-softening model. The penalty method has been employed to impose impenetrability
and post-debonding behaviors of plies as well as post-cracking of individual layers.
Numerical tests have been used to assess the performance of the method, showing the
power of the algorithm for numerical simulation of impact loading on composite
structures. The method has expectedly performed well for similar applications such as
dynamic behavior of concrete structures strengthened by FRP composites.
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