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a b s t r a c t

In the present paper, the efficiency of an enhanced formulation of the stabilized corrective smoothed
particle method (CSPM) for simulation of shock wave propagation and reflection from fixed and moving
solid boundaries in compressible fluids is investigated. The Lagrangian nature and its accuracy for impos-
ing the boundary conditions are the two main reasons for adoption of CSPM. The governing equations
are further modified for imposition of moving solid boundary conditions. In addition to the traditional
artificial viscosity, which can remove numerically induced abnormal jumps in the field values, a velocity
field smoothing technique is introduced as an efficient method for stabilizing the solution. The method
has been implemented for one- and two-dimensional shock wave propagation and reflection from fixed
and moving boundaries and the results have been compared with other available solutions. The method
has also been adopted for simulation of shock wave propagation and reflection from infinite and finite
solid boundaries.

© 2009 Chinese Society of Particuology and Institute of Process Engineering, Chinese Academy of
Sciences. Published by Elsevier B.V. All rights reserved.

1. Introduction

Shock waves are encountered in many present day industrial and
engineering applications that experience various kinds of impacts
or are subject to extreme conditions such as blast. Existence of a
discontinuity or rapid changes and high gradients of field variables,
have long been a major challenge for continuum based computa-
tional methods for solving fluid dynamics problems. The problem is
further complicated if the model is expected to simulate interaction
of a shock wave and a moving finite solid boundary.

Analysis of fluids dynamic problems are traditionally performed
by Eulerian based methods, such as the finite difference method
(FDM) and the finite volume method (FVM) (Liu & Liu, 2003). Eule-
rian based methods are often preferred for steady state problems,
where no moving boundaries or material interfaces or evolving
surfaces are encountered. Despite enormous efforts to resolve the
mentioned difficulties in transient problems, it still remains an
active computational challenge.

In a Lagrangian description, however, material and field vari-
ables are attached to freely moving nodes. As a result, enforcing
moving boundaries and material interfaces are readily applied
by defining the boundary values on boundary nodes. In addition,
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tracing of an evolving surface becomes rather simple due to possi-
bility of tracing the particles on the initial free surface. The finite
element method (FEM), as the most powerful Lagrangian based
method, provides tremendous capabilities for solution of various
solid, fluid and fluid–solid interaction problems. Nevertheless, its
Lagrangian nature may cause mesh distortions and a major loss
of accuracy. Available remedies include adaptive finite element
analysis (Zienkiewicz, Taylor, & Nithiarasu, 2005), which neces-
sitates remeshing algorithms and time consuming data transfer
procedures, and the arbitrary Lagrangian Eulerian (ALE) method.
Although ALE has been designed to benefit from both Eulerian and
Lagrangian descriptions, it may encounter considerable numerical
errors for large deformation problems undergoing high gradient
fields (Li & Liu, 2002).

On the other hand, rapid development of meshless particle
methods has now well extended to analysis of fluid flow and
fluid–solid interaction problems. Among them, the Lagrangian
based smoothed particle hydrodynamics (SPH), introduced in the
70s by Gingold and Monaghan (1977) and Lucy (1977), avoids any
mesh distortion by virtue and is capable of enforcing various mov-
ing boundaries and interfaces much simpler than Eulerian based
methods.

Several authors have simulated unsteady gas-dynamics shock
wave problems. The first attempt can be traced back to Monaghan
and Gingold in 1983. McCormick and Miller (1994, 1996) simu-
lated one-dimensional shock tubes and studied propagation and
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reflection of shock waves by adopting simple artificial viscosity and
repulsive force techniques to stabilize the particle method. Swegle
and Attaway (1995) investigated the feasibility of using smoothed
particle hydrodynamics for underwater explosion calculations.

Additionally, Brookshaw (2003) and Omang, Børve, and Trulsen
(2003) extended the method of SPH to axisymmetric cylindrical
coordinates in order to solve two-dimensional shock problems,
while Liu, Liu, and Lam (2003b) proposed a new quartic smooth-
ing function to analyse one-dimensional shock and TNT detonation
problems. Liu, Liu, Lam, and Zong (2003) also adopted SPH to simu-
late the problem of water mitigation as a measure of reducing blast
effects. Two different types of virtual particles were proposed to
simulate the fluid/solid boundary conditions, and both contact and
non-contact water mitigation simulations were performed.

