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a b s t r a c t 

A 3D hierarchical multiscale computational homogenization framework with periodic Representative Vol- 

ume Element (RVE) is proposed in the present study for analysis of shape memory alloy (SMA) fiber 

reinforced composite and porous SMA specimen. The shape memory alloy, which exhibits forward and 

reverse transformations, is wired through a matrix, while a dense SMA matrix encircles voids as inclu- 

sions in the porous model. The asymptotic mathematical homogenization approach is used to express 

the microscopic and macroscopic governing equations. An iterative solution is used at each point in or- 

der to derive the tangential constitutive response of the corresponding periodic RVE. Several numerical 

problems are solved and the results are compared with those obtained from a fully meshed direct numer- 

ical model. Detailed discussions are presented regarding the distribution of field variables, in particular 

the martensitic volume fraction and the stress state inside RVEs located at critical points of the macro 

models, subjected to cyclic stress loads in the form of tension, flexure and torsion. Moreover, a microme- 

chanical analysis is conducted to investigate the effect of the shape of ellipsoid porosities on the overall 

response of porous SMA. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Shape memory alloys (SMA) are one of the most appealing 

smart materials, with growing engineering applications in struc- 

tures, biomedical industry and aerospace specimen ( Lecce and 

Concilio, 2015 ). SMAs feature two very distinguished capabilities, 

namely the pseudo-elastic response and the shape memory effect, 

that allow engineers to design devices capable of withstanding 

large strains and internal forces when subjected to cyclic stress and 

temperature loads. Once SMA is shaped into a wire, tube or any 

other forms of inclusion and embedded into other high strength 

and durable matrices such as metallic or reinforced materials, it 

is possible to make high performance composite devices that can 

provide active control of the response of the whole structure. On 

the other hand, gains from the pseudo-elastic response and the 

shape memory effect can be combined with those from porous 

structures such as high surface area and permeability and low den- 

sity to create porous SMA composites with inclusions in the form 

of porosities of different sizes, shapes and arrangements. Porous 

SMAs that are generally made of sintered NiTi powder enjoy rela- 

tively good corrosion resistance and biocompatibility and thus are 
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widely used in biomedical applications such as human body im- 

plants ( Lecce and Concilio, 2015 ). 

In recent years, advances in SMA-integrated smart material 

manufacturing technology have been accompanied by effort s to de- 

velop appropriate simulation techniques to study these heteroge- 

neous materials. The well-established continuum approaches ex- 

press homogeneous material response through adoption of appro- 

priate constitutive laws. As a result, they are incapable of repre- 

senting complicated response of such materials and providing in- 

sight on microscopic behavior of constituents and their interac- 

tion. To address these complex issues, modern multiscale simula- 

tion methods have been developed. 

Generally, multiscale methods are divided into two main cate- 

gories of sequential and concurrent methods ( Tadmor and Miller, 

2011 ). In a sequential method, the two scales are solved inde- 

pendently and the results from micro model are used as the in- 

put variables for macro simulation, without any information being 

passed during the analysis ( Eftekhari et al., 2014 ). The main ad- 

vantage of this method is the relatively low computational cost. In 

a concurrent method, appropriate scale transition techniques are 

invoked to simultaneously solve micro and macro scale problems. 

The concurrent methods are also subdivided into the hierarchical 

and partitioned-domain methods ( Tadmor and Miller, 2011 ). The 

hierarchical method, which is alternatively referred to as “com- 

putational homogenization” or “multiscale computational homog- 
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Fig. 1. A macroscopic heterogeneous material and definition of RVE in the mathe- 

matical homogenization theory. 

(a)

(b)

Fig. 2. Global periodicity (a) versus local periodicity (b). 

enization”, provides the response of the micro constituents while 

no assumption on the macroscopic constitutive law is needed. This 

emphasizes the preference of this method for modeling of compos- 

ite and heterogeneous materials and designing their micro struc- 

ture. Classical homogenization methods such as self-consistent 

( Mori and Tanaka, 1973 ) and transformation field analysis ( Dvorak, 

1992 ) make some simplifying assumptions in order to accelerate 

the computation. In contrast to the classical methods, recently de- 

veloped computational methods have fewer restrictions and are 

applicable to diverse problems. Among different methods, the 

first and second order computational homogenization techniques 

Fig. 3. A homogeneous macro material �, its heterogeneous microstructure �ζ and 

a typical RVE �Y . 

Fig. 4. Schematic procedure of hierarchical multiscale homogenization. 

( Geers et al., 2010; Kouznetsova, 2002 ), multiresolution methods 

( McVeigh et al., 2006; Tian et al., 2010 ), the computational con- 

tinua ( Fish and Kuznetsov, 2010 ), enrichment based methods ( Fish 

and Yuan, 2007 ), the eigenstrain method ( Oskay and Fish, 2007 ) 

and the asymptotic mathematical homogenization approach ( Fish 

and Shek, 1999; Fish et al., 1997; Hassani and Hinton, 1998b ) can 

be mentioned. 

Multiscale and homogenization methods have been developed 

and applied to problems involving SMA composites and porous 

SMAs. The self-consistent method was used by Lagoudas et al. 

