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An XFEM multiscale approach is adopted in order to investigate the mechanical properties and fracture
behavior of carbon nanotube reinforced concrete specimen. At the nanoscale, molecular dynamics simu-
lation is used to find the mechanical properties of carbon nanotube (CNTs). Afterwards, a hydration
model is adopted to find the chemical composition of cement paste. The hydrated model and CNTs are
then converted into a finite element mesh for further analysis. Finally, at the meso scale the fracture
behavior of the CNT reinforced concrete is simulated by the XFEM approach. The results indicate that
the fracture energy of samples with similar volume fractions but reinforced by longer CNTs increase sig-
nificantly, but addition of CNTs has little influence on the elastic modulus. In addition, the extent of crack
propagation under a similar load level becomes considerably lower for the concrete samples reinforce by
longer CNTs.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Concrete is the most common engineering material which is
being used in the construction industry. Its composite action due
to its constituent gradients, including coarse aggregates, sands
and cement paste, has complicated its behavior, especially the frac-
ture characteristics due to multiscale and multiphase natures of
the material.

On the other hand, CNTs,1 since their discovery in 1991 [1], have
made a tremendous revolution in various industries due to their
superior material properties, including high strength and low den-
sity. As a result, they are now being considered as an excellent alter-
native for conventional reinforcing fibers in the next generation of
high-performance nanocomposites.

Using CNTs to reinforce concrete may result in the production
of a high strength material [2–6]. Cwirzen et al. [2] indicated that
addition of CNTs to the cement could increase the compressive
strength up to 50%. Enhancing the fracture resistance properties,
decreasing the porosity and shrinkage and long-term durability
of the cementitious CNT-based material were other advantages of
CNT additives [3]. Experimental results of Li et al. [4] illustrated
that nanotubes could improve the flexural and compressive
strengths and failure strain of the cement matrix composite and
decrease its porosity. Bridging across the crack and voids and
enhancing the tensile load-transfer were also reported in their
experiments.

The conventional practice of reinforcement of brittle materials
to increase their strength and ductility can be implemented not
only in the macroscale specimen, but also in the micro and nano-
scales. CNTs can play the role of reinforcing components in several
engineering materials. In recent years, several authors have used
CNTs as the reinforcing component in the cement paste to enhance
its mechanical properties. Among them, Hunashyal et al. [7] used
an ultrasonic method in order to disperse MWCNTs2 in the cement
paste. Their results indicated that adding 0.5% of MWCNTs (by
weigh) could increase the tensile strength and modulus by 19%
and 70.9%, respectively. Mechanical properties of cement rein-
forced-CNTs were also investigated by Tyson et al. [8] using a three
point bending test. Their results revealed the fact that adding 0.1%
and 0.2% CNTs (by weight) to the cement matrix composites
improved the strength, ductility, and fracture toughness. In another
study, Musso et al. [9] found that adding 0.5% in weight of MWCNTs
to plain cement paste enhanced the compressive stress approxi-
mately 34%. Šmilauer et al. [10] performed the experimental 3-point
bending test on the CNT-based cement material. Their cement mate-
rial contained CNT bundles with the diameter of 30 nm and the
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Fig. 1. Schematic representation of the multiscale simulation of CNT-reinforced
cement.
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length of 3 lm. The results showed that replacing 3.5% of the cement
past with CHM3 with grown CNT on its surface increased the fracture
energy by 15%, from 16.5 N/m to 19 N/m.

Uniform distribution of CNT in the cement paste is practically
very difficult, due to the fact that CNTs usually tend to agglomerate
to each other. In order to obtain a more homogenous CNT-based
material, a special treatment is necessary for the proper dispersion
of the CNTs [10]. In recent year, several authors have proposed dif-
ferent effective methods for the dispersion of CNT in the cement
material, among them, Sanchez and Ince [11] used silica fume
and Konsta-Gdoutos et al. [3] employed surfactants for dispersing
the CNT in the water. Another common approach is to functional-
ize the CNT with the carboxyl or hydroxyl groups attached to the
surface of carbon atoms [3,6]. Alternatively, CNTs can be directly
synthesized on the surface of cement grains, producing the cement
hybrid material which can be easily blended with the conventional
cement [6]. In this method, CNTs disperse uniformly in the cement
volume.

