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Abstract

An extended finite element method has been proposed for modeling crack in orthotropic media. To achieve this aim a discontinuous

function and two-dimensional asymptotic crack-tip displacement fields are used in a classical finite element approximation enriched with

the framework of partition of unity. It allows modeling crack by standard finite element method without explicitly defining and re-

meshing of surfaces of the crack. In this study, fracture properties of the models are defined by the mixed-mode stress intensity factors

(SIFs), which are obtained by means of the domain form of the interaction integral (M-integral). Numerical simulations are performed to

verify the approach, and the accuracy of the results is discussed by comparison with other numerical or (semi-) analytical methods.

r 2006 Published by Elsevier Ltd.
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1. Introduction

According to the wide application of orthotropic
materials, such as composites, in various structural systems
like those in aerospace and automobile industries, power
plants, etc., analyzing and modeling such materials have
been among the most interesting topics of research in
recent decades. The main advantages of using these
materials can be attributed to their high stiffness and low
ratio of weight to strength in comparison to other
materials.

In the analytical field, Sih et al. [1], Bogy [2] Bowie and
Freese [3], Barnett and Asaro [4] and Kuo and Bogy [5]
have worked on finding the stress and displacement fields
around a linear crack in an anisotropic medium. More
advanced contributions can be found in Carloni et al. [6,7]
and Nobile and Carloni [8].

There are many numerical methods available for
analyzing orthotropic composites such as finite element
method (FEM), finite difference method (FDM), and
e front matter r 2006 Published by Elsevier Ltd.
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meshless methods. FEM has been one of the most powerful
tools for numerical simulations in the past half a century.
Finite element approximation can be significantly im-
proved in modeling discontinuity when enriched using the
framework of partition of unity [10,11]. In this method a
discontinuous function and the near-tip asymptotic dis-
placement fields are added to the finite element approx-
imation by means of partition of unity. Belytschko and
Black [12], Moës et al. [13], Dolbow et al. [14–17], Dolbow
and Nadeau [18], Daux et al. [19], reported 2-D isotropic
modelings, while Sukumar et al. [20] conducted 3-D
modeling.
In this paper, the method is extended to orthotropic

media. Near-tip asymptotic displacement field is based on
the work by Carloni et al. [8]. Stress-intensity factors are
evaluated via a form domain of interaction integral
proposed by Kim and Paulino [21] for homogeneous
orthotropic materials.

2. Mechanics of orthotropic materials

In an extended FEM, near-tip displacement fields are
required for modeling the crack. Here, the analytical
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Fig. 2. Local co-ordinates at both crack-tips.

A. Asadpoure et al. / Thin-Walled Structures 44 (2006) 1031–10381032
displacement fields derived by Carloni et al. [6,7] and
Nobile and Carloni [8] are used.

Consider there is a crack in an orthotropic medium and
the orthotropic body is subjected at infinity to a uniform
biaxial load (T and kT), applied along X- and Y-directions.
(Fig. 1)

The displacement field can be written as [7]
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where l1, l2, a and b are coefficients material properties [7]
and Cij (i; j ¼ 1; 2; 6) are constitutive coefficients,

p1 ¼ A� A2 �
C22

C11

� 	1=2
 !1=2

,

p2 ¼ Aþ A2 �
C22

C11

� 	1=2
 !1=2

, ð3Þ
Fig. 1. Crack geometry and implied tensile stresses: (a) an inclined crack

subjected to biaxial loading [8]; (b) local stress components at infinity for

the inclined crack [7].
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where r and y are the polar co-ordinates and x and y are
the Cartesian co-ordinates in the local co-ordinate system
at each crack-tip (see Fig. 2).
It should be noted that Eqs. (1) and (2) are only related

to the cases where A in Eq. (4) and A2
�C22/C11 in Eq. (3)

are positive, therefore, p1 and p2 become real positive
numbers, as discussed by Carloni and Nobile [6], Carloni et
al. [7] and Nobile and Carloni [8]; applicable for most
composites [9].

3. Extended FEM

X-FEM was originally proposed by Belytschko and
Black [12] and Dolbow [14] and later modified and applied
to various crack analysis problems by Daux et al. [19] and
Sukumar et al. [20]. A numerical X-FEM model is
constructed by dividing the model into two parts; first
generating a mesh for the domain geometry (neglecting the
existence of any crack or other discontinuities) and the
second part is enriching finite element approximation by
appropriate functions for modeling any imperfections. In
the following sections the basics of X-FEM formulation is
utilized.