(1994), Cherkaoui et al. (20 0 0) and Marfia (2005) , among oth- 

ers, in order to model the micromechanical response of compos- 

ites with SMA constituents. Zhao and Taya (2007) and Zhu and 

Dui (2011) adopted the same methodology for modeling the re- 

sponse of porous SMAs. Many researchers conducted finite ele- 

ment based micro and micro-macro mechanical modeling of SMA 
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Fig. 5. Algorithm of nonlinear multiscale homogenization. 

Fig. 6. Super-elastic response of the SMA fiber and the elastic response of the ma- 

trix under uniaxial tensile loading/unloading. 

fiber reinforced composites and porous SMAs. Marfia (2005) de- 

veloped micro-macro approaches for analysis of SMA fiber rein- 

forced composites based on the periodic homogenization method 

to analyze 2D examples and then extended his work to shell struc- 

tures made of SMA composite laminates ( Marfia and Sacco, 2007 ). 

Chatzigeorgiou et al. (2015) proposed a hierarchical multiscale 

framework for analysis of periodic composite laminates with SMA 

inclusions under quasi-static thermomechanical conditions and 

concluded that these laminates might show a non-convex trans- 

formation surface. Thermo-micromechanical analysis of SMA com- 

posites under multi-axial proportional/non-proportional loadings 

for generalized plane strain state was presented by Damanpack et 

al. (2015a, 2015b, 2015c ) and micromechanical modeling of SMA 

fiber reinforced composites and porous SMAs using non-uniform 

transformation field analysis (NUTFA) was performed by Sepe et 

al. (2013, 2016) . Moreover, the effects of size and shape of porosity 

on the response of porous SMAs were investigated by Sepe et al. 

(2014, 2015) through the micromechanical analysis of RVEs. 

To the best knowledge of the authors, available 3D multiscale 

modeling frameworks are restricted to the generalized plane strain 

case, which is not generally applicable to porous SMA problems 

due to non-prismatic microstructure. Also, most of the few avail- 

able works in this context are restricted to micromechanics of 

SMA based materials. Accordingly, in the present work, a 3D fi- 

nite element based hierarchical multiscale analysis framework is 

presented to solve the macro and micro scale problems simultane- 

ously. The proposed approach is applied to a number of problems 

involving SMA fiber reinforced composites and porous SMAs to as- 

sess its accuracy and effectiveness. The pseudo-elastic response of 

SMA constituents in micro scale is modeled based on the work by 

Boyd and Lagoudas (1996) and Qidwai and Lagoudas (20 0 0) . Macro 

problems are solved under various stress loading/unloading condi- 

tions including tension, flexure, and torsion. Detailed illustrations 

are presented regarding the distribution and concentration of dif- 

ferent field variables such as the martensitic volume fraction and 

the stress state in the micro scale along the austenite to marten- 

site transformation and the reverse path. Due to lack of plane sym- 

metry, 2D general plane strain models cannot accurately predict 

the microscopic behavior of porous materials. Hence, the effect 

of shape of 3D ellipsoid pores on the mechanical response of the 

porous SMA is investigated through a detailed parametric study. 

Organization of the paper is as follows: Section 2 presents the 

constitutive model adopted for the SMA inclusion and matrix and 

the asymptotic mathematical homogenization formulation is dis- 

cussed in Section 3 . Finally, hierarchical multiscale analyses of 3D 

SMA-fiber reinforced composite beams and porous SMA specimens 

subjected to various stress load cycles are presented and various 

results are discussed in detail. 
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Fig. 7. Geometry of the model (a) homogenization analysis and (b) direct finite element analysis. 

Fig. 8. Comparison of the stress-strain responses based on the homogenization and 

direct solutions. 

2. SMA constitutive model 

A number of constitutive models are available for SMAs, which 

include the phenomenological models ( Auricchio et al., 1997; 

Bekker and Brinson, 1997; Govindjee and Kasper, 1999; Lubliner 

and Auricchio, 1996 ) and the continuum formulations based on 

the Helmholtz free energy ( Abeyaratne and Knowles, 1993; Anand 

and Gurtin, 2003; Helm and Haupt, 2003; Paiva et al., 2005; Reese 

and Christ, 2008 ) or the Gibbs free energy ( Ahmadian et al., 2015; 

Bo and Lagoudas, 1999; Boyd and Lagoudas, 1996; Lagoudas and 

Entchev, 2004; Popov and Lagoudas, 2007; Raniecki and Lexcel- 

lent, 1998 ). In this study, the constitutive model for poly-crystalline 

shape memory alloys, proposed by Boyd and Lagoudas (1996) , has 

been adopted within the framework of the infinitesimal strains. 

The martensitic volume fraction ξ and the phase transformation 

induced strain ε t 
i j 

are chosen as the internal state variables since 

they can best characterize the phase transformation with a single 

variant martensitic state. Additive decomposition of the total in- 

finitesimal strain εij can be written as, 

ε i j = ε th −e 
i j 

+ ε t i j (1) 

where ε th −e 
i j 

is the thermo-elastic strain part and ε t 
i j 

is the trans- 

formation part. Using the Cauchy stress tensor σ ij and the current 

temperature T as the independent state variables, the Gibbs free 
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Fig. 9. Distribution of the martensitic volume fraction in the RVE at various load levels. 

