
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright
Administrator
Stamp

Administrator
Rectangle



Author's personal copy

Fracture analysis of composites by time independent moving-crack
orthotropic XFEM

D. Motamedi, S. Mohammadi n

School of Civil Engineering, University of Tehran, Tehran, Iran

a r t i c l e i n f o

Article history:

Received 17 October 2010

Received in revised form

7 August 2011

Accepted 9 September 2011
Available online 1 October 2011

Keywords:

Moving orthotropic enrichment functions

Extended finite element method (XFEM)

Crack propagation

Composites

a b s t r a c t

Time-independent orthotropic enrichment functions are introduced for dynamic propagation analysis

of moving cracks in composites by the extended finite element method (XFEM). The proposed

enrichment functions are derived from the analytical solutions for a moving/propagating crack in

orthotropic media, and can be considered as a new extension to the available XFEM techniques for

dynamic analysis of stationary and moving cracks in orthotropic materials. They are included within

the framework of partition of unity and XFEM to enhance the accuracy of basic FEM solution near a

moving crack tip in orthotropic media. The method allows for analysis of the whole crack propagation

pattern on an unaltered finite element mesh, which is independently defined from the existence of any

predefined crack or its propagation path. A combination of dynamic crack initiation toughness and

crack orientation along the maximum circumferential stress is used to design a relatively simple and

efficient formulation. Dynamic stress intensity factors (DSIFs) are evaluated by means of the domain

separation integral method and the dynamic energy release rate. The time dependent XFEM equations

are constructed by discretizing the standard weak formulation of the governing elastodynamics

equation. They are solved by the unconditionally stable Newmark time integration scheme. A number

of benchmark and test problems are simulated and the results are compared with the available

reference results to illustrate the accuracy and efficiency of the proposed scheme.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Composite structures are widely used in various ordinary and
high tech engineering and industrial applications. These materials
provide high quality properties such as high strength to weight
ratio, corrosion resistance and can be constructed to fulfill a
predefined strength or performance objective. They are, however,
vulnerable to cracking and interlaminar delaminations, especially
under dynamic loading conditions, which may threat their overall
integrity and strength. As a result, extensive research work has
been conducted towards new design and construction methods
as well as developing new efficient computational approaches to
assess their performance.

These efforts have been directed towards enhancing the compu-
tational efficiency of the existing methods or to the development of
new ideas to analyze crack stability and propagation of composite
structures. The main concerns of simulation of these set of problems
are to investigate crack initiation and propagation direction and to
determine crack tip state.

The stress analysis and fracture mechanics of composite struc-
tures have been studied by many researchers in the static and
quasi-static states [1–3]. Nevertheless, they do not represent real
world crack problems; they are only used as efficient simplified
models for other highly complex dynamic phenomena. Therefore,
it is necessary to study the composite fracture mechanics in its real
dynamic state, as for most actual fracture problems of composite
occur in a dynamic loading condition.

Dynamic fracture problems are broadly classified as stationary
and propagating cracks. In both cases, stress and displacement
fields around the crack tip are time dependent, which are
essential in understanding the process and nature of fast fracture
of solids. Chen [4] and Baker [5] studied the stress and displace-
ment fields of dynamic stationary crack problems in isotropic
materials. Also, Freund [6], and Nishioka and Atluri [7] studied the
stress and displacement fields of the dynamic crack propagation
with high speed in isotropic materials.

In dynamic fracture of orthotropic materials, Shindo and
Hiroaki [8] analyzed the stress intensity factor on a stationary
crack, while Achenbach and Bazant [9], Piva and Viola [10]
and Viola et al. [11] studied the stress and displacement fields
of a propagating crack tip with constant velocity. Their dynamic
stress and displacement components of a propagating crack tip in

Contents lists available at SciVerse ScienceDirect

journal homepage: www.elsevier.com/locate/ijmecsci

International Journal of Mechanical Sciences

0020-7403/$ - see front matter & 2011 Elsevier Ltd. All rights reserved.

doi:10.1016/j.ijmecsci.2011.09.004

n Corresponding author. Tel.: þ98 21 6111 2258; fax: þ98 21 6640 3808.

E-mail address: smoham@ut.ac.ir (S. Mohammadi).

International Journal of Mechanical Sciences 54 (2012) 20–37



Author's personal copy

orthotropic material did not clearly represent the stress intensity
factor. More recently, Lee et al. [12] derived the relative equations
between dynamic stress intensity factors and dynamic stress and
displacement fields on a propagating crack of orthotropic material
under modes I and II, and studied the crack propagation char-
acteristics of orthotropic material.

Several numerical methods have also been proposed in the last
decades in order to predict and analyze cracking in composites.
One of the well-known methods is the adaptive remeshing
technique, which adopts a discrete crack model for progressive
crack propagation under quasi-static and dynamic loadings. This
technique implements the simplicity of classical finite element
method (FEM) with the sophistication of adaptive remeshing
techniques in each time-step when the cracks propagate [13].
The method, however, suffers from a number of drawbacks; it
is numerically expensive and the nodal alignments may cause
numerical difficulties and mesh dependency in propagation
problems. Finally, it should be noted that the continuum based
finite element formulation is unable to reproduce the physical
singular stress field at the tip of a crack, unless specially designed
singular elements are adopted.

Xu and Needleman [14] and Camacho and Ortiz [15] proposed
the idea of cohesive segments in order to avoid difficulties such as
the implementation of new nodes. Alternatively, the basis of
XFEM was introduced by Belytschko and Black [16] and promoted
by Mos et al. [17], among the others, to develop a method to
model discontinuity based on the implementation of the concept
of partition of unity (PUM), introduced earlier by Melenk and
Babuška [18]. Further development was reported by Sukumar
et al. [19] and Areias and Belytschko [20] extending the method to
three dimensional domain, Dolbow et al. [21] using frictional
contact, Mergheim et al. [22] simulating cohesive cracks and
Belytschko et al. [23,24] modeling dynamic crack propagation for
isotropic materials.

