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A new approach for modeling discrete cracks in two-dimensional orthotropic media by the
element free Galerkin method is described. For increasing the solution accuracy, recently
developed orthotropic enrichment functions used in the extended finite element method
are adopted along with a sub-triangle technique for enhancing the Gauss quadrature accu-
racy near the crack. An appropriate scheme for selecting the support domains near a crack
is employed to reduce the computational cost. In this study, mixed-mode stress intensity
factors are obtained by means of the interaction integral to determine the fracture proper-
ties. Several problems are solved to illustrate the effectiveness of the proposed method and
the results are compared with available results of other numerical or (semi-) analytical
methods.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Orthotropic composites benefit from the performances of their constituents. Their high specific strength and stiffness
characteristics allow for their extensive application in various industrial and engineering applications such as automobile
industries and aerospace structures, etc. Materials such as carbon fiber/epoxy are inherently brittle and usually exhibit a lin-
ear elastic response up to failure with little or no plasticity. Thus, crack analysis of orthotropic composites is an indispensable
task in reliable and durable optimized design of such materials and structures in innovative engineering applications.

Many analytical investigations are available on the fracture behavior of composite materials by researchers such as Mus-
kelishvili [1], Lekhnitskii [2], Sih et al. [3], Bowie and Freese [4], Kuo and Bogy [5], Viola et al. [6], Lim et al. [7] and Nobile and
Carloni [8].

Regarding the impossibility of obtaining analytical solutions in general problems, especially in complicated engineering
cases, numerical methods are among the best available approaches.

The finite element method has been used with great success in many academic and industrial applications. However, it
suffers from a number of drawbacks. For instance, due to mesh-based interpolation, distorted or low quality meshes may
lead to unacceptable level of errors. A remedy is to use advanced remeshing techniques which are complex and computa-
tionally expensive.

Additionally, classical mesh-based methods are not well suited to treat problems with discontinuities that do not align
with element edges. One strategy for dealing with evolving discontinuities in mesh-based methods is adaptive remeshing,
. All rights reserved.
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Nomenclature

Latin symbols
A moment matrix
b body force vector
bK vector of additional degrees of freedom for modeling crack tips
B matrix of shape function derivatives
c compliance matrix
c3D compliance matrix in 3D dimensions
c2D compliance matrix in 2D dimensions
dmax dimensionless size of the support domain
D matrix of elastic constants
E Young’s modulus
F global force vector
G shear modulus
J J-integral value
J(act) J-integral value for the actual state
J(aux) J-integral value for the auxiliary state
KI mode I stress intensity factor
KII mode II stress intensity factor
KI normalized stress intensity factor for mode I
KII normalized stress intensity factor for mode II
K global stiffness matrix
L differential operator
mt set of nodes that the discontinuity is in its support domain
n number of nodes in the neighborhood of point x
n unit outward normal vector
p basis function
P amplitude of point load
Qa: Q1, Q2, Q3, Q4 enrichment functions
r polar coordinate
rJ radius of J-integral domain
rs radius of support domain
s1; �s1; s2; �s2 roots of the fourth-order partial differential equation
�t prescribed traction
u displacement vector
�u prescribed displacement
U global displacement vector
w weight function
Ws, WM strain energy density
x field point
x1, x2 local Cartesian coordinates
X1, X2 global Cartesian coordinates

Greek symbols
a inclination angle of crack
b inclination angle of material orthotropy axes
dij Kronecker delta
e strain vector
h polar angle
m Poisson’s ratio
r stress vector
ro amplitude of tensile load
/i(x) MLS shape function associated with node i
C boundary of a domain
D average nodal spacing
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which is costly and requires projection of quantities between successive meshes and leads to possible degradation of
accuracy. An alternative approach is the extended finite element method (XFEM) [9] which enriches the approximation
space in order to capture weak and strong discontinuities. In XFEM, the finite element approximation in the vicinity of a
crack is enriched with functions extracted from the analytical solution near the crack tip.
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With the objective of eliminating difficulties associated with element based solutions, meshless approximations are de-
signed to build the approximation only on a set of nodes and therefore, are expected to be more convenient to discontinuous
problems. Element free Galerkin (EFG) method [10], reproducing kernel particle method (RKPM) [11], hp-cloud method [12],
meshless local Petrov–Galerkin (MLPG) [13] and the smoothed particle hydrodynamics (SPH) [14,15] are among the fre-
quently used meshless methods (MMs).