Fig. 10. Comparison of the martensitic volume fraction in direct (left) and homogenization (right) solutions at two load levels (a) load level B and (b) load level D. 
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Fig. 11. Model of the flexural beam. 

 

Fig. 12. Load-displacement diagram from the homogenization and two direct anal- 

yses. 

energy function G s is defined in the explicit form by 

G s ( σi j , T , ε 
t 
i j , ξ ) = − 1 

2 ρ
S i jkl σi j σkl −

1 

ρ
σi j 

(
αi j (T − T 0 ) + ε t i j 

)
+ c 

(
( T − T 0 ) − T ln 

(
T 

T 0 

))
−s 0 T + u 0 + 

1 

ρ
η( ξ ) (2) 

where ρ , T 0 , S ijkl , αij , c, s 0 and u 0 are the phase independent mate- 

rial density, the reference temperature, the effective material com- 

pliance tensor, the effective thermal expansion tensor, the effective 

specific heat, the effective specific entropy at the reference state 

and the effective specific internal energy at the reference state, 

respectively. f ( ξ ) is the hardening function ( Boyd and Lagoudas, 
1996 ), defined as a quadratic form by 

f ( ξ ) = 

{ 

1 
2 
ρb M 

ξ 2 + ( μ1 + μ2 ) ξ ; ˙ ξ > 0 

1 
2 
ρb A ξ

2 + ( μ1 − μ2 ) ξ ; ˙ ξ < 0 
(3) 

where b A , b M 

, μ1 and μ2 are material parameters to be determined 

later. The effective material parameters are assumed to be constant 

at fully austenitic and fully martensitic states and change linearly 

with respect to the martensitic volume fraction during the trans- 

formation 

( . ) (ξ ) = ( . ) 
A + ξ

(
( . ) 

M − ( . ) 
A 
)

(4) 

where (.) A and (.) M are the effective material parameters at fully 

austenitic and fully martensitic states, respectively. 

Under the assumptions of: 

• The change in the transformation strain is a function of the 

change in the martensitic volume fraction. 

• Material training and fatigue effects are neglected. 

evolution of the internal state variables can be defined by: 

˙ ε t i j = 
i j 
˙ ξ (5) 

where the transformation tensor 
ij is given by 


i j = 

{ 

3 
2 
H 

σ ′ 
i j 

σ̄ ′ ; ˙ ξ > 0 

H 

ε t−re v erse 
i j 

ε̄ t−re v erse ; ˙ ξ < 0 

(6) 

where H is an experimentally determined material parameter 

linked to the maximum transformation strain, σ ′ 
ij is the devia- 

toric stress tensor and ε t−re v erse 
i j 

is the transformation strain at the 
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Fig. 13. Distribution of the martensitic volume fraction (left) and von-Misses stress (right) for two RVEs (a) above and (b) under the neutral axis. 

Fig. 14. Stress-strain diagram of the dense SMA specimen. 

turning point of the transformation. The following norms are also 

adopted 

σ̄ ′ = 

√ 

3 

2 
σ ′ 

i j σ ′ 
i j (7) 

ε̄ t−re v erse = 

√ 

2 

3 
ε t−re v erse 
i j 

ε t−re v erse 
i j 

(8) 

The Clausius–Planck inequality can now be stated as (
−ρ

∂ G s 

∂ε t 
i j 

)
︸ ︷︷ ︸ 

σi j 

˙ ε t i j + 

(
−ρ

∂ G s 

∂ξ

)
˙ ξ ≥ 0 

⇒ σi j ˙ ε t i j ︸︷︷︸ 
= 
i j ̇

 ξ

+ 

(
−ρ

∂ G s 

∂ξ

)
˙ ξ ≥ 0 

⇒ 

(
σi j 
i j − ρ

∂ G s 

∂ξ

)
˙ ξ = π ˙ ξ ≥ 0 (9) 

where π is regarded as the thermodynamic force and can be writ- 

ten as 

π = σi j 
i j + 

1 

2 
S i jkl σi j σkl + σi j αi j (T − T 0 ) 

−ρc 

[ 
(T − T 0 ) − T ln 

(
T 

T 0 

)] 
+ ρs 0 T − ρu 0 − ∂ f (ξ ) 

∂ξ
(10) 



P. Fatemi Dehaghani et al. / International Journal of Solids and Structures 118–119 (2017) 24–40 31 

Fig. 15. Finite element mesh of RVE with a spherical void ( f = 13%). 

Definition of the constitutive model is completed by setting 

a material parameter Y as the threshold value for π at which 

the transformation initiates. The transformation function � can be 

stated accordingly as 

� = 

{ 

π − Y ; ˙ ξ > 0 

−π − Y ; ˙ ξ < 0 
(11) 

and the transformation surface is characterized by �= 0. Finally, 

the material parameters μ1 , μ2 , b A , b M 

and Y are given by 

μ1 = 

1 

2 
ρs 0 

(
T M 

s + T A f 

)
− ρu 0 (12) 

μ2 = 

1 

4 
ρs 0 

(
T A s − T A f − T M 

f + T M 

s 

)
(13) 

b A = −s 0 
(
T A f − T A s 

)
(14) 

b M 

= −s 0 
(
T M 

s − T M 

f 

)
(15) 

Y = 

1 

4 
ρs 0 

(
T M 

s + T M 

f − T A f − T A s 

)
(16) 

where T is the temperature and subscripts s and f refer to start and 

finish points, respectively, and superscripts A and M represent the 

austenite and martensite sates, respectively. 

