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The local buckling behavior of perfect/defective and single/multi-walled carbon nanotubes (CNTs) under
axial compressive forces has been investigated by the molecular dynamics approach. Effects of different
types of defects including vacancy and Stone–Wales (SW) defects and their configurations on CNTs with
different chiralities at room temperature are studied. Results show that defects largely reduce the buck-
ling stress and the ratio of immediate reduction in buckling compressive stress of the defective CNT to the
perfect one, but have little influence on their compressive elastic modulus. SW defects usually reduce the
mechanical properties more than vacancy defects, and zigzag CNTs are more susceptible to defects than
armchairs. In addition, increasing the number of defects leads to higher deterioration in mechanical prop-
erties of CNTs. The results of simulations show that in the case of slender single-walled CNTs, the behav-
ior is primarily governed by the Euler buckling law. On the other hand, in the local shell buckling mode,
two distinct behaviors are observed, including the primary local shell buckling mode for intermediate
CNTs, and the secondary local shell buckling mode for short CNTs. In the local buckling response, CNTs
with smaller diameters sustain higher buckling stresses than CNTs with larger diameters.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Since their discovery in 1991 [1], carbon nanotubes (CNTs) have
made a tremendous revolution in various industries due to their
superior material properties, including high strength and low den-
sity. As a result, they are now being considered as an excellent
alternative for conventional reinforcing fibers in structural com-
posites and as a compressive component in nano-electro mechan-
ical systems (NEMS).

Due to manufacturing restrictions, the possibility of production
of perfect CNTs is much lower than the defective ones [2]. On the
other hand, comparisons between the results of experimental
and numerical simulation of CNTs confirm the fact that the theo-
retical and numerical predictions of mechanical properties of CNTs,
such as the ultimate strength, are much higher than the experi-
mental results. For example, the theoretical approaches [3,4] have
reported that the CNT fracture strength is close to 100 GPa while
the experimental results [5,6] indicate the fracture strength in
the range of 11–63 GPa. The same pattern is observed for other
mechanical properties such as the elastic modulus and the failure
strain.
The discrepancy between the theory and experiment for the
mechanical properties can be attributed to the fact that the exis-
tence of defects on the structure of CNTs is inevitable and they
are susceptible to defects. In practice, it is almost impossible to find
a CNT without any structural defects and imperfections, which are
the likely causes of their low ultimate strength. Microscopic obser-
vations confirm that defects may be created at the stage of CNT
growth and oxidation [7,8], purification processes (irradiation or
oxidation) [9,10], chemical functionalization, or under mechanical
strains.

Despite some drawbacks, defects have also shown advantages
in some situations. For example, rehybridization defects increase
the interfacial bonding strength between nanotubes and their sur-
rounding matrix polymer [11] and facilitate the load transfer be-
tween different layers in multi-walled carbon nanotubes
(MWCNTs) [12]. In addition, defects can be used as a hydrogen
storage site in CNTs [13]. Furthermore, defects can also be useful
in transition of nanotubes from one diameter to another, and on
Y junction in molecular electronic [14]. Having realized potential
advantages and drawbacks of defects, it is quite essential to con-
sider their influence on the mechanical behavior of defective CNTs
and CNT-reinforced composites.

On the other hand, CNTs may become mechanically unstable
and buckle under compressive axial loads due to their high aspect
ratio (length/diameter). Buckling can lead to failure in the form of a
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sudden decline in the compressive load carrying capacity and
undesirable distorted configuration of the structure. Therefore,
the possibility of buckling should be considered seriously in de-
vices which use CNT as a compressive component, such as compos-
ites, Atomic Force Microscopy (AFM) tip and hydrogen storages.
Due to the fact that CNTs are highly prone to structural defects,
investigation on mechanical stability and buckling of defective
CNTs is inevitable.