Despite a number of advantages, SPH has encountered sev-
eral drawbacks. It lacks the consistency condition in its discretized
form, and cannot accurately approximate the solution on and near
boundaries. Also it suffers various instabilities, such as the ten-
sile instability, zero energy modes and high frequency oscillations.
There have been a number of modifications to stabilize SPH (Li &
Liu, 2002). The most popular stabilization procedure has been the
method of artificial viscosity, which prevents the inter-particle pen-
etration by inducing an artificial damping. One of the frequently
used forms was introduced by Monaghan and Gingold (1983) and
Gray, Monaghan, and Swift (2001). A corrective smoothed parti-
cle method CSPM was proposed by Chen et al. (Chen & Beraun,
2000; Chen, Beraun, & Carney, 1999; Chen, Beraun, & Jih, 1999b;
Chen, Beraun, & Jih, 1999c; Chen, Beraun, & Jih, 2001) to address
the tensile instability and boundary deficiency problems that have
hampered full exploitation of standard SPH.

Recently, Ostad-Hossein and Mohammadi (2008, 2009) pro-
posed a field smoothing stabilization approach for solid mechanics
and hydrodynamics which avoids the necessity of stabilizing terms
or definition of stress points. In this paper, this simple and efficient
approach is further extended for implementation in shock prop-
agation and reflection in compressible fluids. The field smoothing
stabilization can remove high frequency extra vibrations which pol-
lute the solution due to the truncation of Taylor series expansion
by applying a second independent CSPM smoothing approxima-
tion of the target field value from the field values of its surrounding
particles (Ostad-Hossein & Mohammadi, 2008).

Other improvements of the original CSPM method were
reported by Liu, Liu, and Lam (2003a) to include the presence of
discontinuity in simulating 1D shock waves by adopting a piece-
wise continuous formulation for each side of a discontinuity and
adding a corrective part to the primary formulation of CSPM.

This paper is dedicated to the analysis of shock waves from dif-
ferent boundary conditions by a new stabilized CSPM methodology.
Several numerical tests are discussed to assess the perfor-
mance and accuracy of the proposed stabilizing approach. First,
one-dimensional shock tube problems with different boundary
conditions are comprehensively discussed and potential advan-
tages and drawbacks are addressed. Available analytical solutions
and other reference numerical results are used to compare and
assess the obtained results. The final set of tests are related to the
propagation, reflection and dispersion of two-dimensional shock
waves from different boundary conditions in the form of infinite
and finite solid walls. The discussion will be closed by providing
the concluding remarks.

2. Gas dynamics

The governing equations in fluid dynamics including conserva-
tion of mass, momentum and energy can be written as a set of
partial differential equations in a Lagrangian description. In the case

of an inviscid fluid, the viscosity terms are discarded and the basic
equations of conservation of mass, momentum and energy and the
equation of state can be re-written as

D�

Dt
= −� �∇ · v (1)

D�v
Dt

= − 1
�

�∇p (2)

Du

Dt
= − p

�
�∇ · v (3)

p = p(�, u) (4)

For an ideal gas, the following equation of state is adopted

p = (� − 1)�u (5)

where � has the value of 1.4 for diatomic gases.
A wave reflection is anticipated when a shock wave, pass-

ing through a soft medium, reaches a denser medium or a solid
surface/object. Depending on the obstacle size and geometry, a par-
ticular dispersion phenomenon may also occur. The reflection will
be accompanied with an increase in density and pressure of the
domain because of the combination of the incident and reflected
waves. Rankine and Hugoniot (1851–1887) were the first to inves-
tigate the shock propagation and normal reflection overpressure
in an ideal gas based on the conservation laws. According to their
studies, the velocity of gas particles behind the shock front, us, can
be defined as (Hugoniot, 1887, 1889; Rankine, 1870):

us = c0

�

(
p1 − p0

p0

)[
1 +

(
� + 1

2�

)(
p1 − p0

p0

)]−(1/2)
(6)

where c0 is the sound velocity in the ambient air, p0 is the ambient
air pressure and p1 is the pressure behind the shock front.