Among these methods, the element free Galerkin method, developed by Belytschko et al. [10], has found a wide applica-
tion in fracture mechanics [16–18]. One of the main advantages of such an EFG solution is that several crack length/orien-
tation problems can be analysed on a fixed mesh and no remeshing is necessary even for crack propagation problems.

Since there is no predefined element connectivities in EFG, the crack paths may extend anywhere within the model with-
out the complication of intersecting any internal element edges. Therefore, it is easier to treat moving discontinuities such as
crack propagation, shear bands and phase transformation, Of course, the model requires a full update procedure for the sup-
port domain information to take into account the existence and path of any crack. Similarly, a simpler h-adaptivity can be
designed because any new node can be freely added to the model without intersecting any predefined element edges or the
need for redefining element connectivities. This will then require a full update procedure for the non-fixed support domain
information. Moreover, EFG provides a number of other major advantages [19], including higher accuracy, robust handling of
large deformations, higher-order of continuity and a relatively more stable solution among the meshless methods.

Nevertheless, EFG suffers from a number of drawbacks. Since the moving least squares (MLS) shape functions do not sat-
isfy the Kronecker delta property, imposition of essential boundary conditions is not as straightforward as in mesh-based
methods. Also, the computational cost of EFG is much higher than an equivalent FEM.

EFG has already been applied to model discontinuities by using a so-called intrinsic basis function [20] and an extrinsic
MLS enrichment [20] to reproduce the singular stress field around an isotropic crack tip. Moreover, enriched radial basis
functions have recently been applied instead of moving least squares (MLS) basis functions, in a semi-EFG method to analyze
crack problems in isotropic homogeneous and isotropic functionally graded materials [21,22].

Cracked orthotropic materials have been analyzed by different approaches such as hybrid-displacement finite element
method [23], Boundary Element Method (BEM) [24], finite elements and the modified crack closure method [25]. Asadpoure
et al. [26–28] extended the original XFEM to analyze two dimensional discontinuous problems in orthotropic media. They
developed three different sets of enrichment functions for various types of composites based on the analytical solutions. Fur-
ther developments have been reported for dynamics and moving cracks in orthotropic media [29,30] and delamination anal-
ysis of composites [31].

Although cracked orthotropic media have been successfully studied by XFEM [26–28], there are potentials to further de-
velop and improve the EFG method for fracture analysis of composites, because in addition to the general advantages of
meshless methods, its higher accuracy, robust handling of large deformations, avoiding distorted elements, higher/variable
order of continuity within a domain, relatively simple node adaptation/insertion and a relatively more stable solution, make
it a competing approach for the extended finite element method.

In this study, formulations of the element free Galerkin (EFG) methods are modified by selection of appropriate support
domains in the vicinity of cracks and using the orthotropic enrichment functions, proposed by Asadpoure and Mohammadi
[28], in the framework of partition of unity. Also, the accuracy of integration is increased by applying the sub-triangle tech-
nique used in XFEM [32]. Finally, validity, robustness and efficiency of the proposed approach are examined by several iso-
tropic and orthotropic problems. Mixed-mode stress intensity factors and J-integrals are computed and compared with other
numerical or (semi-) analytical methods.