In recent years, a few studies have been directed towards the
buckling analysis of defective CNTs. For instance, the compressive
behavior of single-walled carbon nanotubes (SWCNTs) in the pres-
ence of chemical functionalization and Stone–Wales (SW) defects
was explored by Chandra and Namilae using Molecular dynamics
(MD) simulations [15]. They found that functionalization and topo-
logical defects had a negative impact on buckling stresses of CNTs.
The molecular mechanics (MM) approach was employed by Huq
et al. [16] in order to explore the interaction of two neighboring
SW defects and their influence on mechanical properties of
SWCNTs under the axial compression. Their results indicated that
at a certain distance, the interaction between two SW defects
would vanish. In addition, it was revealed that zigzag SWCNTs with
SW defects possessed higher buckling capacity than armchair
counterparts. In addition, Hao et al. [2] found that vacancy defects
heavily weakened the compressive load carrying capacity of CNTs
and distinguished the density of the defects and their relative posi-
tion as the main two factors which substantially influenced the
buckling behavior of CNTs.

Investigation of the thermal buckling behavior of defective
CNTs has shown that defects reduce the buckling capacities of
defective SWCNTs and the degree of reduction depends on the type
of defects, chirality and temperature. Simulations have revealed
that point defects cause higher reduction in the buckling load than
the SW defect [17]. Kulathunga et al. [18] studied the effects of var-
ious configurations of vacancy defects on buckling of SWCNTs in
different thermal environments by MD simulation, and illustrated
that increasing the number of vacancy defects significantly re-
duced the buckling stress of SWCNT. Ranjbartoreh and Wang
[19] indicated that the axial stability of SWCNT decreased signifi-
cantly due to topological defects and the critical buckling strain
was more susceptible to defects than the critical buckling force.
The slenderness ratio of defective CNTs on the buckling behavior
was studied by Parvaneh et al. [20], who showed that single va-
cancy defects only had a weak influence on the critical buckling
load of slender (length/diameter >12) CNTs at room temperature.
In general, their results indicated that the effect of vacancy defects
on buckling behavior were decreased by the increase of
temperature.

After a comprehensive literature review, only a few number of
investigations have been found on the buckling and postbuckling
analysis of defective SWCNTs and MWCNTs with different chirali-
ties and none of them have examined the effect of defects on the
reduction of compressive stress after the buckling. Furthermore,
the effect of different types of defects and their interaction on
the local buckling analysis of SWCNTs and MWCNTs need to be
comprehensively studied.

The main focus of this study is to investigate the effects of dif-
ferent types of defects on the local buckling and postbuckling
behavior of SWCNTs and MWCNTs through a series of MD simula-
tions. Different parameters such as the number of defects and their
relative distance are considered. The stress–strain curves of defec-
tive and perfect CNTs under the uniaxial compression are deter-
mined, and the buckling stress, the compressive elastic modulus
and the immediate reduction in buckling compressive stress of
SWCNTs and MWCNTs are examined. In addition, the local buck-
ling mode of SWCNTs with different tube diameters is compared
with the Euler buckling theory.
2. Computational model

The structure of SWCNT is defined by a chiral vector (n,m). In
the case of n = m, the CNT is called armchair and m = 0 makes a zig-
zag CNT. Two or more coaxial SWCNTs with an interlayer spacing
of 0.34 nm form an MWCNT. Only double-wall CNTs are studied in
this paper. The study is performed on two types of SWCNTs and
MWCNTs. SWCNTs consist of a (10,10) armchair and a (17,0) zigzag
containing 1660 and 1632 carbon atoms with diameters of 13.56
and 13.31 Å, respectively. The diameters are selected close to each
other, but it is not possible to create any zigzag and armchair CNTs
with exactly the same diameter. In addition, a (10,10)/(15,15) arm-
chair (with 4100 carbon atoms and diameter of 20.34 Å) and a
(17,0)/(26,0) zigzag (with 4128 carbon atoms and diameter of
20.35 Å) MWCNTs are also investigated. The lengths of all nano-
tubes are 100 Å.