Two independent parts are involved in a dynamic crack
analysis by XFEM; the dynamic crack propagation formulation
and the crack tracking procedure. The first part is related to the
way dynamic crack propagation is formulated. Belytschko et al.
[23] developed a methodology for switching from a continuum to
a discrete discontinuity where the governing partial differential
equation loses hyperbolicity for rate independent materials. They
adopted the technique of loss of hyperbolicity in combination
with the XFEM cohesive crack models. The idea was to track the
change of a hyperbolicity indicator to compute the direction and
velocity of dynamic crack propagation. They applied the method
to solve problems involving crack branching.

The idea of loss of hyperbolicity was previously developed by
Gao and Klein [25] for analyzing dynamic crack propagations.
Later, Peerlings et al. [26] and Oliver et al. [27] further studied the
loss of hyperbolicity and added this technique into equilibrium
equations. The second part is a crack tracking procedure to
represent an existing crack and its evolution by time. The level
set and fast marching methods are available. They have been
successfully implemented in the XFEM codes and can be used for
efficient quasi-static or dynamic crack evolution problems [28].

Further improvements were reported by Chessa and
Belytschko in the form of locally enriched space–time extended
finite element method for solving hyperbolic problems with
discontinuities [29,30]. The coupling was implemented through
a weak enforcement of the continuity of the flux between the
space–time and semi-discrete domains in a manner similar to
discontinuous Galerkin methods. The method was successfully
applied to the Rankine–Hugoniot jump conditions to linear first
order wave and nonlinear Burgers equations. Furthermore, a
combined space–time extended finite element method, was
proposed by Réthoré et al. [31] based on the idea of the time

extended finite element method (TXFEM), allowing a suitable
form of the time stepping formulae to satisfy stability and
energy conservation criteria. XFEM was used to implicitly
define a virtual crack field tangential to the crack front, allow-
ing separation of mixed modes of fracture.

Other contributions include the work by Belytschko and
Chen [24] who developed a singular enrichment finite element
method for elastodynamic crack propagation and Zi et al. [32]
who presented a method for modeling arbitrary growth of
dynamic cracks without remeshing. Later Menouillard et al. [33]
introduced a lumped mass matrix for enriched elements, which
allowed the use of a pure explicit formulation in XFEM applica-
tions, while Gravouil et al. [34,35] developed an explicit dynamic
extended finite element method and studied the effect of mass
lumping and the so-called element-by-element stable scheme.

Developing new enrichment functions for XFEM analysis of
orthotropic materials were reported by Asadpoure et al. [36–38]
and Mohammadi [39] for static problems. Motamedi [40] and
Motamedi and Mohammadi [41,42] have recently used the same
static orthotropic enrichment functions to study the dynamic
crack stability and propagation in composites. A similar metho-
dology was adopted by Réthoré et al. [31] and Combescure et al. [43]
to model the dynamic crack propagation in isotropic media using
static isotropic enrichment functions. The present study is in
fact a new development from the static orthotropic enrich-
ments of Asadpoure and Mohammadi [38] into the dynamic
orthotropic enrichment functions. Other recent contributions
include Huynh and Belytschko [44], Ventura et al. [45] and
Menouillard et al. [46].

In the next section, the basic formulations of fracture mechanics
of dynamic crack propagation in orthotropic media are introduced
and the displacement and stress fields near a moving crack tip
are derived. Furthermore, the idea of separation integral domain
for evaluation of the dynamic stress intensity factors through the
J integral and dynamic energy release rate is explained. Then,
implementation of XFEM in modeling dynamic crack propagation
is described. Finally, a number of numerical simulations are
performed in order to verify the accuracy and efficiency of the
proposed formulation and to investigate its robustness. The pre-
dicted dynamic stress intensity factors (DSIFs) are compared with
available data.

2. Dynamic fracture mechanics of a propagating crack in
orthotropic media

2.1. Orthotropic stress–strain law

The general relation between stress and strain states in an
orthotropic medium can be defined based on the generalized
Hooke’s law [47]:

sij ¼ Cijklekl ð1Þ

where sij and ekl are linear stress and strain tensors, respectively,
and Cijkl is the material modulus. Alternatively, the compliance
matrix S¼C�1 (e¼Ss) for 2D orthotropic materials can be
described as

S¼

1
E1

�
v21
E2

0

�
v12
E1

1
E2

0

0 0 1
G12

2
6664

3
7775 ð2Þ

where E1 and E2 are Young’s modules, v12 and v21 are Poisson’s ratios
and G12 is the shear modulus. In order to define the analytical
asymptotic fields, the Lekhnitski notation [48] is adopted. For plane
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stress problems,

ea ¼ aabsb, a,b¼ 1,2,6

e1 ¼ e11

e2 ¼ e22

e6 ¼ 2e12

8><
>:

9>=
>;¼

a11 a12 a16

a21 a22 a26

a61 a62 a66

2
64

3
75

s1 ¼ s11

s2 ¼ s22

s6 ¼ s12

8><
>:

9>=
>; ð3Þ

with

a11 ¼ S1111 a12 ¼ S1122 a16 ¼ 2S1112

a21 ¼ S2211 a22 ¼ S2222 a26 ¼ 2S2212

a61 ¼ 2S1211 a62 ¼ 2S1222 a66 ¼ 4S1212

8><
>: ð4Þ

For plane strain conditions, coefficients aij are replaced with bij

bij ¼ aij�
ai3�a3j

a33
, i,j¼ 1,2,6 ð5Þ

2.2. Asymptotic fields for dynamic crack propagation in

orthotropic media

The dynamic equilibrium equation can be expressed in terms
of stress components and inertia forces along fixed X and Y