3. 3D periodic hierarchical multiscale homogenization method 

The conventional theory of continuum mechanics has widely 

been used for analysis of homogeneous materials. However, the 

nature of all materials is not necessarily homogeneous and may 

be heterogeneous in micro and meso scales and discrete in nano 

scale. The key concept in replacing microscopically heterogeneous 

materials with macroscopically homogeneous materials is to facili- 

tate employment of mathematical expression of constitutive laws 

that consider different phenomena in micro level using internal 

variables. Despite several advantages of conventional homogeneous 

Fig. 16. Stress-strain diagram of the porous SMA specimen. 

continuum formulation, they suffer severe shortcomings in a num- 

ber of new applications, particularly in design of new advanced 

materials in the forms of composites and porous materials. One of 

the most important drawbacks is that no additional information is 

provided for micro and/or meso scales by the conventional theo- 

ries, while it is necessary for material design purposes. Advanced 

numerical methods of “multiscale”, “computational homogeniza- 

tion” or “multiscale computational homogenization” are designed 

to capture more sophisticated material response of the macro- 

scopic homogeneous point and to provide additional information 

about structural and material response in the micro level. 

The homogenization method has been presented from differ- 

ent points of view in the literature. In the present study, the 

asymptotic mathematical homogenization perspective is adopted 

( Hassani and Hinton, 1998a,b; Yuan and Fish, 2008 ). The basic idea 

is to express the displacement field of a heterogeneous medium, 

u 
ζ
( i, j ) 

, with the double scale asymptotic expansion 

u 
ζ
i ( x , y ) = u 0 i ( x , y ) + ζu 1 i ( x , y ) + ζ 2 u 2 i ( x , y ) + ... (17) 

where the superscript ζ denotes the dependency of the field vari- 

able on the existing inhomogeneity of the RVE, and x = ( x 1 , x 2 , x 3 ) 

and y = ( y 1 , y 2 , y 3 ) are the spatial variables in the macro material 

and the RVE domain is y = x /ζ , as depicted in Fig. 1 . Eq. (17) as- 
sumes that u � 

i 
( x , y ) ( � = 0, 1, 2, ...) are Y -periodic where Y = 

〈 Y 1 Y 2 Y 3 〉 T ( Hassani and Hinton, 1998b ). While the periodicity 

is a basic assumption in conventional mathematical homogeniza- 

tion, the local periodicity is also acceptable for many applications. 

In comparison with the global periodicity, which is the repetition 

of RVE in the whole domain, local periodicity assumes periodicity 

of RVEs only in the vicinity of a macroscopic point, as depicted in 

Fig. 2 . These assumptions are held particularly in man-made com- 

posites and materials. 

Three subsets of R 3 denoted by �, �ζ and �Y , are distinguished 

for the macro homogeneous material, the heterogeneous domain 

and the RVE, respectively, as depicted in Fig. 3 . Furthermore, the 

indicial notations �i, x j 
and �i, y j 

are used for derivatives with re- 

spect to x i and y i , 
∂ �i 
∂ x j 

and 
∂ �i 
∂ y j 

, respectively. 

It should be noted that, based on the present formulation, a 

typical RVE could possess both inclusion and porosity with differ- 

ent arrangements for various problems, as schematically shown in 

Fig. 3 . RVEs used for the numerical examples of this study are all 

special cases of the general RVE depicted in Fig. 3 and will be dis- 
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(a)

(b)

Fig. 17. (a) Approximating porous SMA stress-strain pseudo-elastic response with two trilinear curves and (b) distribution of the martensitic volume fraction in any arbitrarily 

chosen RVE at various load levels. 

cussed in Section 4 . While the present formulation is applicable 

to random heterogeneous materials, the main focus of the current 

study is devoted to the man-made composites with periodic RVEs. 

The stress–strain and compatibility relations are expressed by 

ε ζ
i j 

= u 
ζ

( i, x j ) 
(18) 

σ ζ
i j 

= f 

(
ε ζ
i j 

)
= f 

(
u 0 
( i, x j ) 

( x , y ) + ζu 1 
( i, x j ) 

( x , y ) + ... 

)
(19) 

where �ζ states that � is defined in �ζ . Moreover, u 
ζ
( i, x j ) 

is the 

symmetric part of the deformation gradient u 
ζ
i, x j 

. The weak form 

of the equation can be written as, 

∫ 
�ζ

σ ζ
i j 
w i, j d� = 

∫ 
�ζ

w i f 
ζ
i 
d� + 

∫ 
�t 

w i t i d�

+ 

∫ 
s ζ
w i p 

ζ
i 
ds ∀ w i ∈ V ζ (20) 

where the prescribed traction t i is defined on �t , and S 
ζ is the 

boundary of pores in RVEs and p 
ζ
i 
is the traction on pores. Addi- 

tionally, w i is the weight function of the Galerkin method and V ζ

is the space of all admissible functions w i . 