3.1. Basic formulation

Consider x is a point of R2 (for 2-D space) or R3 (for 3-D
space) in the finite element model and N is a set of nodes
defined as N ¼ fn1; n2; . . . ; nmg, m is the number of nodes in
an element. The enriched approximation of displacement
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Fig. 4. (a) Unit tangential and normal vectors for Heaviside function; (b)

Node selection for enrichment; the nodes marked by triangles are enriched

by crack-tip functions and the circled ones are enriched by the Heaviside

function.

A. Asadpoure et al. / Thin-Walled Structures 44 (2006) 1031–1038 1033
can be defined by

uhðxÞ ¼
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, (7)

where uI is the classical nodal degrees of freedom in FEM,
aJ the added set of degrees of displacement freedom to the
standard finite element model, fI the shape function
associated to node I, cðxÞ the enrichment function and Ng:

Ng ¼ fnJ : nJ 2 N;oJ \ Ogafg. (8)

In Eq. (8), oJ is the influence domain of fJ for node nJ

(Fig. 3) and Og is the domain associated with a geometric
entity such as crack surface, front, hole or any other
discontinuities. According to the type of discontinouity,
cðxÞ can be chosen by applying its associated analytical
solutions.

3.2. Displacement field around a crack

For modeling an arbitrary crack, Eq. (7) can be re-
written as [14]
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where bJ and cl
k are vectors of additional nodal degrees of

freedom, F1
l ðxÞ and F 2

l ðxÞare near-tip enrichment functions
derived from the 2-D asymptotic dispalcement field near
crack-tip and K1 and K2 are the set of nodes in which the
crack-tip is in its support domain for tips 1 and 2,
respectively. HðxÞ is the generalized Heaviside function
which takes the value +1 if x is above the crack and �1,
otherwise. If x* is the nearest point on the crack to x and en
Fig. 3. Influence (support) domain for node J in an arbitrary finite

element mesh.
is the unit vector normal to the crack alignment in which
es � en ¼ ez (es is the unit tangential vector), then: (Fig. 4a)

HðxÞ ¼
þ1 ifðx� x�Þ:en40;

�1 otherwise:

�
(10)

Nodes that belong to K1 or K2 are enriched with the
crack-tip enrichment function (Fl(x)) and those which
contain the crack within their support domain and do not
belong to K1 or K2 are enriched with the Heaviside function
(H(x)) (Fig. 4b).
To derive near-tip functions it is noted that these

functions must span the displacement fields in Eqs. (1)
and (2); therefore, one can write:
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The third and fourth terms in Eq. (11) are discontinuous
across the crack faces, while the remaining ones are
continuous. Eq. (11) cannot be used in isotropic media
directly because as the medium converges to an isotropic
state, Eqs. (1) and (2) become indefinite. Therefore, in
order to apply this method to an isotropic case, Eqs. (1)
and (2) can be mathematically determined as they
approach to indefinite ð0=0Þ mathematical expressions.
The results are the same as those reported by Dolbow [14]:
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4. SIFs calculations

The domain integral method proposed by Kim and
Paulino [21] is adopted for evaluating the mixed mode
stress intensity factors in homogenous orthotropic media.
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The standard path independent J-integral for a cracked
body is defined as [22]:

J ¼

Z
G

Wd1j � sij

quj

qx1

� 	
njqG, (13)

where W is the strain energy density, defined by W ¼

ð1=2Þsij�ij for linear-elastic material, nj is the jth component
of the outward unit normal to G; a contour surrounding
the crack-tip. Now suppose there are two equilibrium
states; state 1 corresponds to actual state and state 2
corresponds to an auxiliary state for the given problem
geometry. The auxiliary stress and displacement fields
are defined by asymptotic fields near crack-tip as given
by [1]:
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where pk and qk can then be defined by

pk ¼ a11m2k þ a12 � a16mk,

qk ¼ a12mk þ
a22

mk

� a26, ð16Þ

where aij are the compliance coefficients, m1 and m2 are
crack-tip material parameters evaluated by [23]:

a11m4 � 2a16m3 þ ð2a12 þ a66Þm2 � 2a26mþ a22 ¼ 0, (17)

the roots mk are always complex or purely imaginary in
conjugate pairs m1, m1; m2, m2. For numerical purposes, only
those roots that have either positive imaginary coefficient
or negative one are selected.
By combining the actual and auxiliary solutions for

obtaining the J-integral one can write:

JS ¼ J þ Jaux þM, (18)

where JS is the J-integral value for the superposition state,
J and Jaux are the J-integral value for actual and auxiliary
states, respectively, and

M ¼
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�W ð1;2Þd1j
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qq
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where W ð1;2Þ ¼ 1
2
ðsij�auxij þ sauxij �ijÞ for linear-elastic condi-

tions, A is the area inside the G and q is a weight function
defined as a sufficiently smooth function varying from q ¼