Cartesian coordinates

@sx

@X
þ
@txy

@Y
¼ r @

2u

@t2
ð6Þ

@txy

@X
þ
@sy

@Y
¼ r @

2v

@t2
ð7Þ

where r is the material density.
When the crack moves with velocity c along X-axis, the equili-

brium equations can be transformed into the moving coordinate
system x¼X�ct and y¼Y (see Fig. 1):

@sx

@x
þ
@txy

@y
¼ rc2 @

2u

@x2
ð8Þ

@txy

@x
þ
@sy

@y
¼ rc2 @

2v

@x2
ð9Þ

Lee et al. [12] proposed a method to obtain the solution for a
crack which is propagating with constant velocity. The near crack
tip displacement fields for a mixed mode dynamic propagating

crack can then be expressed as (for details see Lee et al. [12]):

u¼ K I

ffiffiffiffiffi
2r

p

r
Re

1

½1þrc2ða12�a11Þ�ðm1�m2Þ

�

� p2m1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosyþm2 siny

p
�p1m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosyþm1 siny

ph io

þK II
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2r

p

r
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1

ðm1�m2Þ
p2
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cosyþm2 siny

p
�p1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosyþm1 siny
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ð10Þ

v¼ K I

ffiffiffiffiffi
2r

p

r
Re

1

½1þrc2ða12�a11Þ�ðm1�m2Þ

�
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p
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ffiffiffiffiffi
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p
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q2
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p
�q1
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ð11Þ

and the near crack tip stress components are described as

sx ¼
K Iffiffiffiffiffiffiffiffi
2pr
p Re

1

1þrc2 a12�a11ð Þ
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m1�m2

� �
(

�
1þm2
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1þm2

1þrc2 a12�a22ð Þ
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p
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p
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sy ¼
K Iffiffiffiffiffiffiffiffi
2pr
p Re

1

ðm1�m2Þ

m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosyþm2 siny

p �
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p
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þ
K IIffiffiffiffiffiffiffiffi
2pr
p Re

½1þrc2ða12�a22Þ�
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1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosyþm1 siny
p
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ð13Þ

txy ¼
K Iffiffiffiffiffiffiffiffi
2pr
p Re

m1m2

½1þrc2ða12�a22Þ�ðm1�m2Þ

�

�
m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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ð14Þ

where KI and KII are stress intensity factors for modes I and II,
respectively and aij are the components of the compliance matrix.

pi, qi and mi are also defined as

p1 ¼ a11½1þm2
1þrc2ða12�a22Þ�þa12½1þrc2ða12�a11Þ� ð15Þ

p2 ¼ a11½1þm2
2þrc2ða12�a22Þ�þa12½1þrc2ða12�a11Þ� ð16Þ

q1 ¼
a12½1þm2

1þrc2ða12�a22Þ�þa22½1þrc2ða12�a11Þ�

m1
ð17Þ

q2 ¼
a12½1þm2

2þrc2ða12�a22Þ�þa22½1þrc2ða12�a11Þ�

m2
ð18Þ

m1 ¼m1�rc2a22=m1�m1rc2a11þr2c4ðða11a22�a2
12Þ=m1Þ ð19Þ

m2 ¼m2�rc2a22=m2�m2rc2a11þr2c4ðða11a22�a2
12Þ=m2Þ ð20Þ

Coefficients mj(j¼1.2) can be calculated from the following
characteristic equation:

ðm4þ2B12m2þK66Þ ¼ 0 ð21Þ
Fig. 1. Definitions of the dynamic crack propagation under modes I and II loading

conditions [12].
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where B12 and K66 are defined as

2B12 ¼ ½2a12þa66þrc2ða2
12�a11a66�a11a22Þ�=a11 ð22Þ

K66 ¼ fa22þrc2½a2
12�a22a66�a11a22þrc2a66ða11a22�a2

12Þ�g=a11

ð23Þ

In order to derive crack-tip enrichment functions, the following
polar transformation is adopted:

Zaux
k ¼ rk eiyk ¼ rðcosyþmk sinyÞ, k¼ 1,2 ð24Þ

where rk and gk(y) are defined as

rk ¼ rgkðyÞ, k¼ 1,2 ð25Þ

gkðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcosyþmkx sinyÞ2þðmky sinyÞ2

q
, k¼ 1,2 ð26Þ

yk ¼ arctg
mky siny

cosyþmkx siny

	 

, k¼ 1,2 ð27Þ

and (r,y) are considered from the crack-tip position, as depicted
in Fig. 1. mkx and mky are the real and imaginary parts of mk in
Eq. (21):

mkx ¼ ReðmkÞ, k¼ 1,2 ð28Þ

mky ¼ ImðmkÞ, k¼ 1,2 ð29Þ

Thereafter, the imaginary and real parts of the main displace-
ment fields can be re-written as (Fig. 1)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcosyþmk sinyÞ

p
ðk¼ 1,2Þ ð30Þ

Imð
ffiffiffiffiffiffiffiffiffi
Zaux

k

q
Þ ¼ r1=2

ffiffiffiffiffiffiffiffiffiffiffi
gkðyÞ

q
sin

yk

2
, k¼ 1,2 ð31Þ

Re
ffiffiffiffiffiffiffiffiffi
Zaux

k

q	 

¼ r1=2

ffiffiffiffiffiffiffiffiffiffiffi
gkðyÞ

q
cos

yk

2
, k¼ 1,2 ð32Þ

Crack-tip enriching functions are then extracted in a way to
include all possible displacement states. Accordingly, crack-tip
functions are obtained from Eqs. (10), (11), (26) and (27) as

fFlðr,yÞg4l ¼ 1 ¼
ffiffiffi
r
p

cos
y1

2

ffiffiffiffiffiffiffiffiffiffiffi
g1ðyÞ

q
,

ffiffiffi
r
p

cos
y2

2

ffiffiffiffiffiffiffiffiffiffiffi
g2ðyÞ

q
,

�

�
ffiffiffi
r
p

sin
y1

2

ffiffiffiffiffiffiffiffiffiffiffi
g1ðyÞ

q
,

ffiffiffi
r
p

sin
y2

2

ffiffiffiffiffiffiffiffiffiffiffi
g2ðyÞ

q �
ð33Þ

Eq. (33) can be used for modeling all groups of composites and
is in interestingly similar form as those presented in Asadpoure
and Mohammadi [38] but with different definitions for para-
meters. These functions, in fact, can be degenerated to static
orthotropic enrichment functions developed by Asadpoure and
Mohammadi [38] if dynamic effects are neglected. In addition to
static and quasi-static problems, the static orthotropic enrich-
ments of [38] have already been used for analysis of stationary
and moving cracks subjected to dynamic loadings [41,42]. Similar
types of problems are now investigated by the new dynamic
enrichment functions.