Using the double-scale asymptotic expansion ( 17 ) and the 

chain rule, the governing equations in macro and micro scales 

for the first order multiscale homogenization can be obtained, as 

described by Yuan and Fish (2008) . The microscopic governing 
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Fig. 18. Finite element meshes for RVEs with different shape factors n . 

equation can be written as, ∫ 
�Y 

σ ζ
i j ( x , y ) w i, y j ( y ) d� −

∫ 
S 

p i ( y ) w i ( y ) dS = 0 ∀ w i ∈ V �Y (21) 

where σ ζ
i j 
( x , y ) is a function of u 0 

( i, x j ) 
(x ) and u 1 

( i, x j ) 
( x , y ) from Eq. 

(19) . It is proved that u 0 
k, x l 

is constant on RVE ( Yuan and Fish, 2008 ) 

and is just a function of x and not y . V �Y is the space of all admis- 

sible periodic functions of w i ( y ) in RVE 

V �Y = 

{
w i (y ) in �

Y | w i ( y ) is Y − periodic 
}

(22) 

Then, the macro scale governing equation can be stated as, ∫ 
�

σ 0 
i j ( x ) w i, x j ( x ) d� −

∫ 
�

f̄ i w i (x ) d�

−
∫ 
�t 

t i w i ( x ) d�= 0 ∀ w i ∈ V � (23) 

where 

σ 0 
i j ( x ) = 

1 

| �Y | 
∫ 
�Y 

σ ζ
i j ( x , y ) d� (24) 

f̄ i = 

1 

| �Y | 
∫ 
�Y 

f i ( y ) d� (25) 

and the space V � in the homogenized macro scale is defined as 

V � = 

{
w i (x ) in �

∣∣w i smooth enoughand w 

∣∣
�d 

= 0 
}

(26) 

σ 0 
i j 
(x ) is calculated by solving the micro scale Eq. (21) and em- 

ploying Eq. (24) . Functions u 0 
i 
(x ) and u 1 

i 
(y ) in macro and micro 

scale equations are unknown and should be solved simultaneously 

and reciprocally. The final solutions of u 0 
i 
(x ) and u 1 

i 
(y ) are ob- 

tained when both Eqs. (21) and ( 23 ) are simultaneously satisfied. 

First, Eq. (21) is solved for u 1 
i 
(y ) using the known values of u 0 

k, x l 
(x ) 

for the RVE located at the macroscopic point x , and is followed by 

calculation of the stress σ ζ
i j 
( x , y ) at each Gauss point of RVE. Then, 

the macroscopic stress σ 0 
i j 
(x ) is calculated from Eq. (24) and the 

residual of Eq. (23) is obtained accordingly. u 0 
k, x l 

(x ) is then cor- 

rected, and Eq. (21) is solved again. This procedure continues un- 
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Fig. 19. Influence of the shape of porosity on the macroscopic behavior of porous 

SMA specimen. 

til the residuals of both Eqs. (21) and ( 23 ) become infinitesimally 

small. The iterative solution scheme is illustrated in Fig. 4 . 

In the linear case where σ ζ
i j 

= c i jkl ε 
ζ
kl 
, u 1 

i 
(y ) in Eq. (21) can be 

written as 

u 1 i (y ) = χ pq 
i ( y ) ε 0 pq + ψ i ( y ) (27) 

such that 

ε 0 pq = u 0 (p, x q ) (28) 

and ψ i ( y ) and χ
pq 
i 

(y ) are obtained from Eqs. (29) and ( 30 ), respec- 

tively ( Hassani and Hinton, 1998b ). ∫ 
�Y 

c i jkl ψ k, y l ( y ) w i, x j ( y ) d� = −
∫ 
S 

p i w i ( y ) dS ∀ w i ∈ V �Y (29) 

∫ 
�Y 

c i jkl χ
kl 
k, y l 

( y ) w i, y j ( y ) d� = −
∫ 
�Y 

c i jkl w i, y j ( y ) d� ∀ w i ∈ V �Y 

(30) 

Substituting Eq. (27) into Eq. (23) leads to the material consti- 

tutive matrix as 

c̄ i jkl = 

1 

| �Y | 
∫ 
�Y 

(
c i jkl + c i jpq χ

kl 
p, y q ( y ) 

)
d� (31) 

and the macro scale governing equation can then be written as ∫ 
�
c̄ i jkl u 

0 
k, x l 

(x ) w i, x j (x ) d� = 

∫ 
�
p̄ i j w i, x j ( x ) d� + 

∫ 
�

f̄ i w i ( x ) d�

+ 

∫ 
�t 

t i w i ( x ) d�∀ w i ∈ V � (32) 

where 

p̄ i j = 

1 

| �Y | 
∫ 
�Y 

c i jkl ψ k, y l 
d� (33) 

and f̄ was defined in Eq. (25) . The tangential constitutive tensor 

c̄ i jkl from Eqs. (29) to ( 31 ) is used to calculate the initial stiffness 

matrix in the beginning of each macroscopic iteration. c ijkl ( y ) in 

Eqs. (29) to ( 31 ) is the tangential tensor at each Gauss point of 

RVE. The iterative solution algorithm is summarized in Fig. 5 . 