The complex problem of cracking analysis of reinforced con-
crete structures has been a major challenge in the field of compu-
tational mechanics. Available numerical models for quasi-brittle
fracture in the past decades have tried to provide a correct inter-
pretation of energy dissipation in the fracture process zone. Among
them, the smeared crack method [12–14], which relates the tan-
gent of the softening curve to the size of the finite element and
the fracture energy of material was adopted by Rabczuk et al. for
2-D fracture of reinforced concrete structures [15], and by Vecchio
and DeRoo [16] for modeling of concrete tension splitting mecha-
nisms. Alternatively, the powerful partition-of-unity enriched
methods [17–24] have well developed in recent decade in the form
of meshfree methods [17] or the extended finite element method
[25].

The main focus of this multiscale study is to investigate the
effects of adding CNTs on the mechanical and fracture properties
of the cement-based materials, including concrete. To the best
knowledge of the authors, no report is available on the multiscale
fracture simulation of cement-based materials reinforced by CNTs.
The paper begins with an overall discussion on adopted multiscale
method in Section 2. Section 3 discusses the way the mechanical
properties of CNTs at the nanoscale are determined using the
MD4 approach. In Section 4, the micromechanical properties of
CNT-based cement paste are obtained, which is followed by present-
ing the approach for evaluation of the fracture behavior of CNT-rein-
forced concrete specimens at macroscales.
2. Multiscale approach

A sequential multiscale approach is adopted to study the frac-
ture behavior of CNT-reinforced concrete specimens. Three scales
are defined; the nano-scale for CNTs, the micro-scale for the
CNT-reinforced cement and the meso-scale for XFEM5 fracture
analysis of concrete. At the nanoscale, the tensile behavior of CNTs
is simulated by the molecular dynamics method. Then, the mechan-
ical properties of the CNT are upscaled to the microscale. At the
microscale, a hydration model is adopted in order to obtain the
chemical composition of the cement phase and then an RVE,6 based
on the results of the hydration method, is constructed and a finite
element analysis (with the assumption of an isotropic damage model
for all phases) is performed to capture the mechanical and damage
properties of the CNT-reinforced cement paste. Afterwards, the
homogenized response of the microscale is upscaled to an XFEM
3 Cement hybrid material.
4 Molecular dynamics.
5 eXtended finite element method.
6 Representative volume element.

7 Single walled carbon nanotube.
8 Large-scale atomic/molecular massively parallel simulator.
damage analysis to predict the damage behavior of a three-bending
test and a more general problem of the mixed mode crack propaga-
tion. The mentioned procedure is schematically depicted in Fig. 1.
3. Nanoscale

Several authors have recently studied the mechanical proper-
ties of CNTs. Fefey et al. [26] simulated SWCNTs7 with vacancy
defects by the MD approach and indicated that increasing the
number of defects could decrease the elastic modulus. An atomis-
tic-based progressive fracture model was used to study the fracture
behavior of different CNTs using the finite element method by Tser-
pes and Papanikos [27] which led to the fact that the fracture stress
and strain usually varied between 95–125 GPa and 15–20% Gpa,
respectively. The mechanical properties of SWCNT and MWCNT with
different length/diameter ratios under the tensile loading were
investigated by Liew et al. [28]. The authors simulated single, double,
triple and four-walled CNTs by MD and reported the tensile strength
and elastic modulus varied between 132–168 GPa and 0.87–
1.187 Tpa, respectively. Moreover, Jeng et al. [29] found that the
mechanical properties of SWCNTs were significantly influenced by
their chirality; i.e., the elastic modulus of 0.92–1.05 TPa, the failure
stress around 132–168 GPa, and the Poisson’s ratio of about 0.32–
0.36. The buckling behavior of CNTs was also investigated by Eftek-
hari et al. [30]. They found that initial atomistic defects could largely
reduce the buckling stress of CNTs but had little influence on their
compressive elastic modulus. Despite the fact that such initial atom-
istic defects may influence the mechanical properties of CNTs, but
their influence is out of the scope of the present study.