2.3. Evaluation of dynamic stress intensity factors

On modeling the crack propagation, there are different
approaches for crack evolution and direction, based on the intrinsic
behavior of material. In the present work, positive maximum hoop
dynamic stress intensity factors are used to evaluate dynamic crack
propagation properties.

Kim and Paulino [49] reformulated the original formulation
of Nishioka and Atluri [50] to derive the analytical form of the

dynamic J-integral (J0k):

J0k ¼

Z
VG

sij

@uj

@xk
�ðWþKÞ

	 

q,k dAþ

Z
VG

ðr €ui�f iÞ
@ui

@xk
�r @

_ui

@xk

_ui

	 

qdA

ð34Þ

where W¼(1/2)sijeij is the strain energy density, K ¼ ð1=2Þr _ui _ui is
the kinetic energy density, ui, fi and r denote the displacement,
body force, and mass density, respectively, and the integral paths
G denotes the far-field path, surrounding the integral domain
VG (Fig. 2) and q is a smooth function varying from q¼0 at the
exterior boundary G to q¼1 near a crack-tip.

Evaluation of mixed mode J integral and associated stress
intensity factors in XFEM is usually performed by means of
interaction integral methods. Since the interaction integral method
requires several auxiliary field components, equations of dynamic
near-tip displacement and stress fields in orthotropic materials
have to be derived in order to extract the required auxiliary
displacement and stress fields. Moreover, more complex computa-
tions are required to calculate ‘auxiliary velocity’ and ‘auxiliary
strain velocity’ fields especially in orthotropic media. These require
a substantial theoretical and simulation experience and cost
(if possible at all). As a result, another method based on the
concept of dynamic energy release rate G is used in this work.

In this study, a combination of several studies is adopted to
compute stress intensity factors. They include formulations pro-
posed by Nishioka and Atluri [50], Kim and Paulino [49], Wu [51],
Dongye and Ting [52] and Aliabadi and Sollero [53]. The same
methodology was used in [41,42] for analysis of stationary and
moving cracks subjected to dynamic loadings. For details and
further discussions see [41].

The dynamic stress intensity factors KI, KII are obtained from
(35) and (36) [53]

K I

K II
¼

RCODD21�D22

D21þRCODD11
ð35Þ

K II ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2G

L11ðcÞR
2
SIFþL22ðcÞ

s
ð36Þ

where RCOD is the ratio of opening to sliding displacements at
crack tip

RCOD ¼
dopen

dslid
ð37Þ

and

D11 ¼ Im
m2p1�m1p2

m1�m2

	 

, D22 ¼ Im

q1�q2

m1�m2

	 

,

D21 ¼ Im
m2q1�m1q2

m1�m2

	 

ð38Þ

L11ðcÞ ¼O½Ĉ66C22C��1=2, L22ðcÞ ¼O½Ĉ11C66C��1=2 ð39Þ

Ĉij depends on constitutive/stiffness coefficients Cij and crack tip
velocity c

Ĉij ¼ Cij�rc2dij ð40Þ

and

O¼ ðĈ11C22�C2
12Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ĉ66C66

q
�rc2C66

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ĉ11C22

q
ð41Þ

C¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ĉ66C66

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ĉ11C22

q	 
2

�ðC12þC66Þ
2

ð42Þ

The dynamic energy release rate G is related to the tangential
component of the dynamic J integral J0l

0
through the coordinate
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transformation tensor Tlk(y0):

G¼ J0l
0
¼ Tlkðy0ÞJ

0
k ð43Þ

where y0 is the crack angle.

3. XFEM implementation of dynamic crack propagation

3.1. Basics of XFEM method

The extended finite element method was originally developed
for crack analysis, but soon extended to other computational
applications that involved any kind of discontinuity in material,
phase, boundary, time, etc. It was first introduced by Belytschko
and Black [16] in order to avoid explicit modeling of discrete
cracks by enhancing the basic finite element solution through
the use of enrichment functions. Mos et al. [17] redesigned the
method by implementing the generalized Heaviside function and
avoiding the need of original complicated mapping for arbitrary
curved cracks. Further general improvements have been made
by Sukumar et al. [19], Dolbow et al. [21], Belytschko et al. [23,24]
and Asadpoure et al. [36–38], while specific extensions in field of
dynamic crack propagation have recently been made by Gregoire
et al. [54], Nistor et al. [55], Motamedi [40] and Motamedi and
Mohammadi [41,42]. A general description and a comprehensive
discussion on the method can be found in Mohammadi [39].

In XFEM, the finite element mesh is generated regardless of
the existence and location of any cracks. Then, through the use of
level set, fast marching or other search algorithms, the exact
location of any discontinuity with respect to the existing mesh is
determined. Afterwards, a few degrees of freedom are added to
the classical finite element model in selected nodes around the
discontinuity. These additional degrees of freedom contribute to
the approximation through the use of the generalized Heaviside
and crack-tip (near-tip) functions.

Assume a discontinuity (a crack) within an independent finite
element mesh, as depicted in Fig. 2b. The displacement field for
any typical point x inside the domain can be written in terms of
the classical finite element approximation and the XFEM enriched
fields [16,17]:

uhðxÞ ¼
X

I

nI AN

fIðxÞuIþ
X

J

nJ ANg

fJðxÞHðxÞaJþ
X

kAK1

fK ðxÞ
X

l

FlðxÞb
l
k

 !