The reflected pressure from a fixed solid boundary, p2, can also
be calculated from:

p2

p1
= ((3� − 1)/(� + 1))(p1/p0) − ((� − 1)/(� + 1))

1 + ((� − 1)/(� + 1))(p1/p0)
(7)

Eqs. (6) and (7) will be used for verification of results of shock
wave propagation and reflection obtained from the proposed sta-
bilized particle method.

3. Enforcing boundary conditions

From the physical point of view, there are generally two types
of fluid behavior on solid boundaries. The first type is the non-slip
boundary for viscous fluids. In this assumption, the relative veloc-
ity of fluid and boundary vanishes adjacent to the solid boundary.
Another type is the slip boundary in inviscid fluids for which only
the normal component of the relative velocity is assumed to be
zero.

The presence of discontinuity due to solid boundary effects
requires a modification of the velocity divergence terms in the mass
continuity and energy conservation Eqs. (1) and (3).

A general reference volume of a one-dimensional fluid flow is
considered at the solid boundary position. The particles can enter
the volume with a velocity of vx and leave it with a boundary
affected velocity, as depicted in Fig. 1. The relative velocity of fluid
flow and boundary surface is assumed to be zero, resulting in

vx + ∂vx

∂x
dx = vBND (8)

where dx is the length of the reference volume in which particle
impacts have occurred and vBND is the velocity of boundary surface.
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Fig. 1. Definition of a reference boundary volume for a one-dimensional fluid flow.

Therefore, in order to directly impose the boundary condition,
∂vx/∂x can be computed from Eq. (9) and then be used in the gov-
erning equations.

∂vx

∂x
= vBND − vx

dx
(9)

Hence, equations of conservation of mass and energy on the fluid
and solid boundary interface are modified as

D�i

Dt
= −�i

(
∂v
∂x

)
i

= �i
(vx)i − vBND

�xi
(10)

Dui

Dt
= − pi

�i

(
∂v
∂x

)
i

= pi

�i

(vx)i − vBND

�xi
(11)

In the discretized particle model, dx can be replaced by an aver-
age length obtained from the particle volume. In one-dimensional
problem, �xi is approximated by:

�xi ≈ mi

�i
(12)

The same idea can be generalized into two-dimensional prob-
lems. Consider a fluid flow with a velocity of v1 impacting a moving
boundary with a velocity of vBND. The normal relative velocity of
fluid flow and the solid boundary is assumed to be zero in order to
satisfy the condition of a slip boundary.

According to Fig. 2, the two components of the boundary velocity
in the local coordinate system, defined on the normal and tangential

Fig. 2. Fluid–solid interface: (a) slip boundary assumption and (b) elastic impact
assumption.

vectors (n, t) of solid boundary, can be written as

vBND = vBND nn + vBND tt, vBND n = vBND · n, vBND t = vBND · t

(13)

where the unit vectors along the normal and tangential local axes
can be expressed in terms of global system unit vectors

n = nxi + nyj, t = −nyi + nxj (14)

The slip boundary condition can then be imposed similar to 1D
formulation:

v1n + ∂v1n

∂n
dn = vBND n, v1n = v1 · n (15)

where v1n is the normal component of particle velocity before
reaching the surface, and dn is the normal length of the reference
volume as shown in Fig. 2.

The partial derivative term in the rotated local coordinate can
be related to the reference coordinate differentiation as

∂v1n

∂n
= ∂v1n

∂x
nx + ∂v1n

∂y
ny (16)

The additional condition that should be met in boundaries is
obtained from combining Eqs. (15) and (16):

∂v1x

∂x
n2

x + ∂v1y

∂y
n2

y +
(

∂v1x

∂y
+ ∂v1y

∂x

)
nxny = (vBND − v1) · n

dn
(17)

or in indicial form

vk,1nkn1 = (vBND k − vk)nk

dn
(18)

where vk,1 denotes the partial derivative of vk with respect to x1.
In the discretized particle model, dn can be similarly replaced

by an equivalent length obtained from the particle volume, Vi

�ni ≈
√

Vi ≈
√

mi

�i
(19)