2. Fracture mechanics of orthotropic materials

The stress–strain law in an arbitrary linear elastic material can be written as
e ¼ cr ð1Þ
where e and r are strain and stress vectors, respectively, and c is the compliance matrix, defined in 3D as:
c3D ¼

1
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E3
0 0 0
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� m13
E1
� m23

E2

1
E3

0 0 0

0 0 0 1
G23

0 0

0 0 0 0 1
G13

0

0 0 0 0 0 1
G12

2
666666666664

3
777777777775

ð2Þ
where E, m and G are Young’s modulus, Poisson’s ratio and shear modulus, respectively. For a plane stress case the compliance
matrix is simplified into the following form:
c2D
ij ¼ c3D

ij i; j ¼ 1; 2; 6 ð3Þ
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and for a plane strain state
c2D
ij ¼ c3D

ij �
c3D

i3 � c3D
j3

c3D
33

i; j ¼ 1; 2; 6 ð4Þ
Now assume an anisotropic body subjected to arbitrary forces with general boundary conditions and a crack. Global Carte-
sian coordinate (X1, X2), local Cartesian coordinate (x1, x2) and local polar coordinate (r,h) defined on the crack tip are illus-
trated in Fig. 1. A fourth-order partial differential equation with the following characteristic equation can be obtained using
equilibrium and compatibility conditions [2]
c2D
11 s4 � 2c2D

16 s3 þ 2c2D
12 þ c2D

66

� �
s2 � 2c2D

26 sþ c2D
22 ¼ 0 ð5Þ
Lekhnitskii [2] proved that the roots of Eq. (5) are always complex or purely imaginary (sk = skx + isky, k = 1, 2) and occur in
conjugate pairs as s1; �s1 and s2; �s2. Accordingly, the two-dimensional displacement and stress fields in the vicinity of the
crack tip are [3]
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mode II:
uII ¼ KII
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Fig. 1. An arbitrary cracked orthotropic body.
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where Re denotes the real part of the statement and KI and KII are stress intensity factors for mode I and mode II, respectively.
pi and qi are defined as
pi ¼ c11s2
i þ c12 � c16si i ¼ 1;2 ð10Þ

qi ¼ c12si þ
c22

si
� c26 i ¼ 1;2 ð11Þ
3. Orthotropic enrichment functions

Crack-tip enrichment functions have been obtained in a way that include all possible displacement states in the vicinity of
crack tip mentioned in Eqs. (6) and (8) [28]. These functions span the possible displacement space that may occur in the ana-
lytical solution. The enrichment functions, as defined in [28], are:
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ffiffiffiffiffiffiffiffiffiffiffi
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where
hj ¼ arctan
sjy sin h
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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with j ¼ 1; 2. In the above equations sjx and sjy are real and imaginary parts of characteristic roots sj, respectively.
All crack tip enrichment functions include the

ffiffiffi
r
p

term, leading to the appearance of 1=
ffiffiffi
r
p

in all spatial derivatives. As a
result, strain and stress components become singular when r approaches zero. The existence of such a singular stress field
should be cautiously considered in any integration and post processing procedures such as evaluation of the J-integral.

The way these orthotropic enrichment functions are employed in the EFG method will be explained in the following
sections.

4. EFG formulation

Consider the following standard two-dimensional problem of linear elasticity, as shown in Fig. 2. The partial differential
equation and boundary conditions for this problem can be written in the form of
Equilibrium equation : LTrþ b ¼ 0 in X ð15Þ
Natural boundary condition : rn ¼ �t on Ct ð16Þ
Essential boundary conditionaluminium : u ¼ �u on Cu ð17Þ
where L is the differential operator defined as
L ¼

@
@x 0
0 @

@y

@
@y

@
@x

2
64

3
75 ð18Þ
and r, u, and b are the stress, displacement and body force vectors, respectively. �t is the prescribed traction on the traction
(natural) boundary; �u is the prescribed displacement on the displacement (essential) boundary and n is the unit outward
normal vector at a point on the natural boundary.

The variational (weak) form of governing equation can be written as:
Z
X
ðLduÞTðDLuÞdX�

Z
X

duT bdX�
Z

Ct

duT tdX ¼ 0 ð19Þ
where D is the matrix of elastic constants (inverse of compliance matrix c).
Fig. 2. A two-dimensional continuum medium.
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The problem domain is now represented by a set of n field nodes in order to approximate the displacement variable. EFG
uses the moving least squares (MLS) shape functions [33] to approximate the displacement at any point of interest using a
set of nodes in the local support domain of that point. The displacement approximation for a typical point x can be written as
(see [10]):
uhðxÞ ¼
Xn

i¼1

/iðxÞui ð20Þ
where ui is the vector of regular nodal degrees of freedom and /i(x) is the MLS shape function associated with node i at the
point x ,
/iðxÞ ¼ pTðxÞ½AðxÞ��1wðx� xiÞpðxiÞ ð21Þ
where p(x) is the MLS basis function. The two dimensional linear basis function is defined as:
pTðxÞ ¼ 1 x y½ � ð22Þ
A(x) is the moment matrix,
AðxÞ ¼
Xn

i¼1

wðx� xiÞpðxiÞpTðxiÞ ð23Þ
n is the number of nodes in the neighborhood of point x where the weight function w(x � xi) – 0.
One of the commonly used weight functions is the cubic spline weight function in the form of
wðrÞ ¼

2
3� 4r2 þ 4r3 r 6 1

2
4
3� 4r þ 4r2 � 4

3 r3 1
2 < r 6 1

0 r > 1

8><
>: ð24Þ
with
r ¼ kx� xik
rs

ð25Þ
where rs is the radius of support domain for node i.
One approach to enhance approximation to include discontinuities or singularities in meshless methods is to modify the

basis function intrinsically [20] to incorporate appropriate analytical functions. For linear elastic fracture mechanics, the
asymptonic near-tip displacement field of the Wetergaard solution can be included into the basis p:
pTðxÞ ¼ 1 x y
ffiffiffi
r
p

sin h
2

� � ffiffiffi
r
p

cos h
2

� � ffiffiffi
r
p

sin h
2

� �
sinðhÞ

ffiffiffi
r
p

cos h
2

� �
sinðhÞ

� �
ð26Þ
where (r, h) are the polar coordinates from the crack tip. One drawback of the intrinsic enrichment is that it usually used in
the entire domain; otherwise, undesired discontinuities may be introduced at the interface of enriched and regular domains
[19]. To reduce the computational cost, a blending domain is often introduced where the higher-order basis is gradually
downgraded into a basis of lower-order continuity [19]. Alternatively, an extrinsic enrichment, similar to XFEM, is found
to be more efficient [32]. For the present orthotropic problem, the new extrinsically enriched displacement approximation
for a typical point x can be written as:
uhðxÞ ¼
Xn

i¼1

/iðxÞui þ
Xmt

K¼1

/KðxÞ
X4

a¼1

QaðxÞbK ð27Þ
where bK is the vector of additional degrees of freedom for modeling crack tips mt, is the set of nodes that the discontinuity is
in its influence (support) domain and Q1(x) are the enrichment functions (12).

The first term in the right-hand side of Eq. (27) is the classical EFG approximation to determine the displacement field,
while the second term is the enrichment approximation in order to accurately represent the analytical solution near the
crack tip.

Discretization of Eq. (19) results in
KU ¼ F ð28Þ
where K is the global stiffness matrix, F is the global force vector and U is the global displacement vector that collects the
displacements of all nodes in the entire problem domain and additional enrichment degrees of freedom:
U ¼ fu b1 b2 b3 b4 gT ð29Þ
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K and F are assembled from the nodal stiffness matrix and nodal force vector, respectively:
Kn
ij ¼

Kuu
ij Kub

ij

Kbu
ij Kbb

ij

" #
ð30Þ

Fn
i ¼ f Fu

i Fb1
i Fb2

i Fb3
i Fb4

i
gT ð31Þ
where
K rs
ij ¼

Z
X
ðBr

i Þ
T DBs

j dX ðr; s ¼ u; bÞ ð32Þ
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Z
X
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i bdXþ

Z
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i
�tdC ð33Þ

Fba
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Z
X
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i Q abdXþ

Z
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/T
i Q a

�tdC ða ¼ 1;2;3;4Þ ð34Þ
/i(x) is the MLS shape function associated with node i and Bu
i and Bb

i are matrices of shape function derivatives,
Bu
i ¼

/i;x 0
0 /i;y

/i;y /i;x

2
64

3
75 ð35Þ

Bb
i ¼ Bb1

i Bb2
i Bb3

i Bb4
i

h i
ð36Þ

Ba
i ¼

ð/iQaÞ;x 0
0 ð/iQaÞ;y
ð/iQaÞ;y ð/iQaÞ;x

2
64

3
75 ða ¼ 1;2;3;4Þ ð37Þ
Strain and stress components can then be retrieved from nodal displacements uh using Eqs. (38) and (39), respectively,
e ¼ Luh ð38Þ
r ¼ De ð39Þ
Since the MLS shape functions lack the Kronecker delta function property, the Lagrange multiplier technique is adopted to
enforce the essential (displacement) boundary conditions.