Two forms of mechanical defects exist in nanotube structures,
namely vacancy (Fig. 1a) and SW defects [21] (Fig. 1b) which is also
known as 5–7–7–5 defect or twinned pentagon–heptagon pairs.
The former defect can be formed by removing three convergent
covalent bonds and an associated carbon atom from the nanotube
structure (Fig. 1a), whereas the latter is a result of rotating a car-
bon–carbon bond by 90� with respect to its center to a new config-
uration, as shown in Fig. 1b. It is believed that the effects of defects
remain relatively local and limited to the atoms at the vicinity of
the defects.

The Tersoff interatomic potential function [22] is employed in
order to describe the repulsive/attractive pair interaction among
the carbon atoms. Further detail can be found in [22]. When CNTs
are subjected to a tensile load, the original Tersoff potential pre-
dicts a sharp increase in the tensile fracture stress just prior to
the rupture. This tensile fracture stress is several times larger
than those predicted by the quantum mechanics (QM) [23]. In or-
der to avoid such a nonphysical failure mechanism in the tensile
models, the smooth cut-off function is replaced by a rigid cut-off
distance and the cut-off radius is extended from 1.7 to 2 Å. Such a
modified cut-off distance prevents artificial stiffening and non-
physical fracture behavior of CNTs (Fig. 2). This modified version
of potential is not capable of handling bond formation
mechanisms.

Modification of the original Tersoff potential is not necessary in
compressive analysis due to the fact that most of carbon bonds are
only subjected to compressive forces and even if some of covalent
bonds fell into the tensile region, their elongation would not go be-
yond Rij, so modifying the cut-off function does not significantly af-
fect the overall compressive behavior (Fig. 3).

The long-range non-bonded interaction between carbon atoms
in different layers of MWCNTs is described by the Lenard–Jones
(LJ) 6–12 potential. For carbon atoms, these parameters are eC–

C = 0.00239 eV and rC–C = 0.34 nm [24]. The effect of the van der
Waals force can be neglected for distances larger than
2.5r = 0.85 nm. The LAMMPS (Large-scale atomic/molecular mas-
sively parallel simulator) open source code [25], is employed to
carry out the MD simulation of the buckling behavior of CNTs.
The VMD (Visual Molecular Dynamics) open source code software
is used for the visualization purposes [26].

MD simulations are performed to investigate the buckling
behavior of CNTs. At the first stage of simulation, the structure of
CNT is relaxed to the room temperature (300 K) by adopting the
so-called constant Number of atoms, Volume and Temperature
ensemble (NVT ensemble) in 20,000 steps. A random velocity is ap-
plied to all atoms in order to reach the specified temperature.
Afterwards, the energy minimization procedure is carried out by
the conjugate gradient (CG) algorithm in order to remove the exist-
ing residual stresses of CNT before beginning the simulation of
compression phase.



Fig. 1. Two types of topological defects in CNTs: (a) vacancy defect and (b) SW defect.

Fig. 2. Stress–strain curve of SWCNT under the tensile loading.

Fig. 3. Compressive stress–strain curve for the perfect (10,10) armchair nanotube
with original and modified Tersoff cut-off functions.

Fig. 4. Force-strain curve for (10,0) zigzag in compression.
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After the system reaches the equilibrium state, buckling simula-
tions can be performed. The axial compression is applied by mov-
ing downwards the atoms at the top with the constant velocity of
0.01 Å/fs, while the atoms at the bottom are fixed. The time inte-
gration step is set to 1 fs. A total of 1,000,000 time steps are used
to simulate the whole buckling response of CNTs.
3. Results and discussions

In order to verify the buckling analysis, a perfect (10,0) zigzag
SWCNT, previously modeled by Poelma et al. [27] based on the
Dreiding forcefield [28], is considered. The length and diameter
of SWCNT are 52.62 and 7.83 Å, respectively, and the model is fixed
at the two ends. The simulation is performed at the room temper-
ature (300 K). According to Fig. 4, a good agreement is clearly ob-
served with the reference results.

The results of simulations are organized into two main parts.
The first part discusses the buckling behavior of defective SWCNTs,
and the second part is mainly focused on the influence of defects
on the buckling behavior of MWCNTs.