Table 1 

Material properties of SMA. 

Material parameters Values Material parameters Values 

E A (GPa) 70 T M 
f 

(K) 275 

E M (GPa) 30 T M s (K) 290 

υA 0.33 T A s (K) 294 

υM 0.33 T A 
f 
(K) 309 

H 0.05 C A (MPa K −1 ) 10 

T 0 (K) 310 C M (MPaK -1 ) 10 

Table 2 

Material properties of matrix. 

Material parameters Values 

E (GPa) 20 

υ 0.3 

4. Numerical results 

In this section, the developed homogenization method is 

adopted to analyze the macroscopic behavior of 3D SMA-fiber re- 

inforced composite beams and porous SMA specimens subjected 

to various loads. The macroscopic behavior of a 3D SMA-fiber re- 

inforced composite beam under the tensile and flexural loadings 

is analyzed using the direct numerical method and the homoge- 

nization method and the results are compared to verify the devel- 

oped approach. Then, a 3D porous SMA model is analyzed under 

the tensile loading and the results are compared with the available 

numerical data. Two porous SMA models are also analyzed under 

the bending and torsional loadings. Moreover, the influence of the 

shape of a constant- volume porosity on the macroscopic response 

of the porous SMA is investigated. 

4.1. 3D SMA-fiber reinforced composite 

The macroscopic behavior of a 3D SMA-fiber reinforced com- 

posite subjected to two loading/unloading cycles (tension and 

bending) is analyzed using the direct finite element solution and 

the present homogenization method. The specimen is composed of 

SMA fibers, wired through an elastic matrix, with the fiber vol- 

ume fraction of 0.267. Material properties of the elastic matrix and 

the SMA fiber are given in Tables 1 and 2 . The super-elastic re- 

sponse of the SMA fiber and the elastic response of the matrix 

under uniaxial tensile loading/unloading are shown in Fig. 6 . The 

inclusion and the matrix are assumed fully bonded. It is possible 

to introduce a debonding softening law between the matrix and 

inclusions, which requires major changes in the homogenization 

algorithm ( Nguyen et al., 2012, 2011 ), and is out of scope of the 

present work. It should be noted that all the tests are carried out 

in an isothermal condition throughout the paper. 

The RVE and the macro model used for the homogenization 

analysis are meshed by 224 and 32 8-noded linear hexahedral el- 

ements, respectively (see Fig. 7 (a)). The model used for the direct 

finite element analysis is meshed by 161280 8-noded linear hexa- 

hedral elements for the arrangement of fibers shown in Fig. 7 (b). 

In the homogenization solution procedure, the external forces 

are applied incrementally on the macro model. Then, the ob- 

tained macroscopic strain tensor at each Gauss point of the macro- 

element is transferred to a periodically constrained RVE. The RVE 

is solved using an iterative FE scheme and the resultant effec- 

tive stress and the algorithmic tangent tensor are conveyed to the 

macro solution procedure. The macro solution continues iteratively 

until the residual falls under the designated tolerance. 

First, the composite beam is restrained in a way that at X = 0, 

u X = 0; at Y = 0, u Y = 0; and at Z = 0, u Z = 0. Then, the beam is 

pulled in the Z direction by a surface load σ =1240MPa applied 
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(a)

(b)

Fig. 20. Distribution of the martensitic volume fraction at (a) load level A and (b) load level B for RVEs with different shape factors n. 

at Z = 100 mm. The stress-strain diagrams from the homogenization 

and direct solutions, shown in Fig. 8 , illustrate a very good agree- 

ment with a maximum error of less than 0.1%. 

Fig. 9 illustrates distribution of the martensitic volume frac- 

tion in a specific RVE, shown in Fig. 7 (a), at various load levels. 

The SMA fiber is in fully austenite state at level A. With the in- 

crease of load level, fully martensitic state is developed at level D. 

Reverse transformation can be tracked with the model being un- 

loaded down to level H. Fig. 10 depicts distribution of the marten- 

sitic volume fraction in the direct solution at load levels B and D, 

which closely coincide with the homogenization solutions. 

The same composite is then subjected to a flexural load- 

ing/unloading while is fully restrained at Z = 0. Due to inaccu- 

racy of linear elements for bending problems with coarse meshes, 

the macro model in the homogenization analysis is meshed by 

32 20-noded hexahedral elements. The surface load σ =33.33MPa 

is transversely applied at Z = 100mm (see Fig. 11 ). The tip load- 

displacement diagram from the homogenization and direct anal- 

yses are compared in Fig. 12 that expresses a maximum of 0.4% 

difference while the run time has decreased from 19,003s for the 

direct analysis to 3757s for the homogenization analysis (Both sim- 

ulations have been performed on a PC with an Intel(R) Xeon(R) 
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Fig. 21. Distribution of the normal stress at the end of loading for RVEs with different shape factors n. 

E5-2690 CPU (2.9 GHz, 32 cores) and 64GB of RAM). This empha- 

sizes how the homogenization analysis decreases the calculation 

time and preserves the accuracy of the nonlinear analysis. The dif- 

ference in elapsed computational time would be more notable in 

real engineering problems with sophisticated micro structures. 