At the nanoscale, the LAMMPS8 open source code [31], is
employed to carry out the MD simulations of CNTs to capture their
full-range stress–strain response, including potential fractures. The



Table 1
Geometrical properties of CNTs.

Type Diameter (Å) Length/diameter

Armchair (10,10) 6.78 14.75
Zigzag (17,0) 6.65 15.04
Armchair (10,10)/(15,15) 10.17 9.83
Zigzag (17,0)/(26,0) 10.18 9.82

Table 2
Mechanical properties of the CNT.

Type E (GPa) m Ft (GPa) Gf (N/m)

Armchair (10,10) 1130 0.14 128.68 13,180,964
Zigzag (17,0) 1124 0.13 102.29 8,021,783
Armchair (10,10)/(15,15) 1087 0.14 125.84 12,264,589
Zigzag (17,0)/(26,0) 1068 0.13 99.88 7,732,911

Fig. 4. Schematic hydration model in the cement paste.

Table 3
Particle size distribution of cement grain.

D (lm) Cumulative volume distribution

6.59 0.000
8.36 0.395
9.74 0.449

11.35 0.506
13.22 0.566
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Tersoff 3-body interatomic potential function [32] is employed to
describe the repulsive/attractive interaction among the carbon
atoms. In the Tersoff potential, the total potential energy of the sys-
tem is described as:

ETersoff
ij ¼ 1

2
fCðrijÞ½fRðrijÞ þ bijfAðrijÞ� ð1Þ

fRðrijÞ ¼ Aijexpð�kijrijÞ; f AðrijÞ ¼ �Bijexpð�lijrijÞ ð2Þ

fCðrijÞ ¼
1; rij 6 Rij

1
2þ 1

2 cos½pðrij � RijÞ=ðSij � RijÞ�; Rij < rij < Sij

0; rij P Sij

8><
>: ð3Þ

where rij is the interatomic distance between atoms i and j, func-
tions fR(rij) and fA(rij) are the repulsive and attractive interactions,
respectively, and fC(rij) is the cut-off function. Further detail can
be found in [32]. As Belytschko et al. mentioned in [33], using a rigid
cut-off function may result in a more realistic stress–strain
response when the CNT is subjected to the tensile loading. There-
fore, instead of the smooth cut-off function in the original Tersoff
potential [32], a rigid cut-off is used to prevent the non-physical
increase in the tensile strength,

fCðrijÞ ¼
1 rij < Sij

0 rij P Sij

�
ð4Þ

CNTs may rarely bear compressive stresses in the coarser scales.
As a result, only their tensile behavior is considered in this study.
CNTs are produced in various forms. The structure of a CNT is
defined by a chiral vector (n,m), where the case of n = m represents
Fig. 2. Different failure/fracture behaviors of CNTs under tension; (a) Zigzag CNT
and (b) Armchair CNT.

Fig. 3. Stress–strain curve for the CNT under tension.

Fig. 5. Schematic mesh generation of the cement paste reinforced by CNTs.

Table 4
Mechanical properties of the cement paste phases [10].

Phase E (GPa) m Ft (MPa) Gf (N/m)

Porosity 0.2 0.02 0.02 0.01
Unhydrated products 135 0.30 1800 118.5
Hydrated products 21.7 0.24 5.58 11.5

Table 5
Results of the verification model.

Mechanical properties Current study Experimental [10]

Model-1 G (N/m) 21.7 20 (Mean value)
ft (Mpa) 3.21 –



Fig. 6. Damage distribution; (a) plane cement; (b) 1 lm CNT; (c) 3 lm CNT; and (d) 5 lm CNT.

Fig. 7. Crack pattern in samples with different CNT length.