3.1. Effect of angle between defects on buckling of SWCNT

The axial strain of CNT is computed as e = |DL/L0|, where L0 is the
initial length and DL is the compressive deformation of CNT. The
axial stress of SWCNT is obtained by rSWCNT ¼ F=ASWCNT , where
ASWCNT ¼ pDt, F is the axial force, D is the tube diameter, and t is
the wall thickness. Several authors have recently used the inter-
layer spacing in graphite (0.34 nm) as the thickness of CNT
[2,15,27,29–36], so this value is chosen for the thickness of CNT.
An important point, however, is that the thickness of CNT does
not affect the performed MD simulations and the obtained MD
solutions. Nevertheless, it may affect the post processing proce-
dures such as evaluation of the system pressure and subsequently
the compressive stress. Most of the results in this paper are the rel-
ative values. As a result, the change in the thickness of CNT does
not affect them. For example the ratio, defined in (1), does not de-
pend on the cross section and the thickness of the CNT.

rDefective

rPerfect
¼ FDefective=A

FPerfect=A
¼ FDefective

FPerfect
ð1Þ

The buckling stress–strain curve for the perfect SWCNT under
axial compression is depicted in Fig. 5. The maximum compressive
stress for the perfect SWCNT increases almost linearly as the tube
is further strained in compression step by step before it buckles
abruptly. It should be noted that the Young’s modulus (E) is de-
fined as the initial tangent modulus at zero strain.

Based on the result of Hao et al. [2], there are at least two main
influencing effects of the defect on the mechanical properties of
CNTs; the total number of defects and their relative position
(Fig. 6). Both vacancies and SW defects, which are located in the



Fig. 5. Typical stress–strain curve for SWCNT in compression.

Table 1
Variation of rDefective=rPerfect for (10,10) armchair and (17,0) zigzag SWCNTs with
vacancy and SW defects.

Armchair(10) Zigzag(17)

Angle (�) Vacancy SW Angle (�) Vacancy SW

36 0.79 0.69 21 0.62 –
72 0.80 0.74 42 0.79 0.55

108 0.87 0.68 64 0.76 0.56
144 0.86 0.78 85 0.77 0.46
180 0.89 0.75 106 0.82 0.47

127 0.87 0.58
148 0.81 0.61
169 0.86 0.60
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mid-length of SWCNT, are studied. These defects are located in dif-
ferent angles with respect to each other and the effect of this angle
on different mechanical properties such as the buckling stress and
the compressive elastic modulus are examined. Then, multiple
numbers of defects (both vacancy and SW) are located on circum-
ferences of SWCNT with equal relative angles to investigate their
influence on the same mechanical properties.

The buckling stress for the perfect (10,10) armchair and (17,10)
zigzag SWCNTs are 43.55 and 45.4 GPa, respectively. Table 1 repre-
sents the ratio of buckling stress of defective SWCNT to the perfect
one ðrDefective=rPerfectÞ with respect to the angle between two de-
fects. It is worth-mentioning that the effect of vacancy defect on
buckling stress of zigzag SWCNT is more than the armchair one.
A number of important conclusions can be made by comparing
the influence of SW and vacancy defects on armchair and zigzag
SWCNTs, as depicted in Table 1. Firstly, SW defects always de-
crease the buckling stress more than vacancies in both types of
SWCNTs. Secondly, SW defects show more influence on zigzag
SWCNTs than the armchairs, and reduce the buckling stress more
significantly (54% reduction).

An important point about the SW formation in zigzag nano-
tubes is that when two SW defects are formed in two adjacent
bonds, the distance between the two carbon atoms, which are lo-
cated on rotated bonds, is reduced from 1.42 to 1.05 Å. This reduc-
tion causes a significant increase in the interaction force between
the two atoms and so the governing MD equations may diverge.
As a result, formation of two SW defects in adjacent bonds seems
practically impossible (Fig. 7).