ð44Þ

where N is the total number of nodes, nI represents the node I, Ng

is the set of nodes that their corresponded elements are cut
by crack faces (but not crack-tip), uI is the fem vector of regular
degrees of freedom, aJ is the vector of additional degrees of
freedom which are related to the modeling of crack faces (not
crack-tips), bl

k is the vector of additional degrees of freedom for
modeling crack-tips, fI is the shape function associated with the
node I, Fl(x) are crack-tip enrichment functions and K are the set
of nodes associated with crack-tip in its influence domain.

H(x) is the Heaviside enrichment function

HðxÞ ¼
þ1 if ðx�xnÞUen40

�1 otherwise

�
ð45Þ

The dynamic orthotropic enrichment functions (33) developed
in the present study are used for the crack tip enrichment
functions:

fFlðr,yÞg4l ¼ 1 ¼
ffiffiffi
r
p

cos
y1

2

ffiffiffiffiffiffiffiffiffiffiffi
g1ðyÞ

q
,

ffiffiffi
r
p

cos
y2

2

ffiffiffiffiffiffiffiffiffiffiffi
g2ðyÞ

q
,

�

�
ffiffiffi
r
p

sin
y1

2

ffiffiffiffiffiffiffiffiffiffiffi
g1ðyÞ

q
,

ffiffiffi
r
p

sin
y2

2

ffiffiffiffiffiffiffiffiffiffiffi
g2ðyÞ

q �
ð46Þ

which r and y define the crack-tip based local polar coordinates of
integral points, and gk(y) and yk (k¼1,2) are defined in Eqs. (29)
and (30).

Fig. 2. (a) Definitions for the local crack-tip coordinates and the J-integral and (b) determining element and nodes for discontinuity and crack tip enrichments.
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3.2. XFEM dynamic equations of motion

The variational formulation of the initial/boundary value
problem for a body O, with an initial traction-free crack Gc in
the state of dynamic equilibrium without any body force can be
written asZ
O
r €uUdudOþ

Z
O
rUdedO¼

Z
Gt

tUdudG ð47Þ

where Gt is the traction boundary, and t is the external traction
vector.

In the extended finite element method, approximation (44) is
utilized to calculate the displacement uh(x) for a typical point x.
The discretized form of Eq. (47) using the XFEM procedure (44)
can be written as (neglecting velocity damping effects)

M €uh
þKuh ¼ f ð48Þ

where uh ¼ fu,a,bgT is the vector of nodal parameters, including
displacements u, Heaviside and crack tip enrichment degrees of
freedom a and b, respectively, and €uh

denote its second time
derivative. The mass matrix M, the stiffness matrix K and the
external load vector f for an element e are defined as

Me
ij ¼

Muu
ij Mua

ij Mub
ij

Mau
ij Maa

ij Mab
ij

Mbu
ij Mba

ij Mbb
ij

2
6664

3
7775 ð49Þ

Ke
ij ¼

Kuu
ij Kua

ij Kub
ij

Kau
ij Kaa

ij Kab
ij

Kbu
ij Kba

ij Kbb
ij

2
6664

3
7775 ð50Þ

fe
i ¼ ff

u
i ,fa

i ,fb
i g

T
ð51Þ

The components of consistent mass matrix Mrs
ij ðr,s¼ u,a,bÞ,

stiffness matrix Krs
ij ðr,s¼ u,a,bÞ and force vector fr

i ðr¼ u,a,bÞ
include all parts of the classical FEM (uu), Heaviside enrichment
(aa), orthotropic crack tip enrichment (bb) and the coupled parts of
XFEM approximation (ua,ub,ab):

Mrs
ij ¼

Z
O
rzr

i z
s
j dO ðr,s¼ u,a,bÞ ð52Þ

Krs
ij ¼

Z
Oe
ðBr

i Þ
T DBs

j dO ðr,s¼ u,a,bÞ ð53Þ

fr
i ¼

Z
Gt

cr
i tdG ðr¼ u,a,bÞ ð54Þ

where

cr
i ¼

Ni r¼ u

NiH r¼ a

NiFa r¼ b ða¼ 1, 2, 3 and 4Þ

8><
>: ð55Þ

zr
i ¼

Ni r¼ u

NiHi r¼ a

NiFai r¼ b ða¼ 1, 2, 3 and 4Þ

8><
>: ð56Þ

and B¼rc is the matrix of derivatives of extended shape
functions cr

i , defined as

Br
i ¼

cr
i,x 0

0 cr
i,y

cr
i,y cr

i,x

2
664

3
775 ðr¼ u,a,bÞ ð57Þ

or in terms of the shifted approximation to satisfy interpolation [39]

Br
i ¼

ðcr
i�z

r
i Þ,x 0

0 ðcr
i�z

r
i Þ,y

ðcr
i�z

r
i Þ,y ðcr

i�z
r
i Þ,x

2
664

3
775 ðr¼ u,a,bÞ ð58Þ

It is important to change the additional degrees of freedom
according to crack propagation. As proposed by Combescure [43]
and Réthoré et al. [31] and adopted by Motamedi and Mohammadi
[41,42] for dynamic analysis of stationary and moving cracks
in orthotropic media, once the crack tip enters an element, new
b-type DOFs are assumed for that element. Previous crack tip
element contains both set of Heaviside a-type DOFs and the
b-type DOFs associated with crack-tip enrichments from a pre-
vious step, but evaluated from the present crack tip position. As a
result, the singularity effect is expected to significantly reduce in
previous crack tip element because of its larger distance from the
present crack tip position. Several numerical simulations have
proved that this method substantially reduces the existing oscil-
lations in the dynamic response due to sudden change of degrees
of freedom. The method preserves the energy conservation,
allowing the acceleration to be reliable for evaluation of J-integral
and post-processing purposes.