Fig. 8. Stress–strain curve for the cement and CNT-reinforce cement; (a) 3% CNT
volume fraction and (b) CNT with the length of 5 lm.
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an Armchair CNT and m = 0 makes a Zigzag CNT. Due to the fact
that the existing reports on experiments have not clearly stated
the type of CNT, several types of CNTs may practically be used in
construction of a CNT-based concrete specimen. Therefore, differ-
ent failure responses are expected from a variety of CNTs, including
MWCNTs and SWCNTs. Table 1 defines the geometrical specifica-
tions of various CNTs with lengths of 100 Å, which are considered
for full stress–strain analysis to obtain the required mechanical
and fracture properties. Afterwards, the mean value of their
mechanical properties is considered for further analysis at the
microscale.

At the first stage of simulation, the structure of CNT is relaxed to
the room temperature (300 K) by adopting the NVT9 ensemble in
20,000 steps. A random velocity is applied to all atoms in order to
reach the desired temperature. The energy minimization procedure
is then carried out by the CG10 method to eliminate the residual
stresses of CNT before the simulation.

After the system reaches the equilibrium state, simulations can
be performed. The axial tension is applied at the one side of the
9 Constant Number of atoms, Volume and Temperature.
10 Conjugate Gradient.
CNT with the constant velocity of 0.01 Å/fs, while the atoms at the
other side are restrained. The time integration step is set to 1 fs,
and a total of 1,000,000 time steps are used to simulate the tensile
behavior of CNTs. The axial stress of the CNT is defined by r = F/A,
where A = pDt, F is the axial force, D is the tube diameter, and t is
the wall thickness. Several authors have recently adopted the
interlayer spacing in graphite (0.34 nm) as the thickness of CNT
[34–44], so this value is chosen for t.

Two different types of the failure/fracture behavior of the Zigzag
(Fig. 2a) and Armchair CNTs (Fig. 2b) are illustrated in Fig. 2. The
results of MD simulation indicate that for different CNTs, the



Fig. 9. (a) Tensile strength and (b) fracture energy of the CNT-reinforced cement. Fig. 10. (a) Poisson’s ratio and (b) elastic modulus of the CNT-reinforced cement.
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tensile stress and fracture energy actually depend on the chirality
vector of the CNT, as depicted in Fig. 3. Clearly, the mechanical
properties of Armchair CNTs are superior than the Zigzag one
(Table 2), with significant differences for the fracture energy and
tensile strength. However, the differences in Poisson’s ratio and
elastic modulus are practically negligible. The mean values of
1100 GPa, 114 GPa, and 1,030,000 N/m for the elastic modulus,
the tensile strength and the fracture energy, respectively, are
adopted for the microscale analysis.
Fig. 11. Stress–strain curve with an exponential softening law.
4. Microscale

In order to obtain the mechanical properties of CNT-reinforced
cement, the results of MD simulation are upscaled to the microlev-
el. Fracture energy, elastic modulus and the Poisson’s ratio,
obtained in the previous section, are used for the micromodel.

At the micro-scale, a micromechanical based finite element
method is adopted in order to simulate the CNT-reinforced cement
paste material. The cement itself is composed of three phases: the
unhydrated phase, hydrated phase (calcium hydroxide and cal-
cium silicate hydrate) and the capillary porosity [45], as depicted
in Fig. 4.

Due to the fact that the major mechanical properties of the
cement paste is the result of the chemical reaction of Alite or trical-
cium silicate mineral (3CaO�SiO2 or C3S) and water in the Portland
cement, which produces the CSH,11 only the reaction of C3S is con-
sidered for the cement hydration in this study, as indeed accepted by
others [45].