The results of present simulations indicate that the elastic mod-
ules for perfect (10,10) armchair and (17,0) zigzag SWCNT are
1280.8 and 1283.6 GPa, respectively. Variation of elastic modulus
ratio of defective SWCNT to the perfect one ðEDefective=EPerfectÞ with
respect to the angle between the two defects are reported in
Fig. 6. Angle between two defects (either vacan
Table 2. The results lead to the point that the existence of SW de-
fects in both types of SWCNTs always decreases the elastic modu-
lus more than the vacancy defects. However, this reduction for
zigzag SWCNT with the SW defect is much more than the armchair
one, where a maximum 16% reduction is observed in
EDefective=EPerfect . Such a significant amount of degradation does not
occur in other models.

Most of simulations have resulted in a similar trend and the
overall behavior of buckling stress–strain curve comprises of a rise
in the stress–strain curve with a constant rate and then, at the
buckling point, the stress suddenly falls down, accompanied with
occurrence of a significant geometrical deformation in the middle
section. Afterwards, the nanotube partially recovers its geometric
stiffness and the process of increasing stress continues with a
much lower pace.

Denoting R as the immediate reduction in the buckling com-
pressive stress (as depicted in Fig. 5), the ratio of R of the defective
to the perfect nanotube can be defined as:

RDP ¼ RDefective=RPerfect ð2Þ

Table 3 shows the variation of RDP with respect to the angle be-
tween defects. Accordingly, in all cases, a perfect SWCNT shows
more immediate reduction in the buckling compressive stress than
the same defective SWCNT for both SW and vacancy defects. This is
due to the fact that the perfect tube in the buckling instant bears
more compressive stress than the defective one. Consequently,
such compressive forces make bigger distortive out of plane defor-
mation in the perfect tube, which leads to the phenomenon that
the nanotube structure shows more instability, with occurrence
of higher stress reduction. According to Table 3, RDP for the arm-
chair SWCNT with SW defects is higher than the zigzag one. In
addition, SWCNTs with vacancy defects show higher RDP than
nanotubes with SW. This can be attributed to the fact that the
cy or SW) in a) SWCNTs and b) MWCNTs.



Fig. 7. Formation of two SW defects in two adjacent bonds.

Table 2
Variation of EDefective=EPerfect for (10,10) armchair and (17,0) zigzag with vacancy and
SW defects.

Armchair(10) Zigzag(17)

Angle (�) Vacancy SW Angle (�) Vacancy SW

EDefective=EPerfect EDefective=EPerfect

36 0.976 0.954 21 0.950 –
72 0.978 0.951 42 0.968 0.932

108 0.980 0.953 64 0.969 0.882
144 0.982 0.959 85 0.975 0.839
180 0.979 0.958 106 0.978 0.941

127 0.979 0.931
148 0.976 0.927
169 0.980 0.923

Table 3
Variation of RDP for (10,10) armchair and (17,0) zigzag with vacancy and SW defects.

Armchair(10) Zigzag(17)

Angle (�) Vacancy SW Angle (�) Vacancy SW

EDefective=EPerfect EDefective=EPerfect

36 0.46 0.29 21 0.35
72 0.67 0.52 42 0.57 0.20

108 0.72 0.26 64 0.41 0.32
144 0.75 0.60 85 0.57 0.14
180 0.81 0.61 106 0.73 0.13

127 0.75 0.31
148 0.57 0.37
169 0.74 0.38
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bonds between the carbon atoms in SWCNT with SW defects al-
ready exist and they can help the overall structure of nanotube
to maintain its stability to some extent after the buckling point,
while in a vacancy defect, the three covalent bonds connected to
a missing carbon atom are completely removed.

3.2. Effect of number of defects in SWCNTs

The next step is to investigate the effect of number of defects on
buckling and post-buckling stress of SWCNTs. In this regard, a
number of 2–10 defects (both vacancy and SW) with equal angles,
Fig. 8. Equal distribution of defects (e
are located on circumferences of (10,10) armchair and (17,0) zigzag
SWCNTs, as depicted in Fig. 8.