Eq. (18) will then be used to modify the governing Eqs. (1) and
(3). Numerical simulations, however, have shown that implemen-
tation of only the additional Eq. (18) may not exactly satisfy the
zero relative normal velocity of flow and solid boundaries and some
penetration of particles into boundary may occur due to the finite
distance of �n in practical simulations. Therefore, it may also be
necessary to directly impose the value of zero relative velocity. It is
important to note that even in this case, Eq. (18) should be consid-
ered to satisfy the mass continuity and energy conservation more
accurately.

Another simplified approach for enforcing the fluid–solid
boundary condition is to set the normal relative velocity of the
boundary particles to zero while allowing non-zero tangential
velocities. This assumption meets the slip boundary condition of
inviscid fluids, but it lacks the conservation condition of the total
energy.

An alternative efficient method for imposing the boundary con-
dition is based on the assumption of elastic frictionless particle
impact, which preserves the conservation of energy and momen-
tum for each particle, but may not accurately simulate the real zero
normal velocity behavior of inviscid fluid near the solid boundaries.
In practice, however, interaction of incident and reflected particles
nearly satisfy this condition. In this method, the incident particle is
assumed as an elastic impactor, and the velocity of the reflected par-
ticle can be evaluated according to the conservation of momentum
and energy of the particle with respect to the moving boundary.

The assumption of conservation of momentum of the incident
particle and an elastic frictionless impact requires that the tan-
gential component of the particle velocity to remain unchanged,
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Fig. 3. Solution of shock tube problem without any stabilization after 0.05 s.

while the normal component of the particle velocity changes in
accordance with the normal relative velocity of the particle and
the surface.

Assume v1 as the velocity of the particle, before impact

v1 = v1xi + v1yj (20)

Fig. 6. Shock wave reflection from the moving solid boundary, after 0.6 s.

The reflected particle velocity, v2, can be obtained from

v2 = [(vBND x − v1x)n2
x + v1xn2

y + (vBND y − 2v1y)nxny]i

+ [v1yn2
x + (vBND y − v1y)n2

y + (vBND x − 2v1x)nxny]j (21)

where

vBND = vBND xi + vBND yj (22)

In order to directly impose boundary conditions in CSPM, the
velocity vector of the impacting particle can be modified accord-
ing to Eq. (21) which directly affects the velocity vector of other
particles.

Fig. 4. Shock wave propagation with CSPM and artificial viscosity stabilization (left), and with CSPM and velocity field smoothing stabilization (right).

Fig. 5. Shock wave reflection from the fixed solid boundary with CSPM and artificial viscosity stabilization (left), and with CSPM and velocity field smoothing stabilization
(right).
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4. Corrective smoothed particle method

The CSPM methodology is based on the Taylor expansion series.
For evaluation of u in an arbitrary point xi in terms of the known
values of the function in neighbor points xj, Eq. (23) is used (Chen,
Beraun, & Jih, 1999b):

(u)h
i ≈

∑N
j=1ujwij �vj∑N

j=1wij �vj

(23)

For evaluation of the first derivative of u, the following dis-
cretized form is used (Chen, Beraun, & Jih, 1999b):(

∂u

∂x

)h

i

≈
∑N

j=1(uj − ui)(∂w/∂x)ij �vj∑N
j=1(∂w/∂x)ij(xj − xi) �vj

(24)

where ∂w/∂x is an anti-symmetric function for a symmetric bell
shaped weight function w. A variety of weight functions have been
proposed for SPH approximations (Liu, Liu, & Lam, 2003b). The
cubic B-spline is used in this research to obtain the numerical
results. Eqs. (23) and (24) ensure reduction of boundary errors
that appear in the standard SPH. In addition to boundary values,
CSPM can reduce the error of derivative values for internal parti-
cles. The CSPM formulation for evaluation of the first derivatives in
two-dimensional space are written as