3.3. Newmark time integration

The un-damped unconditionally stable Newmark time inte-
gration scheme is adopted to solve equation of motion (63) at a
time step n:

Mn €u
h
nþKnuh

n ¼ fn ð59Þ

The final discretized simultaneous equations are expressed as

€uh
n ¼ fn�Kn uh

n�1þDt _uh
n�1þ

Dt2

4
€uh

n�1

	 
� �
Mnþ

1

4
Dt2Kn

	 
�1

ð60Þ

_uh
n ¼ _uh

n�1þ
1

2
Dtð €uh

n�1þ €u
h
nÞ ð61Þ

uh
n ¼ uh

n�1þDt _uh
n�1þ

1

4
Dt2ð €uh

n�1þ €u
h
nÞ ð62Þ

4. Numerical examples

In this section, a number of numerical examples are studied,
which are related to mode I and mixed-mode crack propagation in
dynamic conditions. The predicted dynamic stress intensity factors
and other results are presented and compared with available
results from other researches.

4.1. Edge crack in a plate under tensile stress loading

A rectangular plate with an edge crack, subjected to an impact
tensile step traction loading, is considered (Fig. 3). This problem has
been frequently used for dynamic fracture analysis by a number of
researchers such as Lu et al. [56], Krysl and Belytschko [57] and
Belytschko et al. [58] using EFGM, Duarte et al. [59] using GFEM, and
Belytschko et al. [23] using isotropic XFEM.

The size of pre-cracked plate is h¼10 m, b¼4 m and a0¼5 m. The
plane strain state is presumed and material properties are considered
to be E1¼114.8 GPa, E2¼11.7 GPa, G12¼9.66 GPa, n12¼0.21, n23¼

0.14, n31¼0.29 and r¼1500 kg/m3. Dynamic crack growth toughness
is considered equal to static crack growth toughness KID ¼ KIC ¼

2MPa
ffiffiffiffiffi
m
p

. The intensity of step tensile loading is s0 ¼ 106 N=m2 and
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can be defined as s0H(t�t0), where H is the heaviside function and t0

is considered to be zero. The time-step is selected to be Dt¼0.5 ms
and the relative integration domain size, rd/a, is set to be 0.4.

A 40�100 finite element mesh is used to define the model.
The integrations are performed by 4�4 and 7�7 G quadrature
rules for ordinary and enriched elements, respectively. The same
integration rule is applied to all other examples.

4.1.1. Stationary crack in isotropic plate

First, a stationary crack in an isotropic plate is simulated to
assess the accuracy of the orthotropic enrichments for a simplified
isotropic case. For this case, the analytical solution of dynamic

stress intensity factor was presented by Freund [6]:

K IðtÞ ¼ 4s0Hðt�t̂Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cdðt�t̂Þð1�2nÞ=p

q
ð1�nÞ ð88Þ

where cd is the longitudinal wave speed cd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
C11=r

p
¼ 6035m=s.

Mode I stress intensity factor (KI) and the energy release rate (G)
have been computed and compared with the analytical solutions in
Fig. 4. Isotropic properties are considered to be E¼211 GPa, n¼0.3
and r¼7800 kg/m3.

A close agreement between the results obtained by the proposed
dynamic orthotropic enrichments and the analytical solution is
observed. After the loading imposed to the structure, it took
the time t̂¼ h=2cd ¼ 3:31� 10�4 s until the initial wave reaches
the crack-tip. The numerical simulation could have further contin-
ued, but it was terminated at the time when the reflected wave
reached the crack-tip; the limit for validity of the analytical solution.

4.1.2. Moving crack in isotropic plate

In order to show the robustness of the proposed method in
modeling dynamic crack propagation, two different analyses were
performed. First, the crack-tip was instantly forced to propagate
with a constant velocity Vcrack¼0.4cs, where cs¼3226 m/s is a shear
wave speed, while in the second analysis, the crack was allowed to
rest until t¼1.5h/2cd¼4.97�10�4 s and then the crack-tip was
forced to propagate with the constant velocity Vcrack¼0.4cs. For
both cases, the crack tip velocity is imposed as a boundary
condition. The results of the two set of analyses are depicted in
Figs. 5 and 6, respectively.

Fig. 4. Comparison of KI and G for a stationary crack in tensile isotropic plate.

Fig. 5. Comparison of the results for the case of the crack-tip forced to propagate with a constant velocity Vcrack¼0.4cs.

Fig. 3. Tensile plate with an edge crack.
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In contrast to the smooth results for the stationary crack (Fig. 4),
oscillating results around the analytical solution are obtained
(Figs. 5 and 6). The reason for occurrence of such oscillation may
be attributed to the generated numerical noise when some elements
are crossed during the crack-tip advancing process.

4.1.3. Stationary and propagating cracks in orthotropic plate

After verifying the performance of the orthotropic enrichment
functions for simulating a benchmark dynamic isotropic plate,
now both stationary and propagating cracks in the composite
plate are simulated.

The time variations of mode I dynamic stress intensity factor
(KI) and energy release rate (G) for the stationary crack are
presented in Fig. 7.

In the case of propagating crack, the crack is allowed to
propagate with a varying velocity, which can be calculated from
following equation:

c¼ CR 1�
K1d

Kn

	 

ð89Þ

where CR, K*and K1d are the Rayleigh wave speed, the dynamic
maximum hoop stress intensity factor and the dynamic crack
initiation toughness, respectively. In orthotropic materials, the
Rayleigh wave speed is replaced with the shear wave speed.

Fig. 8 illustrates the time variations of mode I dynamic stress
intensity factor (KI) and energy release rate (G). It is observed that
similar to isotropic material, it takes h/2cd¼3.31�10�4 s until the
first wave reaches the crack-tip. Based on the proposed relation for

Fig. 6. Comparison of the results for the case of the crack was allowed to rest until t¼1.5 h/2cd¼4.97�10�4 s and then forced to propagate with the constant velocity

Vcrack¼0.4cs.