Fig. 9 indicates that when the number of vacancy defects in the
middle section of the armchair SWCNT increases, its buckling
stress reduces. A more severe degradation in the buckling stress
up to 48% is observed in the armchair with vacancy defect. The
existence of SW defects in the zigzag SWCNT causes more reduc-
tion in the buckling stress than the armchair one up to 57%.
Fig. 9 also illustrates that in contrast to the effect of vacancy defect,
increasing the number of SW defects in both types of SWCNTs, re-
sults in convergence of rDefective=rPerfect towards a constant value. In
other word, increasing the number of SW defects after a certain
number does not affect the buckling behavior. SW defects always
cause higher decrease in rDefective=rPerfect ratio in zigzag SWCNT
than vacancies, but this is not the case in armchair SWCNT, where
by the increase of the number of SW defects from a certain num-
ber, vacancy defects could be more critical.

Another observation is that during the relaxation phase towards
300 K temperature of armchair and zigzag SWCNTs with large
number of SW defects, out of plane distortion occurs in the cross
section of SW defects. This distortion for armchair SWCNT is to-
wards the inside of the cylinder, while for the zigzag SWCNT is out-
wards, as depicted in Fig. 10. In contrast, due to the fact that
vacancy defects do not distort the cylindrical structure of nano-
tube, the overall buckling behavior of nanotubes with vacancy de-
fects remains the same.

The influence of SW defects on the elastic modulus of both
SWCNTs is far higher than the vacancy defects. In addition, while
equal number of SW defects on the zigzag SWCNT reduces the elas-
tic modulus more than the armchair one, the effect of vacancy de-
fects on both types remains relatively identical (Fig. 11).

Fig. 12 illustrates that the effect of vacancy defects on RDP in
both types of SWCNTs is almost the same, and when the number
of vacancies increases, RDP is decreased. On the contrary, while
the number of SW defects in a section of SWCNT increases, the va-
lue of RDP is limited to a specific value, indicating that it does not
affect RDP after a certain number of defects. Also, it is worth men-
tioning that the existence of SW defects results in much lower RDP

in zigzag SWCNTs than armchairs with SW defects.
ither vacancy or SW) on SWCNT.



Fig. 9. Variation of rDefective=rPerfect for (10,10) armchair and (17,0) zigzag with
vacancy and SW defects.

Fig. 10. Distortion in SWCNT with multiple SW defects. Large out-of-plane
deformations occur in the cross section of SW defects: (a) (10,10) armchair with
10 SW defects and (b) (17,0) zigzag with 6 SW defects.

Fig. 11. Variation of EDefective=EPerfect for (10,10) armchair and (17,0) zigzag with
vacancy and SW defects.

Fig. 12. Variation of RDP for (10,10) armchair and (17,0) zigzag with vacancy and
SW defects.

Fig. 13. Typical local buckling progress in an MWCNT: (a) occurrence of the local
buckling; (b) repetition of the local buckling on the other side and (c) eccentric
deformation.
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3.3. Effect of angle between defects in MWCNT

Two defects are considered for MWCNTs; one on the inner tube
and the other on the outer tube. Then, the effect of the angle be-
tween the two defects on mechanical properties is investigated
(see Fig. 6b). The stress can be calculated by rMWCNT ¼ F=AMWCNT ,
where AMWCNT is the area of the cross section of MWCNT,

AMWCNT ¼ pðrout þ t=2Þ2 � pðrin � t=2Þ2 ð3Þ

where rin and rout are the radii of the inner and outer tubes,
respectively.
During the compressive loading, the MWCNT loses its cylindri-
cal shape both on the middle section where the defect exists and
on one of the sides (Fig. 13a). Afterwards, the same process is al-
most repeated on the other side of MWCNT (Fig. 13b). At last,
the MWCNT loses its axial stiffness and undergoes eccentric defor-
mation, as depicted in Fig. 13c.