There are several cement hydration programs for developing
the initial microstructure of the cement paste. The integrated
Java-based particle kinetics model ‘‘lic’’ [46] is implemented for
the hydration simulation. The cumulative volume distribution of
cement grains with their diameters, determined from the PSD,12

is presented in Table 3, where each value in the second column
denotes the volume fraction of cement grain whose size is smaller
than the value given in the first column.
11 Calcium Silicate Hydrate.
12 Particle size distribution.
The 3D microstructure of the hydrated cement paste at the
microlevel is first generated and then a 2D slice of the 3D micro-
structure is mapped on a uniform mesh to perform the finite ele-
ment simulation. During the hydration process, an RGB color is
assigned to each pixel of the 2D hydration image. This RGB13 color
can be further used to assign the proper mechanical properties of
each element in the generated mesh. Different types of modeling
strategies have been proposed for simulating the CNTs. Wernik
and Meguid [47] used a 3D space frame model for simulation of
the CNT within a surrounding polymeric matrix. In addition, the
CNT was modeled as a 3D solid element in the study conducted by
Kulkarni et al. [48]. Alternatively, the single beam model which
could sustain the bending force was implemented by Tserpes et al.
[49] in simulation of CNT-reinforced composites. In order to simplify
the finite element simulation of the cement, all the materials pro-
duced by the hydration simulation are put into 3 categories of the
unhydrated phase (clinker), the hydrated phase (CSH) and the poros-
ity (Fig. 5).
13 Red-green-blue.



Fig. 12. Criteria for crack initiation and propagation based on damaged Gauss points.

Table 6
Material characteristics for different CNT volume fractions and lengths.

Material model E (Gpa) m Ft (Mpa) Gf (N/m)

No.1 (plain paste) 18.50 0.23 2.29 5.89
No.2 (1%, LCNT = 1 lm) 18.90 0.23 2.45 6.08
No.3 (1%, LCNT = 3 lm) 18.60 0.23 2.37 8.07
No.4 (1%, LCNT = 5 lm) 18.60 0.23 2.46 9.32
No.5 (3%, LCNT = 1 lm) 19.14 0.23 2.80 10.4
No.6 (3%, LCNT = 3 lm) 18.70 0.23 2.82 25.96
No.7 (3%, LCNT = 5 lm) 18.80 0.23 2.95 36.43

Fig. 13. Three point bending beam; geometry and boundary conditions.
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All the constituent materials which form the cement paste are
considered as isotropic with the isotropic damage model, i.e. the
stiffness modulus corresponding to each direction varies indepen-
dent of the loading direction. The material degradation is imple-
mented by an isotropic damage model with a linear softening
law for all phases:

r ¼ ð1�xÞEe ¼ ft 1� hxeft

2Gf

� �
ð5Þ

where r is the stress, ft is the uniaxial tensile strength, h is the effec-
tive width of the finite element, e is the strain, Gf is the fracture
energy, and x is the damage parameter. The mechanical properties
of the cement paste phases, taken from [10], are defined in Table 4.
The mechanical properties of the porosity are limited to very small
values to void convergence problems.

The size of the microstructure of the cement is 50 � 50 lm and
the thickness is assumed to be 1 lm. The cross section of a bundle
of CNT is assumed to be 0.05 lm2. A combination of three CNT
volume fractions (including 1%, 2% and 3%) and three lengths of
CNTs (1 lm, 3 lm and 5 lm) provides nine models for analysis
in this research. A random distribution based on the model of Mat-
sumoto and Nishimura [50] is considered for both the orientation
and the length of CNTs. A nonlinear plane stress simulation is per-
formed in 1000 steps with the Newton–Raphson solver. The simu-
lation is performed by the open source finite element package
OOFEM [51]. The model is incrementally loaded by the applied
strain and the corresponding stress is calculated.

The experimental results of Šmilauer et al. [10] are used to ver-
ify the results of the micromechanical simulation. A cement paste
containing 3.47% volume fraction of the CNT with the length of
3 lm, which corresponds to the experimental results in [10], is
considered. The results of the present numerical simulations are
presented in Table 5, which show a good agreement with the
experimental results.

Distribution of the damage on the surface of samples is illus-
trated in Fig. 6. Clearly, the damage propagation is increased in
models which contain CNTs. The role of CNT length is also notice-
able. When the length of CNT increases, larger amount of cement is
integrated with CNTs and consequently more damaged areas are
observed in samples with longer CNT (Fig. 6d) in comparison to
the shorter one (Fig. 6b) As a result, more dissipated energy is pre-
dictable. The Paraview open source code was used for graphical
representation.