1 on the crack-tip to zero on the boundary of the domain.
Dolbow [13] has proposed a simple numerical approach for
defining q. An alternative simple approach which is simple
the same as [13] is presented. In the present study, G is a
rectangular area whose center is located on the crack-tip.
For the nodes which are located out of or on the boundary,
the q function is set to zero, while q ¼ 1 for the other nodes
within the domain (Fig. 5). Therefore, the elements far
from the boundary can be unaffected. Our numerical
investigations have shown that despite the fact that the
stress gradient in elements containing a crack-tip is usually
very high, it is more appropriate to avoid placing the
contour only on the elements including crack-tip.
The strain of auxiliary field can be chosen by

either strain-stress relationship, �auxij ¼ Sijklsauxkl or as the



ARTICLE IN PRESS

Fig. 6. Geometry and loads of a single edge crack in a rectangular plate

with several orientations of the axes of orthotropy.

Fig. 5. Nodal values for evaluating q-function.
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symmetric part of the displacement gradient, �auxij ¼

ðuaux
i;j þ uaux

j;i Þ=2; these are compatible with each other as
long as the material is homogeneous and Sijkl has one value
in the domain. After some manipulations involving the
following equation:

M ¼ 2c11KI Kaux
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II þ Kaux
I KII Þ
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II , ð20Þ
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the SIFs for the problem can be obtained by considering
the two states and solving a system of linear algebraic
equations:

M ð1Þ ¼ 2c11KI þ c12 ðK
aux
I ¼ 1:0; Kaux

II ¼ 0:0;

� State 1Þ,

M ð2Þ ¼ c12KI þ 2c22KII ðK
aux
I ¼ 0:0; Kaux

II ¼ 1:0;

� State 2Þ. ð22Þ

In order to solve the system of equations, M must be
calculated from Eq. (19) and then compared with Eq. (22).

5. Numerical examples

5.1. Edge crack with several orientation of the axes of

orthotropy

In this example, the method proposed in this study is
applied to an edge horizontal crack in a rectangular plate
with h=w ¼ 2 and a=w ¼ 0:5 as depicted in Fig. 6. The plate
is considered in the plane stress state and consists of a
graphic-epoxy material with orthotropic properties as
E1 ¼ 114.8GPa, E2 ¼ 117GPa, G12 ¼ 9.66GPa and
n12 ¼ 0:21.
In the FEM discretization, there are 1925 nodes, 1836 4-
noded quadrilateral elements and a 2� 2 Gauss quadrature
is adopted (Fig. 7). A 5� 5 Gauss quadrature is utilized for
integration in elements containing node(s) enriched with
Heaviside functions because the shape function for these
elements are not as simple as classical FEM shape
functions and this choice of Gaussian points bounds the
numerical error.
The mixed mode stress intensity factors are calculated as

described in the Section 4 in the case that b1 � b2 ¼

0:1w� 0:1w.
In this example the effect of the angle of orthotropy on

the normalized stress intensity factors in the mixed mode
case was studied and the results are compared with those
reported by Aliabadi and Sollero [24]. Fig. 8 illustrates the
values of SIFs for various angle of a obtained with the
proposed analysis method and FEM analysis carried
out by Aliabadi and Sollero [24]. It can be concluded that
in mode I, the maximum difference happens when
a ¼ 01and for mode II, this occurres when a ¼ 451. Only
the value of KI in a ¼ 301 is greater than the results
reported by Aliabai and Sollero [24] and for other
normalized stress intensity factors the proposed method
generates lower values compared to Aliabadi and Sollero’s
[24] results. The numerical results from the proposed
method show that in both modes the values of normalized
stress intensity factor are increased from a ¼ 01 to
a ¼ 301–451 and then they are decreased from a ¼ 301–
451 to a ¼ 301–901.
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Fig. 7. FEM discretization for a single edge crack in a rectangular plate with several orientations of the axes of orthotropy: (a) whole view of FEM

discretization model; (b) enlarged view of discretization in the middle of the model; (c) the details of discretization around the crack-tip.