An interesting observation in buckling analysis of MWCNT is
that the inner and outer tubes buckle concurrently. At the first
glance and based on the basic engineering rules, it seems that
the outer tube must be stronger than the inner one (because of
smaller ratio of L/D of the outer tube). In order to examine which
tube buckles sooner, two (10,10) and (15,15) armchair SWCNTs
are analyzed under the compressive loading. Surprisingly, the
(10,10) armchair, which is slender, bears more compressive stress
(45 GPa) than the (15,15) armchair with 28 GPa compressive stress
(Fig. 14). Clearly, this cannot be justified based on the conventional
theories of mechanics of materials. The reason is attributed to the
fact that occurrence of local buckling dominates the global behav-
ior of SWCNTs. When the diameter of SWCNT increases, the behav-
ior of the specimen changes from a global bending beam model to
local out of plane shell mode, where the model becomes more sus-
ceptible to the local buckling.

In practice, when two individual tubes comprise an MWCNT,
both of them buckle concurrently. The reason can be attributed
to the fact that when the outer tube is going to buckle, the van
der Waals interaction between the inner tube and the outer one



Fig. 16. Buckling analysis of armchair SWCNTs with different slenderness ratios.
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imposes out of plane forces on the outer tube and prevents occur-
rence of buckling in the outer one. This remains to be effective until
the inner tube reaches its ultimate buckling stress and at this mo-
ment both tubes lose their axial stiffness and buckle almost con-
currently (Fig. 15). As a result, the buckling stress of MWCNTs is
mainly governed by the size of the innermost tube.

In order to further clarify the fact that nanotubes with more
slenderness ratio may buckle at higher stress levels, three (7,7),
(10,10) and (13,13) armchair SWCNTs with different lengths are
modeled. Fig. 16 shows that when SWCNTs with different length
to diameter ratios (L/D) are subjected to compressive loading, the
following distinct behaviors are observed (Fig. 16):

(i). For L/D ratios greater than around 21 and in the case of slen-
der SWCNTs, there is practically no significant difference in
the buckling stress for different diameters and the behavior
is primarily governed by the global Euler buckling principle.

(ii). If L/D ratio is smaller than 21, the Euler buckling behavior of
SWCNTs is changed into the local shell buckling mode. In
this region two distinct behaviors can be recognized:

(a) Primary local shell buckling mode for intermediate CNTs,
(b) Secondary local shell buckling mode for short CNTs. In this

case, the buckling stress rises with a sharper trend, because
the energy required for activation of the secondary mode is
always greater than the primary one.

In the local shell buckling region, CNTs with smaller diameters
sustain higher buckling stress than CNTs with larger diameters.
Based on the knowledge of the authors, no published report is
available on such a phenomenon yet.

For analytical calculation of the Euler buckling stress, it is as-
sumed that the average compressive Young’s modulus of SWCNT
is 1250 GPa. Therefore, if the SWCNT behaves similar to an elastic
circular cylindrical column, its Euler buckling stress can then be
obtained from:
Fig. 14. Buckling behavior in (10,10) and (15,15) armchair SWCNTs.

Fig. 15. Buckling behavior in (10,10)/(15,15) armchair MWCNT.
rEuler ¼
p2 � E

ðkL=rgyrÞ2
ð4Þ

with

rgyr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ISWCNT

ASWCNT

s
ð5Þ

ISWCNT ¼
p� ððDþ tÞ4 � ðD� tÞ4Þ

64
ð6Þ

where L is the length of nanotube, rgyr is the radius of gyration and
ISWCNT is assumed to be the moment of inertia of the nanotube sec-
tion. The effective length factor for the fixed–fixed SWCNT is as-
sumed to be k = 0.5 (the nanotube is modeled as a two-fixed end
column).

The buckling stress for the perfect (10,10)/(15,15) armchair and
(17,0)/(26,0) zigzag MWCNTs with length of 100 Å are 43.35 and
40.38 GPa, respectively. Based on the results of Figs. 17 and 18, it
is observed that the SW defects reduce mechanical properties
(elastic modulus and buckling stress) of both types of MWCNTs
more than the vacancy ones. The most reduction in the buckling
stress is observed in zigzag MWCNTs with SW defect at about
35% strength degradation. RDP in both types of MWCNTs with va-
cancy defect is higher than the SW one (Fig. 19). It is clearly ob-
served that, RDP is always less than unity. As expected, the
compressive elastic modulus is not largely affected by the exis-
tence of defect in MWCNTs and the reduction is negligible
(Fig. 18). Also, this decrease in the elastic modulus for inner tube
is more than the outer one.