Comparing the results of strain contours (Fig. 7) better illus-
trates that for a specific volume fraction of CNTs, when the length
of CNTs increases, the potential failure path becomes longer, which
results in more energy dissipation.

The models which are reinforced by CNT sustain more tensile
stress with an increase in the ductility and fracture energy. The
results of Fig. 8a indicate that for a specific volume fraction of
CNTs, the sample which contains longer CNTs has more fracture
energy. In addition, increasing the volume fraction of CNTs from
1% to 3% enhances the mechanical properties, including fracture
energy and tensile strength (Fig. 8b). It should be noted that,
despite the fact that adding more CNTs can enhance the mechani-
cal properties, no experimental tests have reported the use of more
than 3% volume fraction of CNTs. Therefore, only simulation of
samples with less than 3% CNT volume fraction is considered in
this study.

Increasing the length and volume fraction of CNTs can lead to
an increase in the tensile strength and fracture energy. The length



Fig. 14. Three finite element meshes for simulation of the bending beam.

Fig. 15. Force–displacement curves for different CNT volume fractions and CNT lengths; (a) 1% CNT volume fraction and (b) 3% CNT volume fraction.
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of CNTs also plays a significant role, i.e., for a constant volume frac-
tion of CNTs, longer CNTs are more effective than the shorter ones
(Fig. 9), where a maximum value of 2.95 MPa tensile strength and
36.43 N/m fracture energy are predicted for the sample which con-
tains 5 lm CNTs.

Due to the fact that the CNT-reinforced cement is assumed iso-
tropic, the Poisson’s ratio of each sample can be obtained by calcu-
lating the negative ratio of transverse to axial strain, as illustrated
in Fig. 10a. It is clear that increasing the volume fraction of the CNT
leads to a slight increase in the Poisson’s ratio, which is practically
negligible and a mean value of 0.23 for the CNT-reinforced cement
can be adopted. In comparison with the CNT volume fraction, the
CNT length does not significantly affect the Poisson’s ratio. While,
the elastic modulus is not so susceptible to the length of the
CNT, its volume fraction plays a significant role. Fig. 10b illustrates
variations of elastic modulus for different values of CNT volume
fractions. By increasing the volume fraction of the CNT, the elastic
modulus increases, but the length of CNTs does not affect the
Young’s modulus.
5. Meso scale

The results of microscale simulation are upscaled to the meso
scale solutions, as schematically shown in Fig. 1. These include E,
m, ft and Gf for the plain paste and the CNT reinforced paste. They
are employed for damage analysis and crack propagation at the
meso scale. First, an elastic-damage analysis is performed. A crack
can then be introduced after the criterion for crack initiation is sat-
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isfied. A full XFEM crack propagation analysis will then be
performed.

5.1. XFEM and the continuum damage model

The well-developed extended finite element method [52,53] is
adopted for crack analysis at the meso scale. Based on the general
definition of XFEM approximation, the displacement field for a
point x can be approximated by:

uðxÞ ¼
X

i

NiðxÞui þ
X

j

NjðxÞwjðxÞaj ð6Þ

where u is the nodal displacement, a is the enriched degrees of free-
dom, N is the finite element shape function and w is the enrichment
function.

Due to the fact that a damage analysis is performed, only the
discontinuity of the crack should be considered, and the crack-tip
singularity is practically avoided. As a result, approximation (6)
is explicitly defined in terms of the discontinuity enrichment by
the Heaviside function H(x),
Fig. 16. Force–displacement curves for different CNT lengths and differ
wjðxÞ ¼ HðxÞ ¼
þ1 if ðx� x�Þ � n P 0
�1 otherwise