(
∂u

∂x

)
i

≈

W22
∑Ni

j=1(uj − ui)(∂w/∂x)ij �vj

− W12
∑Ni

j=1(uj − ui)(∂w/∂y)ij �vj

W11W22 − W12W21
(25)

(
∂u

∂y

)
i

≈

−W12
∑Ni

j=1(uj − ui)(∂w/∂x)ij �vj

+ + W11
∑Ni

j=1(uj − ui)(∂w/∂y)ij �vj

W11W22 − W12W21
(26)

where

W11 ≈
Ni∑

j=1

(xj−xi)

(
∂w

∂x

)
ij

�vj, W12 ≈
Ni∑

j=1

(yj − yi)

(
∂w

∂x

)
ij

�vj,

W21 ≈
Ni∑

j=1

(xj − xi)

(
∂w

∂y

)
ij

�vj, W22 ≈
Ni∑

j=1

(yj−yi)

(
∂w

∂y

)
ij

�vj

(27)

5. Shock capturing in numerical approaches

A shock wave is accompanied with occurrence of a discontinuity
in one of the state variables, so very high gradients may appear
at a shock region. This discontinuity may induce local extra high
frequency vibrations in numerical solutions which spread through
the solution domain and can pollute the results after a few time
steps. A conventional remedy which has been frequently used in a
number of numerical methods such as FDM and FEM is to use the
artificial viscosity that can damp out existing extra oscillations. The
concept of artificial viscosity is based on prevention of penetration
of particles approaching each other with high relative velocity. The
shock front, however, may not remain as sharp as the one obtained
by the exact solution.

One of the conventional forms of artificial viscosity, which is also
frequently used in particle methods (Monaghan & Gingold, 1983),
can be expressed as

�ij =

⎧⎨
⎩

−˛c̄ij�ij + ˇ�2
ij

�̄ij
if vijxij < 0

0 otherwise

(28)

�ij = hijvijxij

|rij|2 + �hij
2

(29)

where �̄ij , vij and xij are the average density, relative velocity and
relative distance of particles i and j, respectively. ˛, ˇ, � are con-
stants and hij determines the smoothing length. c̄ij is the average of
sound velocity in particles i and j. The sound velocity in a particle i
can be obtained from:

ci =
√

�pi

�i
(30)

Another efficient method which has been successfully imple-
mented for solid mechanics and hydrodynamics (Ostad-Hossein &
Mohammadi, 2008, 2009) is the variable fields smoothing based on
the CSPM equations. In this method, high frequency oscillations are
removed with a weighted averaging smoothing of field variables. In
the present paper, the field smoothing technique is only performed
on the velocity field to remove extra vibrations of the velocity field
and to prevent instability to progress into other variable fields. It is
also worth noting that case studies have illustrated that smoothing
of other field variables such as density, pressure or internal energy
may not perform as efficient as the velocity field smoothing.

Table 1
Solution algorithm for gas-dynamics problems using CSPM.

1 Input data.
1-1 Particles initial configuration (coordinates, neighbor particles).
1-2 Initial values of field variables and control parameter such as time steps and smoothing lengths.
1-3 Boundary conditions (velocity, free surfaces).

2 Loop over time steps.
2-1 Loop over particles.

2-1-1 Calculate acceleration from the momentum equation ((Dv/Dt)n
i = −(1/�n

i
)(∇p)n

i ). The spatial derivative of the pressure should be evaluated by Eqs. (25)–(27).
2-1-2 Calculate density rate using ((D�/Dt)n

i = −�n
i
(∇ · v)n

i ). The spatial derivative of velocity should be evaluated by Eqs. (25)–(27).
2-1-3 Calculate the internal energy rate with ((Du/Dt)n

i = −(pn
i
/�n

i
)(∇ · v)n

i ). The spatial derivative of velocity should be evaluated by Eqs. (25)–(27).
2-1-4 Calculate velocity vector (vn+1

i
= vn

i
+ (Dv/Dt)n

i �t). (Solid boundary)
2-1-5 Calculate the density (�n+1

i
= �n

i
+ (D�/Dt)n

i �t). (Free surface)
2-1-6 Calculate internal energy (un+1

i
= un

i
+ (Du/Dt)n

i �t). (Free surface)
2-1-7 Calculate pressure using the equation of state (pn+1

i
= pn+1

i
(�n+1

i
, en+1

i
)).