3.4. Effect of number of defects in MWCNT

In the next step, the effect of number of vacancy and SW defects
on buckling and post-buckling stresses of (10,10)/(15,15) armchair
and (17,0)/(26,0) zigzag MWCNTs is investigated. Various number
of defects (both vacancy and SW) are located on the circumference
of inner and outer tubes with equal angles (see Fig. 20).

In contrast to the result of SWCNTs with multiple defects
(Fig. 9), which the buckling stress ratio for armchair SWCNT with
vacancy defect is more than the zigzag one, in the case of MWCNT,
the buckling stress ratio for the armchair MWCNT is lower than the
zigzag one (Fig. 21). The most reduction, which is observed in zig-
zag MWCNT with SW defect, is about 50%. Similar to the results of
SWCNT with multiple defects, the buckling stress for both types of
MWCNT is more sensitive to the existence of SW defects than the
vacancy one.

Although the effect of existence of multiple vacancy defects on
the compressive elastic modulus of both types of MWCNTs are the
same, but in the case of multiple SW defects, the difference is



Fig. 17. Variation of rDefective=rPerfect for (10,10)/(15,15) armchair and (17,0)/(26,0)
zigzag MWCNTs with vacancy and SW defects.

Fig. 18. Variation of EDefective=EPerfect for (10,10)/(15,15) armchair and (17,0)/(26,0)
zigzag MWCNTs with vacancy and SW defects.

Fig. 19. Variation of RDP for (10,10)/(15,15) armchair and (17,0)/(26,0) zigzag
MWCNTs with vacancy and SW defects.

Fig. 20. Uniform distributions of defects (either vacancy or SW) on MWCNTs.

Fig. 21. Variation of rDefective=rPerfect for (10,10)/(15,15) armchair and (17,0)/(26,0)
zigzag MWCNTs with multiple vacancy and SW defects.

Fig. 22. Variation of EDefective=EPerfect for (10,10)/(15,15) armchair and (17,0)/(26,0)
zigzag MWCNTs with multiple vacancy and SW defects.

Fig. 23. Variation of RDP for (10,10)/(15,15) armchair and (17,0)/(26,0) zigzag
MWCNTs with multiple vacancy and SW defects.
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negligible. In addition, SW defects largely reduce the elastic mod-
ulus of MWCNT up to 17% (Fig. 22).

Finally, Fig. 23 illustrates that RDP for MWCNT with multiple SW
defects is less than the vacancy defects and this parameter for zig-
zag MWCNTs with SW defects is minimum. These results prove
that RDP in both types of SWCNTs and MWCNTs is always less than
unity.
4. Conclusion

The local buckling behavior of perfect and defective SWCNTs
and MWCNTs under uniaxial compression has been studied by a
series of MD simulations. The findings of the present study have
provided further in-depth understanding of the compressive
behavior of CNTs, which are frequently used as a compressive com-
ponent in composites and nanomechanical devices.

It has been observed that the defects largely reduce the buck-
ling stress and the ratio of immediate reduction in buckling com-
pressive stress of the defective to the perfect nanotube (RDP) of
CNTs, but have little influence on their elastic modulus. Results
show that in most cases, the effect of vacancy and SW defects on
the buckling stress and elastic modulus of zigzag CNT is more than
the armchair one. In addition, SW defects usually show more influ-
ence on the buckling stress and elastic modulus for both types of
CNTs than the vacancy ones.

When two individual tubes comprise an MWCNT, both of them
buckle concurrently due to the existence of van der Waals interac-
tion between the inner and outer tubes. It means that the buckling
stress of MWCNTs is dominated by the size of the innermost tube.
The behavior is primarily governed by the Euler buckling for slen-
der CNTs. On the other hand, in the local shell buckling mode, CNTs
with smaller diameters sustain higher buckling stress than CNTs
with larger diameters.
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