� �
ð7Þ

where x⁄ is the nearest point to the point x on Cc and n is the normal
vector to Cc at the point x⁄. By introducing n = (x � x⁄) � n, the XFEM
approximation (6) can be written as,

uðxÞ ¼
Xn

i¼1

NiðxÞui þ
Xm

k¼1

NkðxÞðHðnÞ � HðnkÞÞak ð8Þ

Moreover, the constitutive damage model can be defined as,

r ¼ ð1� dÞ�r ¼ ð1� dÞC : e ð9Þ

where r is the Cauchy stress tensor, e is the strain tensor, �r is the
effective tensor, C is the isotropic linear-elastic stiffness tensor
and d is the damage parameter which ranges between 0 (the intact
material) and 1 (the fully damaged material). The loading–unload-
ing condition in terms of the damage loading function f is defined
as:

f ðe; sÞ ¼ eeqðeÞ � s 6 0; _s P 0; f ðe; sÞ _s ¼ 0 ð10Þ
ent volume fractions; (a) 1 lm CNT; (b) 3 lm CNT; (c) 5 lm CNT.



Fig. 17. L-shaped frame test; geometry and boundary conditions.
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where eeq is the equivalent strain variable, s is the maximum of
equivalent strain that the material has experienced so far. The inter-
nal variable s controls the level of damage growth. The Rankine
equivalent strain is used to define the equivalent strain eeq [54],

eeqðeÞ ¼
1
E

max
I¼1;2;3

�rIðeÞ ð11Þ

where E is the Young’s module and �rI is the principal effective
stress. Here, an exponential softening damage law is adopted
[54,55] (Fig. 11),

d ¼ gðsÞ �
0 for s 6 e0

1� e0
s exp � s�e0

ef�e0

� �
for s > e0

(
ð12Þ

where e0 is the maximum elastic strain and parameter ef controls
the slope of the softening curve.

The softening behavior of the material leads to generation of
inelastic strains and damage in a thin band which may subse-
quently result in mesh dependency of the numerical solution.
The crack band method [12–14] is adopted to overcome this prob-
lem. Accordingly, the final form of the damage law can be written
as [54]:

d ¼ gðsÞ �
0 for s 6 e0

1� e0
s exp � s�e0

e0
� 2Hdis

� �
for s > e0

(
ð13Þ
Fig. 18. The finite e
where Hdis ¼
f 2
t lc

2GF E�f 2
t lc

is the softening parameter, GF is the fracture
energy of material and lc is a characteristic length which represents
the width of the damage concentration.In general, lc depends on the
size, shape and direction of the elements in numerical analysis.
Based on the results of [13], two values of lc ¼

ffiffiffi
A
p

and lc ¼
ffiffiffiffiffiffi
2A
p

are assumed for the crack band width, depending on the alignment
and non-alignment of the damage band and finite elements, respec-
tively. The numerical results have shown that these assumptions
may well eliminate or substantially reduce the mesh dependency
of the results.

In order to implement an accurate approach to transform the
damage region into a macroscopic crack, a simple technique based
on checking the damage parameter in each integration point ahead
of discontinuity against a critical damage (dcr = 0.99) is adopted. A
traction free discontinuity in that element will then be formed by
the XFEM technique.

According to Fig. 12, two potential crack propagation states may
occur. In the first case, an initial crack does not exist and the objec-
tive is to form the initial crack path. In this case, once two elements
have experienced the critical damage, the line which connects the
mean positions of the damaged integration points (from the first
element to the second one) forms the crack path (see Fig. 12a).
In the second case, the domain does include an initial crack, and
the objective is to predict the crack propagation path. Here, the
crack is further extended from the existing crack tip towards the
mean position of the integration points which have violated the
critical damage dcr (see Fig. 12b).

5.2. Numerical simulations

Two examples are presented to demonstrate the final meso
scale solutions based on previously-discussed nano and microscale
simulations. The first example is a mode-I three point bending test,
for which the effects of different CNT volume fractions and lengths
on the global response of the problem are examined. In the second
example, a mixed mode problem is studied and the effect of inclu-
sion of two different CNT lengths on crack propagation is investi-
gated. Seven types of material properties, obtained from the
numerical micro-level simulations, are considered (see Table 6).
The first model is related to the plain paste, while the others rep-
resent different CNT reinforcement compositions.

5.2.1. Three point bending beam
A centrally notched three-point bending beam, composed of

CNT-reinforced cement, is simulated by the extended finite ele-
ment method to estimate the load–displacement behavior of the
specimen for different volumetric fractions and lengths of CNTs.
lement mesh.