Fig. 7. Variations of KI and G for a stationary crack in tensile orthotropic plate.

Fig. 8. Variations of KI and G for a propagating crack in the tensile orthotropic plate.
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crack-tip velocity, whenever the dynamic stress intensity factor
exceeds the value of dynamic crack growth toughness, the crack
starts to propagate. Crack propagation with the calculated velocity,
forces both the dynamic stress intensity factor and the energy release
rate to decrease. On the other hand, with increasing of the crack size,
the instability increases, forcing both the dynamic stress intensity
factor and the energy release rate to increase during the crack
propagation. Therefore, an oscillating behavior seems to be inevitable.

Furthermore, different Gaussian rules have been examined to
indicate the effect of numerical integration on the results. Each
crack tip enriched element is divided into about 28 subtriangles,
and then the Gauss rule is applied for numerical integration
in each triangle. Fig. 9 compares the results of 3, 4 and 7 G
integration points for each triangle in enriched elements on two

different rules for ordinary elements: 2�2 (left figure) and 4�4
(right figure). The results demonstrate similar trends for different
integration rules, but increasing the number of integration points
for enriched elements reduce the oscillation and provide smoother
results. In addition, similar effect is observed for the Gauss points
of ordinary elements; increasing the number of integration points
can improve the results by reducing the numerical noises that exist
in crack propagation.

4.1.4. Mixed mode crack propagation in a 301 orthotropic plate

In the last part of the present example, the mixed-mode
crack propagation is simulated by implementing a 301orthotropic
orientation angle (with respect to x-axis). Four different finite

Fig. 9. Comparison of the stress intensity factor computed from 3, 4 and 7 G points for each quadrature triangle within crack tip enriched elements. The quadrature rule for

ordinary elements are 2�2 (left) and 4�4 (right).

Fig. 10. Variations of KI, KII, Vcrack and G for the 301 orthotropic plate with a 20�60 mesh.
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Fig. 11. Variations of KI, KII, Vcrack and G for the 301 orthotropic plate with a 30�80 mesh.

Fig. 12. Variations of KI, KII, Vcrack and G for the 301 orthotropic plate with a 40�80 mesh.
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element meshes: 20�60, 30�80, 40�80 and 40�100 are also
used to study the mesh sensitivity of the results. The results for
dynamic stress intensity factors, crack tip velocity and the energy

Fig. 13. Variations of KI, KII, Vcrack and G for the 301 orthotropic plate with a 40�100 mesh.

Fig. 14. Crack propagation path for the 301 orthotropic plate (20�60, 30�80 and

40�100).

Fig. 15. A three point bending specimen under impact loading [60].

Table 1
Isotropic and orthotropic material properties.

Material properties Isotropic beam Orthotropic beam

E1 (GPa) 2.94 8.6

E2 (GPa) 39

G12 (GPa) 3.8

n12 0.3 0.061

r (kg/m3) 1190 2100

KIC ðMPa
ffiffiffiffiffi
m
p
Þ 4.6 1

cd (dilational) (m/s) 1710 2071

cs (shear) (m/s) 941 1545.2

cR (Rayleigh) (m/s) 1345.6
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Fig. 16. Comparison of dynamic stress intensity factors between present work and method presented by Nishioka et al. [60] for e¼0 (mode I) and e¼0.1 (modes I and II).

Fig. 17. Comparison of results obtained from static enrichment functions (dash-line) [41] and present dynamic enrichments (solid-line) for different relative integration

domain sizes, rd/a , in case of e¼0.
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release rate for the four finite element meshes are depicted in
Figs. 10–13, respectively.

Despite the fact that the finer mesh produces a better solution
with less oscillatory trend, the results of the coarser mesh
remains acceptable.

Also, the crack path during the propagation is presented in
Fig. 14 for three different meshes. The angle and extent of crack
propagation remain very similar. During the propagation, crack tip
angles vary from 101 to 601, but the main trend of crack propagation
path shows a nearly 301 angle.

According to the adopted crack propagation criterion, the
value of dynamic stress intensity factor can increase until it
reaches to the relative dynamic crack initiation toughness and
remains constant. The general trends of the results well agree
with this criterion.

4.2. Three point bending specimen under impact loading

For the second example, a pre-cracked beam, studied by
Nishioka et al. [60], is investigated. This problem, previously
analyzed by Motamedi and Mohammadi [41] using static crack
tip enrichments, is re-examined by new proposed dynamic crack
tip enrichments and the results are compared and discussed.

A three point bending beam, depicted in Fig. 15, is considered
under a projectile impulse with the initial velocity v¼5 m/s. The
original test was conducted for an isotropic beam, however,
two sets of isotropic and orthotropic analyses are performed in
this study to assess the performance of the proposed approach.
Isotropic and orthotropic material properties are defined in Table 1.

In order to observe different effects of mixed mode fracture,
various eccentricities of loading, defined by e¼2l/S, are consid-
ered. A Dt¼2 ms time-step is considered with a 120�40 finite
element mesh to discretize the model.

Fig. 16 compares the results of two eccentricity cases (e¼0 and
0.1) obtained by the present dynamic enrichment XFEM with
the reference results by Nishioka et al. [60] and Motamedi and

Fig. 18. Comparison of results obtained from static enrichment functions (dash-line) [41] and present dynamic enrichments (solid-line) for different relative integration

domain sizes, rd/a , in case of e¼0.1.

Fig. 19. Crack propagation path for t¼220 ms for the case of e¼0.1.
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Mohammadi [41], who used the same methodology with static
enrichments. Both XFEM results follow similar patterns for both
eccentricities and while they are very close to the results of Nishioka
et al. [60] in the case of e¼0, the results have similar trends, but
slightly different values in the case of increased eccentricity e¼0.1.
Motamedi and Mohammadi [41] have discussed potential reasons
for this difference and are not repeated again.