Fig. 8. Normalized SIFs results for both modes of a single edge crack in a

rectangular plate with several orientations of the axes of orthotropy with

angles of a ¼ 01, 301, 451, 601 and ðKI ¼ KI=s
ffiffiffiffiffiffi
pa
p

and KII ¼ KII=s
ffiffiffiffiffiffi
pa
p
Þ.
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5.2. Single edge notched tensile specimen with crack

inclination

The material properties and geometry of a single edge
notched tensile specimen are shown in Fig. 6. In this study,
mixed mode stress intensity factors have to be evaluated
because the crack has an inclination with respect to the line
of symmetry. The finite element mesh of the model is the
same as that utilized in example 5.1 as shown in Fig. 7
showing the ability of analyzing the X-FEM for simulation
of different crack patterns with the same finite element
mesh. The analysis is performed in plane strain condition
(Fig. 9).
In this example a 2� 2 Gauss quadrature rule is applied

to evaluate the stiffness matrix of classical finite element.
Elements which have enriched nodes are then partitioned
into 10 sections in both directions and in each section a
2� 2 Gauss quadrature is utilized. There was no need to
partition the elements in the previous example because the
crack surfaces were coincident to element edges. However,
in the present problem, the crack surfaces are located
within the elements and in order to accurately assemble
the contribution of both sides of the crack and for
bounding the errors in integrating Heaviside function in
such elements the partitioning is required. It is worth
noting that the partitioning is not considered as additional
degrees of freedom in the model and as emphasized
by Dolbows [14], it is only employed for integration
objectives.
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The influence of crack inclination on the normalized
stress intensity factors is studied. The results in comparison
with Jernkvist [25] are provided in Table 1. The calculated
SIFs are based on the converged values corresponding to
the case of ten elements far from the crack-tip position i.e.
Table 1

The effect of crack angle on the normalized stress intensity factors

j (1) Proposed method Jernkvist [25]

KI

s
ffiffiffiffiffiffi
pa
p ð% differenceÞ

KII

s
ffiffiffiffiffiffi
pa
p ð% differenceÞ

KI

s
ffiffiffiffiffiffi
pa
p

KII

s
ffiffiffiffiffiffi
pa
p

0 2.971 (1.9) 0.0 (0.0) 3.028 0.0

15 2.996 (1.2) 0.360 (0.3) 3.033 0.359

30 3.026 (0.2) 0.691 (0.9) 3.020 0.685

45 2.863 (2.0) 0.895 (3.6) 2.806 0.864

Fig. 10. The effect of number of sections (ns) in each elemen

Fig. 9. Specimen geometry used for mixed mode analysis.
b1 � b2 ¼ 0:5� 0:5. The stress intensity factors reported by
Jernkvist [25] were correlated to the load through the usual
procedure of identifying displacements of nodal points on
the crack surfaces close to the crack-tip by six crack
inclinations j in the range of 01–451 and the following
approximate expressions presented in Jernkvist [25]:

f I ðjÞ ¼
KI

s
ffiffiffiffiffiffi
pa
p ¼ 3:028� 3:22� 10�3jþ 3:73

� 10�4j2 � 9:14� 10�6j3, ð23Þ

f II ðjÞ ¼
KII

s
ffiffiffiffiffiffi
pa
p ¼ sinð2jÞð0:644þ 4:89� 10�3jÞ, (24)

where j is in unit of degree.
According to Table 1, while the stress intensity factors

are only different within 0.2% and 2.0% for mode I, they
are different within 0% to 3.6% for mode II. The
maximum differences between results of the proposed
method and Jernkvist [25] for both modes happened for the
maximum inclination (451). The values of KII are increased
from j ¼ 01 to j ¼ 451, the values of KI are decreased
immediately after an initial stage of increase.
The effect of number of sections (ns) in each element for

crack inclination with value of 301, when the partitioning is
applied, is illustrated in Fig. 10. It shows that the
converged values for normalized stress intensity factors
for each mode can be obtained when ns ¼ 6 for that crack
inclination.
If instead of partitioning, higher-order Gauss quadrature

rules in appropriate elements are employed, the conver-
gence may not reach for some cases. In Fig. 11 the rate of
convergence of the SIFs using several-order Gauss quad-
rature rules without any partitioning is shown and it can be
seen that even by applying a 10� 10 Gauss quadrature a
converged value for normalized stress intensity factor in
mode II can not be achieved.
t for crack inclination when the partitioning is applied.
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Fig. 11. The influence of higher-order Gauss quadrature rules on normalized KI and KII .
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6. Conclusions

In this paper an extended finite element method is
proposed for analyzing cracked orthotropic materials. In
this study, analytical displacement field around a crack-tip
in orthotropic media is used to extract near-tip enrichment
functions. In the present approach, a set of partition of
unity-based enriching functions are added to finite element
approximation so the crack geometry can be taken into
account without any special meshing. The robustness of
suggested method was tested with evaluating stress intensity
factors and comparing them by other available methods.
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[19] Daux C, Moës N, Dolbow J, Sukumar N, Belytschko T. Arbitrary

cracks and holes with the extended finite element method. Int J

Numer Methods Eng 2000;48(12):1741–60.
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