Fig. 19. Equivalent strain (eeq) contours at different stretches for (a) 3% CNT with length of 1 lm and (b) 3% CNT with length of 5 lm.
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The dimensions and boundary conditions of this problem are
depicted in Fig. 13.

The thickness of the beam is 100 mm and the problem is ana-
lyzed in the plane strain state. The beam is loaded up to
d = 0.2 mm and the damage extension virtually represents a
mode-I fracture problem.

Three types of finite element meshes with bilinear quadrilateral
elements are used to discretize the domain, as shown in Fig. 14. For
each case, the average mesh-size in the zone affected by the tensile
damage (he) is specified.

The effect of CNT length on the force–displacement curve for
two CNT volume fractions (1% and 3%) are depicted in Fig. 15.
Clearly, while for the low volume fraction of 1% (Fig. 15a), the
length of CNT has a limited effect on the global response of the
beam, a significant effect is observed for the 3% CNT volume frac-
tion (Fig. 15b).

Moreover, Fig. 15b compares the results for different meshes
which shows the insensitivity of the solution to the FEM14 mesh
sizes. In fact, the potential mesh dependency of the softening part
of force–displacement curve is well avoided by the crack band
model.

In addition, Fig. 16 shows the effect of different CNT volume
fractions on the global response of the beam for each of three
CNT lengths (1 lm, 3 lm, 5 lm). Expectedly, for a constant CNT
length, the increase in CNT volume fraction significantly increases
both Pu and K (K3% > K1% in Fig. 16b); showing almost 100% increase



Fig. 20. Force–displacement curve for the 3% CNT volume fraction and two CNT lengths.
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in the ultimate load bearing by addition of 3% of 5 lm CNTs into
the plain cement.
5.2.2. L-shaped frame test
An L-shaped frame test, composed of CNT-reinforced cement, is

simulated by the extended finite element method to predict the
effect of two different CNT lengths (1 lm and 5 lm) on load bear-
ing capacity and mixed mode crack propagation. Dimensions and
boundary conditions of this problem are depicted in Fig. 17.

The thickness of the beam is 100 mm and the problem is ana-
lyzed in the plane strain state and the frame is loaded up to
U = 0.9 mm. Due to stress concentration at the point A in Fig. 17,
the crack initiates and propagates in a mixed mode state. A finite
element mesh with bilinear quadrilateral elements is used to dis-
cretize the domain, as shown in Fig. 18.

Evolution of the fracture process zone along with the propaga-
tion of traction-free discontinuity is demonstrated in Fig. 19 for the
case of 3% CNTs with lengths of 1 lm and 5 lm. Despite the fact
the final crack path remains almost the same for the two cases, a
remarkable delay in crack propagation is observed for the case of
longer CNTs (with similar volume fraction). The reason for this
delay can be justified by considering the force–displacement curve
presented in Fig. 20, which shows that when the length of CNTs is
5 lm, the maximum resistance and the fracture energy increase
substantially, leading to a long delay in crack propagation in com-
parison with the low-length CNTs. In both cases, during the process
of crack propagation, the contours of equivalent strain eeq (Fig. 19)
show the unloaded banded region around crack faces in front of
the crack tip.
6. Conclusion

In this research an XFEM-multiscale approach is adopted to
investigate the mechanical properties and fracture behavior of car-
bon nanotube (CNT)-reinforced concrete. The results of microsim-
ulation indicate that the fracture energy of the cement reinforced
by longer CNTs significantly increase, but addition of CNTs has lit-
tle influence on the elastic modulus. In addition, much longer crack
propagation paths should be generated prior to the final tensile
failure.

In the meso scale, the extended finite element method is
applied for modeling crack propagation in CNT-reinforced cement
using the elastic-damage model. It can be observed, for a constant
CNT length, that the increase in CNT volume fraction significantly
increases both Pu and K. Also a remarkable delay in mixed mode
crack initiation and propagation is observed for the case of longer
CNTs.
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