Similar to [41], simulations are now extended to simulate
dynamic orthotropic fracture in order to compare the results
between static and dynamic orthotropic enrichments in this
particular test.

Figs. 17 and 18 compare different results obtained from a
number of relative integration domain sizes, rd/a , for eccentri-
cities of e¼0 and 0.1, respectively. These figures also illustrate the
comparison of the results obtained by the present dynamic
enrichment functions with the results reported by Motamedi
and Mohammadi [41] based on adopting static orthotropic
crack-tip enrichment functions in dynamic analysis. In Fig. 17,
dynamic stress intensity factors for both the cases show similar
trends and the existing differences may have been caused by
the effect of different incident waves on the J integral domain
elements when they reach in different times. Fig. 18 shows
similar trends and indicates that in the case of new enrichment
functions, the crack propagates slightly faster and it takes less
time to complete the failure of beam. In the case of e¼0, the crack
initiates at t¼140 ms (Fig. 20), while for e¼0.1 the initiation time
is reduced to t¼90 ms (Fig. 21).

The difference between the results of two enrichments becomes
more tangible when the imposed load has the e¼0.1 eccentricity.
Also, in the case of rd/a ¼1/4, the difference between static
and dynamic enrichments becomes more sensible as the incon-
sistent behavior of static-enrichment solution is increased. It
is expected that the lower value of integration domain, rd/a ¼
1/5, should have the worst condition, based on the singularity
of stress field near the crack tip. The noise produced by crack
propagation in each step has the largest effect on the hectic trend
of results and can cause more oscillations rather than crack tip
singularity.

On occurrence of crack propagation, the energy release rate
reduces to a value lower than its critical value. As a result, the
crack tip remains stationary until the energy reaches to the
critical value again in the forthcoming time steps. This may
also explain why the results of static and dynamic enrichments
follow more or less a similar pattern in most of the deformation
process.

Eccentricity defines the position of loading and its variation
substantially changes the speed of the crack tip. On the
other hand, the integration domain size, as a numerical tool, does
not radically affect the anticipated speed of crack tip. Interest-
ingly, the general trends in both the cases remain the same
(Figs. 17 and 18). This is also the case for crack propagation path
(Fig. 19).

Figs. 20 and 21 illustrate the equivalent (von Mises) stress
contours at different time steps for both cases of 0 and 0.1
eccentricities.

4.3. Circular orthotropic plate with a central inclined crack

A circular orthotropic plate with a central inclined crack is
simulated to study the effect of different orthotropic and crack
angles on its dynamic fracture response. A set of tensile impact
point loading is imposed on the plate. The geometrical specifica-
tions of plate are 2R¼0.1 m and 2a¼0.02 m (Fig. 22).

Orthotropic material properties are: E1¼8.6 GPa, E2¼39 GPa,
G12¼3.8 GPa, n12¼0.061 and r¼2100 kg/m3. The critical stress
intensity factor is considered to be KIC ¼ 1MPa

ffiffiffiffiffi
m
p

and the

dilatational, shear and Rayleigh wave speeds are cd¼2071.3 m/s,
cs¼1545.2 m/s, and cR¼1345.6 m/s, respectively.

An unstructured quadrilateral finite element mesh with
877 nodes and 852 elements was used to model a quarter of
the plate. The relative integration domain sizes, rd/a , is equal
to 0.3.

Fig. 20. Contours of the equivalent stress at different time steps for e¼0.
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The dynamic stress intensity factors and crack tip velocity for
different orthotropic angles are compared in Fig. 23. According to
this figure, it is observed that with increasing the inclination
angle from 301 to 601, the initiation time decreases because of
reduction in the distance between the loading point and the
crack tip.

The crack length for three different angles: 301, 451 and 601,
are 0.0265 m, 0.0251 m and 0.0236 m, respectively (Fig. 24). It is

clearly expected that based on the direction of loading, the crack
which is more close to the perpendicular direction to loading will
face more severe damage.

Finally, the equivalent stress contours at 60 ms and 90 ms time
instances have been illustrated in Fig. 25. The stress concentra-
tions are around the point of concentrated load, which its extent
remains almost the same in time, and the crack tip position,
which changes by time as the crack extends.

5. Conclusions

In this study, a new set of time-independent moving crack
tip orthotropic enrichment functions has been developed for
dynamic fracture analysis of stationary and propagating cracks
in orthotropic media using the extended finite element method.
The proposed orthotropic enrichment functions can be degener-
ated into static and isotropic cases, for which simple enrichments
have already been available. In contrast to some specific static
orthotropic enrichments that were dedicated to only a special
types of composites, the new enrichments well span all types of
composites. Therefore, the whole crack propagation enrichment
patterns can now be integrated into this new set of functions.
A relatively simple crack propagation criterion based on dynamic
stress intensity factors and energy release rate is adopted. The
results have been compared with available benchmarks and
demonstrated close agreement. The predicted crack propagation
patterns were similar and the crack tip velocities were in good
agreement with available literature data. Also, the robustness
of the method unveiled by using different sizes of mesh and
different domain sizes for J-integral evaluation which disclosed

Fig. 21. Contours of the equivalent stress at different time steps for e¼0.1.

a

R

P = 100

P = 100

x2

x1a

Fig. 22. Geometry and boundary conditions for an inclined center crack in a disk

subjected to point loads.
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Fig. 23. Variations of dynamic stress intensity factors and crack tip velocity for different orthotropic angles.

Fig. 24. Crack propagations for three different crack angles: 301, 451 and 601 at t¼100 ms.

Fig. 25. Contours of the equivalent stress at different time steps for the 451 crack
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independency of the proposed method from changing the mesh
size and domain size. Moreover, it was demonstrated that the
new crack tip enrichment functions were able to correctly
simulate the crack tip displacement and stress fields, as well as
the propagation paths.
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