2-1-8 Update the smoothing length (hn+1 = nD

√
�n/�n+1hn).

2-1-9 Update particle coordinates (xn+1
i

= xn
i

+ vn
i

�t).
2-1-10 Update the list of neighbor particles, if necessary.

2-2 Go to 2-1.

2-3 Smooth the velocity field for stabilization
(

v(xi) ≈
(∑N

j=1
v(xj)w′s

ij �vj/
∑N

j=1
w′s

ij �vj

))
.

3 Go to 2.
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Fig. 7. Shock wave reflection from the moving solid boundary with zero relative normal velocity after 0.55 s: artificial viscosity (left) and velocity field smoothing (right).

The field smoothing approach can be regarded as a weighted
averaging of an oscillating field which prevents the particles pen-
etration. The field smoothing of a field variable such as velocity v
can be expressed by using a CSPM approximation over the field
smoothing length h′:

v(xi) ≈
∑N

j=1v(xj)w′s
ij �vj∑N

j=1w′s
ij �vj

(31)

where vector v(xi) is the velocity of the particle located at coor-
dinate xi and the function w′s

ij is a symmetric weight function.
The smoothing length associated with the velocity field smooth-
ing, h′ may be different from the one used for evaluation of spatial
derivatives, h. Similarly, the number of neighbor particles in the two
smoothing procedures may be different.

The proposed method induces a numerical damping to the
solution that depends on the averaging or smoothing length h′.
As a result, the smoothing length in velocity field smoothing
for stabilization should be numerically calibrated, such that the
numerical damping remains in an acceptable range while the
solution becomes stable (Ostad-Hossein & Mohammadi, 2008,
2009).

In this study, an initial smoothing technique, introduced by
Monaghan (1997), has been implemented in shock front field values
such as pressure, density and internal energy at the beginning of
the solution for effectively postponing the instability development
throughout the solution:

f = fL + fRex/d

1 + ex/d
(32)

Eq. (32) smoothes the field variable f at an existing discontinuity
in terms of the neighbor values fL and fR with respect to the relative

Fig. 8. Initial particle arrangement.

distance x of neighbors from the central particle, and d is assumed
to be half of the maximum initial distance of central particle from
left and right particles.

6. CSPM algorithm for gas dynamics

Table 1 briefly describes step by step the algorithm of CSPM for
fluid dynamics analysis. The algorithm consists of three loops. The
main loop is over the time steps where all governing equations
should be satisfied. The two inner loops are over the particles for
calculation of the main variables. The CSPM methodology is used
for evaluation of spatial derivatives in conservation equations, and
the field smoothing stabilization procedure.

Fig. 9. Shock wave propagation: (a) after 0.3 s and (b) after 0.5 s.
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7. Numerical verification

A number of 1D and 2D problems are simulated to illustrate
the capability of the CSPM method to improve the boundary defi-
ciency of the standard SPH. First, a one-dimensional finite length
shock tube is simulated. The analysis includes the reflection of
the shock wave from the tube’s closed end. In another test, the
closed end is considered to move with a constant velocity and the
effect of moving boundary on reflected pressure is investigated. The
efficiency of the velocity field smoothing method to stabilize the

solution will also be examined. Finally, the efficiency and robust-
ness of the proposed approach will be examined for the problem
of two-dimensional shock reflection from infinite and finite wall
barriers with a discussion on the dispersion effects from the edge
of the barrier.

7.1. 1D shock tube

A closed end shock tube is considered to investigate the effi-
ciency of the CSPM method for imposing solid boundary conditions.

Fig. 10. Shock wave reflection from an infinite fixed solid boundary: (1) after 0.3 s and (2) after 0.5 s. (a) Method of modified conservation equations without the constraint
of zero normal velocity; (b) method of zero normal relative velocity; (c) elastic impact method.
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Previous studies have mostly considered long open tubes to avoid
the effects of closed end of shock tubes and reflections (Liu, Liu, &
Lam, 2003a).