Distribution of the martensitic volume fraction and von-Misses 

stress for two RVEs, located at a pair of transversely iso-planar 

macro-element Gauss points, at farthest positions with respect to 

the neutral axis, are shown on the deformed RVE (magnification 

scale factor = 15) in Fig. 13 . It is observed that, the RVE above the 

neutral axis is stretched due to interaction of the shear stress and 

positive normal stress, whereas the RVE below the neutral axis is 

compressed due to the interaction of the shear stress and negative 

normal stress. Locations of the Gauss points are illustrated in Fig. 

11 . 

4.2. 3D porous SMA 

In this example, the macroscopic behavior of 3D porous SMA 

specimens is discussed. The problem, originally presented by Sepe 

et al. (2015) , is considered in order to verify the constitutive be- 

havior of the porous SMA. The SMA material parameters based 

on the Boyd and Lagoudas (1996) model are calibrated in order 

to represent the SMA constitutive behavior proposed by Sepe et 

al. (2015) (see Table 3 ). The stress-strain diagram for a dense SMA 

Table 3 

Material properties of SMA. 

Material parameters Values Material parameters Values 

E A (GPa) 75 T M 
f 

(K) 296.24 

E M (GPa) 66 T M s (K) 316 

υA 0.33 T A s (K) 310.4 

υM 0.33 T A 
f 
(K) 329 

H 0.0276 C A (MPa K −1 ) 30 

T 0 (K) 331 C M (MPaK -1 ) 30 

specimen under the tensile loading/unloading is shown in Fig. 14 . 

Clearly, the material parameter calibration has resulted in a good 

agreement between the two models. 

In order to investigate the macroscopic tensile behavior of the 

porous SMA specimen, a single 8-noded linear hexahedral macro 

element subjected to unidirectional tensile loading/unloading is 

analyzed by the present homogenization method. At each macro 

Gauss point, an RVE with a spherical void and porosity of f = 13% 

is solved concurrently with the finite element mesh of Fig. 15 . The 

macroscopic stress-strain response is presented in Fig. 16 , which is 

in a very good agreement with the response reported by Sepe et 

al. (2015) . 

Fig. 17 (a) postulates that the porous SMA constitutive behavior 

resembles the dense SMA to a great extent and the stress-strain 
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(a)

(b)

Fig. 22. Geometry of the models, macro mesh and RVE mesh (a) flexural specimen and (b) torsional specimen. 

Fig. 23. Load-displacement diagrams from the homogenization and the direct finite 

element analysis. 

response can be approximated by a trilinear curve for the loading 

path. Regions I & III represent the austenite and martensite state, 

respectively, while the martensitic transformation ( A → M ) occurs 

in region II. The same is true for the unloading path. In region 

IV, the material is in the martensite state while in region V, the 

reverse transformation ( M → A ) occurs, followed by the austenite 

state in region VI. Distribution of the martensitic volume fraction 

for an arbitrarily chosen RVE is shown in Fig. 17 (b). Note that 

RVEs at all Gauss points are in the same mechanical state due to 

the nature of the tensile test. It can be seen that the transforma- 

tion process initiates around the void and then propagates through 

the most of RVE by increasing the load level. Complete reverse 

transformation to the austenite state is observed along the unload- 

ing path. At the load level A, the whole RVE is in the austenite 

state, which can also be predicted from Fig. 17 (a). The martensitic 

transformation initiates gradually by increasing the load up to the 

level B, situated in region II of Fig. 17 (b), at which the maximum 

martensitic volume fraction in RVE is 0.75. The load is then in- 

creased to the level C which is also located in the same region II of 

Fig. 17 (a). At this load level, the fully martensite state is developed 

in the vicinity of the ellipsoid poles, while most of the load bearing 

region still remains in the transformation phase. By increasing the 

load to level D, most of the load bearing region transforms to the 

fully martensite state and thus the load level D is located in region 

III of Fig. 17 (a). As expected, unloading down to the level E, which 

is located in region IV of Fig. 17 (a), does not make a noticeable 

change in distribution of the martensitic volume fraction in RVE. 

Further decrease of the load level to F and then G, which are lo- 

cated in region V of Fig. 17 (a), will trigger and extend the reverse 

transformation, respectively. Finally, at the load level H the fully 

austenite state is reversed in RVE and the macroscopic response is 

positioned in region VI of Fig. 17 (a). 

In order to investigate the influence of the shape of porosity on 

the macroscopic behavior of porous SMA specimen, series of anal- 
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Fig. 24. Distribution of the martensitic volume fraction for two RVEs located at (a) Gauss point A and (b) Gauss point B. 

Fig. 25. Load-displacement response of the plate at node A. 

yses have been conducted on the same macro model of the pre- 

vious example using several three-dimensional RVEs with different 

shape factors, n, as defined in Fig. 18 . It should be noted that the 

porosity is taken constant in all RVEs ( f = 13%). The macroscopic 

stress-strain responses are compared in Fig. 19 , which shows that 

with decreasing the shape factor n from 3 to 0.6, the effective load 

carrying surface normal to the load direction is increased and thus 

a noticeable growth in load bearing capacity is observed. 

Fig. 20 shows distribution of the martensitic volume fraction at 

load levels A and B for different types of RVEs. According to Fig.s 

19 and 20(a), at the load level A, the RVE with shape factor n = 0.6 

is at the threshold of the transformation with negligible marten- 

sitic region, while the RVE with shape factor n = 3.0 has already 

started the martensitic transformation and even completed trans- 

formation can be observed in the vicinity of the ellipsoid poles. In 

fact, the higher stress in the latter RVE has resulted in faster initi- 

ation of the forward transformation. At the load level B (see Figs. 

19 and 20 (b)), almost all of the load bearing region of the RVE 

with shape factor n = 3.0 has completed the martensitic transfor- 

mation and thus the stress-strain response has marginally entered 

the third part of the trilinear curve (which was phenomenologi- 

cally explained in Fig. 17 (a)), while most of the load bearing region 

of the RVE with shape factor n = 0.6 is still in transformation. 

Fig. 21 presents distribution of the normal stress in the direc- 

tion of applied load at the end of loading. By increasing the poros- 

ity shape factor from n = 0.6–3, most of the load bearing surface at 

mid-height of the RVE decays and the geometry of the void tends 

to represent a surface crack perpendicular to the load direction, re- 

sulting in a noticeable 220% increase in the stress field in the vicin- 

ity of the ellipsoid poles, which underlines the important effect of 

shape of porosity on microscopic behavior of the porous SMA. 

Now, two new models are considered. The first model is an- 

alyzed under the flexural loading/unloading, while the second one 

is studied subjected to the torsional loading/unloading. The macro- 

scopic models are meshed using 48 and 96 20-noded hexahedral 

elements, respectively and the RVE is meshed by 2163 4-noded 

linear tetrahedral elements. Geometry of the specimens, applied 

loads, macro mesh and RVE mesh are shown in Fig. 22 . 

The flexural loading/unloading case is investigated first. The tip 

load-displacement diagrams from the homogenization and the di- 

rect finite element analysis are compared in Fig. 23 , which are 

in good agreement. The direct model is composed of 192 patches 

with a total of 415,296 elements. It should be noted that all the 

required history variables must be saved in each step of analysis 

in both direct and multiscale solutions. Due to the less number of 

Gauss points in the multiscale model, fewer variables should be 

saved compared with the direct model. In this example, 830,592 

martensitic volume fraction variables, ξ , should be saved for the 
multiscale model in contrast with 3,322,368 variables for the di- 

rect model. 



P. Fatemi Dehaghani et al. / International Journal of Solids and Structures 118–119 (2017) 24–40 39 

Fig. 26. Distribution of the homogenized von-Misses stress on the deformed macro mesh and distribution of the martensitic volume fraction on the specified RVE at different 

load levels. 

Distribution of the martensitic volume fraction is shown in Fig. 

24 for the two RVEs located at Gauss points A and B at the end 

of loading. Shrinkage and elongation of voids in bending are ob- 

served at A and B, respectively, due to their relative positions with 

respect to the neutral axis. It is also observed that since the SMA 

has a similar tensile and compressive behavior, distributions of the 

martensitic volume fraction are identical in RVEs located at A and 

B. 

Finally, the plate of Fig. 22 (b) is analyzed subjected to a tor- 

sional loading/unloading using the homogenization method. The 

plate is distorted due to the applied Neumann and Dirichlet 

boundary conditions. The load-displacement response of the plate 

at point A is shown in Fig. 25 . 

Distribution of the homogenized von-Misses stress on the de- 

formed macro mesh (magnification scale factor = 15) and the 

martensitic volume fraction distribution on a specific RVE (lo- 

cated at the specified Gauss point shown on the Fig. 26 ) at dif- 

ferent load levels are shown in Fig. 26 . Note that the results are 

displayed under the micro fluctuation field (magnification scale 

factor = 50). Higher deformation gradients at the restrained cor- 

ners of the macroscopic model have caused stress concentration 

in those regions. 

5. Conclusion 

The proposed finite element based 3D hierarchical (micro- 

macro) multiscale analysis framework using periodic homogeniza- 

tion method has been successfully applied to the problems of SMA 

reinforced composite and porous SMA. The effectiveness of the 

method for analysis of composite materials, where the macroscopic 

constitutive law is not available and exact minute meshing is a te- 
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dious task, has been emphasized. A simple bending test was used 

to underscore how the homogenization analysis decreased the cal- 

culation time by more than 5 times while the accuracy of the non- 

linear analysis was preserved. The difference in calculation time 

would be more notable in real engineering problems with sophis- 

ticated micro structures. Analyses have been performed on spec- 

imens subjected to various stress loadings cycles and the results 

have been compared with the solutions obtained by fully meshed 

direct finite element, for verification purposes. The multiscale tech- 

nique allows in-depth investigation of distribution of the field vari- 

ables and matrix-inclusion interaction in the micro scale. The in- 

fluence of the shape of a constant-volume porosity on the macro- 

scopic response of the porous SMA has also been investigated 

through a parametric study on the role of the shape of porosity on 

the concentration of the field variables such as the martensitic vol- 

ume fraction and the von Misses and normal stresses. It has been 

shown that the shape and orientation of the porosity can consid- 

erably make a shift in pre-transformation load carrying capacity of 

porous SMAs. 
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