A shock tube with a length of l = 1.2 m is divided into two
parts of high- and low-pressure regions with initial values of den-
sity � = 1 kg/m3, velocity v = 0 m/s, internal energy u = 2.5 J/kg and
pressure p = 1 Pa in the high-pressure region (−0.6 ≤ x ≤ 0), and
� = 0.25 kg/m3, v = 0 m/s, u = 1.795 J/kg and p = 0.1795 Pa in the low-
pressure region (0 < x ≤ 0.6). The high- and low-pressure parts are
discretized into 320 and 80 particles, respectively. Particles in each
part have regular distribution and equal masses.

7.2. Shock formation

Inherent instability of numerical solutions of shock wave prob-
lems requires a stabilization method in order to predict a stable
solution. As a result, solving a shock wave problem using CSPM
without employing a stabilization method leads to instable results

in very initial time steps of the solution, irrespective of the
effect of solid boundary condition. Fig. 3 illustrates the solu-
tion for pressure distribution in the shock tube instability after
0.05 s.

For prevention of these unwanted jumps, the problem has been
solved with CSPM with two different stabilization schemes. The
first analysis is stabilized by the artificial viscosity approach with
˛ = 1 and ˇ = 1. The time step is set to 0.0005 s and the smoothing
length is considered to be equal to the distance of particles. The
pressure profile after 0.15 s can be observed in Fig. 4.

The second analysis is stabilized with the velocity field smooth-
ing technique with the same time step as previous analysis. The
smoothing length which is used in the velocity field smoothig pro-
cedure is taken as half of the particle distance. It is obvious from the
results that the field variable at boundary particles is not affected
untill the incidence of the shock wave, as depicted in Fig. 4. This
accuracy in boundary makes it possible to enforce both solid bound-
ary and pressure boundary conditions.

Fig. 11. Shock wave reflection from a finite fixed solid boundary: (1) after 0.3 s and (2) after 0.5 s. (a) Method of modified conservation equations with the condition of zero
normal velocity; (b) method of zero normal relative velocity; (c) particle elastic impact method.
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Fig. 12. x and y velocity contours of shock reflection from the fixed solid boundary after 0.5 s. (a) Method of modified conservation equations with the condition of zero
normal velocity; (b) method of zero normal relative velocity; (c) elastic impact method.
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7.3. Shock wave reflection from a fixed solid boundary

This test consists of the phenomenon of shock wave reflection
from a solid fixed boundary. The same shock propagation analysis
is now continued until the shock wave impacts the closed end of
the tube. Clumping the particles at the end of the tube due to the
interaction of incident and reflected particles causes a substantial
rise in density and pressure at the boundary position. The reflected
shock wave will then propagate in the opposite direction of the
incident wave, as depicted in Fig. 5.

The boundary conditions have been enforced by the modified
energy and mass conservation equations for solid boundaries (Eqs.
(17)–(19)).

The Rankine–Hugoniot equation (7) predicts the ratio of
reflected shock wave pressure to the incident pressure, p2/p1, to be
about 2.16, which is comparable to 2.08 and 2.12 for the viscosity
and velocity smoothing solutions, respectively.

7.4. Shock wave reflection from a moving solid boundary

In this example, general forms of the proposed modified energy
and mass conservation equations are implemented to simulate the
effect of moving boundaries without explicitly defining the con-
straint of zero relative velocity of incident particle and the moving
boundary. The right end of tube is now assumed to move when the
shock wave arrives at the boundary position. Two different bound-
ary velocities are assumed. The first analysis is performed with a
boundary velocity of 0.7 m/s towards the right direction, which is
slightly higher than the velocity of incident shock wave obtained
from the exact solution (Eq. (6)). Consequently, the particles will no
longer clump, and no reflected shock wave and over pressure are
anticipated.

For the second analysis, the velocity of right boundary is
assumed to be 0.2 m/s towards the right direction. According to
Fig. 6, the estimated ratio of reflected pressure to the incident pres-
sure p2/p1 is about 1.72 which is around 20% lower than the pressure
reflected from a fixed solid boundary.

Another efficient approach for enforcing solid boundary condi-
tions for closed end shock tubes is to define zero velocity particles
on fixed solid boundaries. In moving boundaries, such particles fol-
low the velocity of the boundary according to the slip boundary
condition. Accuracy of CSPM approximation in boundaries allows
for direct enforcement of the velocity of boundary particles. Fig. 7
illustrates the results of the proposed approach for shock reflection
from a moving boundary with different velocities.

7.5. Two-dimensional shock propagation and reflection

A gas medium consists of a central high-pressure region with
a radius of 0.6 m and the remaining low-pressure surrounding gas
is assumed. A shock wave propagates from high-pressure region
outwards. Initial conditions of pressure, density and internal energy
are assumed to be similar to the one-dimensional shock tube solved
in Section 7.1. The total number of particles is 8064 which includes
1198 particles within the central high-pressure part, as depicted in
Fig. 8. The analysis time step is 0.001 s and the smoothing length is
set to be 0.4 of the particles distances.

This problem has been solved for three different boundary con-
ditions. In the first case, no solid boundary is assumed and a wave
freely propagates through the gas medium. The predicted pressure
distributions in two different time steps are compared in Fig. 9. The
pressure at shock front is comparable with the one-dimensional
results (Fig. 4).

The second case is dedicated to an infinite vertical fixed solid
boundary at a distance of 0.7 m from the center of the high-pressure

region. The solution includes both the wave propagation and
reflection from the solid boundary. All three proposed reflection
algorithms are examined and compared, as illustrated in Fig. 10.
The first analysis is based on modified conservation equations with-
out the constraint of zero normal velocity. It is important to note
that, there exist instable reflected particles with very high pres-
sures which have been removed from Fig. 10(a) in order to illustrate
the variations of pressure for the remaining particles. The obtained
results are generally in good agreement with each other.

Finally, a finite 0.4 m long vertical solid boundary, which is sym-
metric along the horizontal axis, is considered. The analysis involves
different phenomena of wave propagation, reflection and disper-
sion from the edges of the finite boundary.

The method of modified conservation equations without the
constraint of zero normal velocity encounters local instability
modes after nearly 0.3 s, whereas its combination by the direct
imposition of slip boundary makes it stable (Fig. 11(a)). Both
methods of zero normal relative velocity and the elastic impact
assumption remain stable (Fig. 11(b) and (c)). Also, Fig. 12(c) illus-
trates that using the method of elastic impact practically generates
zero relative normal velocity, which is a result of interaction of
incident and reflected particles at the boundary position.

Furthermore, these analyses have shown that in addition to
propagation and reflection phenomena, the method can also pre-
dict wave dispersions around the wall edges. This is the reason
for appearance of variant signs of y component of velocity vec-
tor around the wall corners in Fig. 12, which is an indication of
occurrence of vortices beyond the solid boundary.

To sum up the discussion, it is worth noting that the first method
based on the velocity divergence modification is more efficient than
the others, but numerical simulations have illustrated that other
approaches may also be used with an acceptable level of accuracy.

8. Conclusions

A method of applying the fluid–solid interface boundary con-
dition for implementation in an enhanced CSPM particle method
has been proposed based on a modification to conservation of mass
and energy equations at the boundary. The slip boundary assump-
tion in inviscid fluids has been considered. The method has been
implemented for one- and two-dimensional problems. It has been
concluded that in addition to modification of basic equations for
satisfying the conservation of mass and energy, it is also necessary
to directly impose the slip boundary condition, i.e. zero relative nor-
mal velocity of incident particles and the solid surface. Also, two
new simplified methods for applying the solid boundary condition
have been proposed. The first approach is to set zero normal rela-
tive velocity of incident particles and solid boundary after impact,
without any modification in basic governing equations. Although
it may slightly violate the conservation of mass and energy but
the results remain in acceptable level of accuracy. The second sim-
plified method is the assumption of elastic impact for particles.
This assumption can preserve the conservation principles but does
not conform to the slip boundary hypothesis. Finally, the veloc-
ity field smoothing stabilization method can be efficiently used for
prevention of instability in particle methods applied to fluid flow
problems, in the same way it has been successfully applied to large
deformation solid mechanics problems.
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