4.1. Selection of the support domain near a crack tip

In order to consider the existence of discontinuity in a cracked problem, the following procedures are used in this paper.
Selection of the support domain near a crack face is illustrated in Fig. 3a. For each point x1, the nodes on the opposite side

of the crack face are not considered. In order to take into account the effect of discontinuity near a crack tip xc, indirect dis-
tance of s1 + s2(x) is considered instead of the direct distance of s0(x) (see Fig. 3b):
s0ðxÞ ¼ kx� x1k
s1 ¼ kxI � xck
s2ðxÞ ¼ kx� xck

8><
>: ð40Þ
Fig. 3. Selection of the support domain near a crack face (a) and a crack tip (b) (rs: radius of the support domain).
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4.2. Sub-triangle technique

The Gauss quadrature rule is utilized for integration over the EFG background cells. Existence of discontinuity within a
background cell may result in substantial accuracy reduction. Sukumar et al. [34] demonstrated that a regular increase in
order of Gauss integration does not necessarily improve the integration over a discontinuous element/cell, whereas indepen-
dent integration of each side of the discontinuity with even low order rules does guarantee an accurate integration. There-
fore, an efficient technique is required to define the necessary points needed for the integration within these background
cells, while remains consistent with the crack geometry.

In order to overcome this numerical difficulty, an approach similar to one proposed by Dolbow [35] for XFEM is utilized.
According to this technique, any background cell which intersects with a crack is subdivided at both sides into sub-triangles
whose edges are adapted to crack faces, as illustrated in Fig. 4.

It is important to note that, while triangulation of the crack tip element substantially improves the accuracy of integration
by increasing the order of Gauss quadrature, it also avoids numerical complications of singular fields at the crack tip because
none of the Gauss points are placed on the position of the crack tip.

5. SIF computation

The stress intensity factor (SIF) is one of the important parameters representing fracture properties of a crack tip. In the
present method, stress intensity factors are utilized to compare the accuracy of the developed orthotropic enriched EFG with
other methods. In this study, the technique developed by Kim and Paulino [36] to evaluate mixed-mode stress intensity
factor is applied and briefly reviewed.

The standard path independent J-integral for a crack is defined as [37]
J ¼
Z

C
Wsd1j � rij

@ui

@x1

� �
njdC ð41Þ
where C as illustrated in Fig. 5, is an arbitrary contour surrounding the crack tip which encloses no other cracks or discon-
tinuities, Ws is the strain energy density, Ws ¼ 1

2 rijeij for linear elastic material, nj is the jth component of the outward unit
normal to C, d1j is the Kronecker delta and the coordinates are taken to be the local crack tip coordinates with the x1-axis
parallel to the crack face.

Now suppose there are two equilibrium states; state 1 corresponds to the actual state, while state 2 denotes an auxiliary
state. Auxiliary stress and displacement fields are defined by asymptotic fields near the crack tip as given by analytical solu-
tions (6)–(9).

By combining the actual and auxiliary solutions for obtaining the J-integral one can write:
JðactþauxÞ ¼ JðactÞ þ JðauxÞ þM ð42Þ
Fig. 4. Sub-triangle technique for partitioning the cracked background cell: (a) crack edge and (b) crack tip.

Fig. 5. Local crack tip coordinates and the contour C (rJ: radius of circular J domain).
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where Jactþaux is the J-integral value for the superposition state, Jact and Jaux are the J-integral values for actual and auxiliary
states, respectively, and
M ¼
Z

C
WMd1j � rij

@uaux
i

@x1
� raux

ij
@ui

@x1

� �
njdC ð43Þ
where WM is the strain energy density,
WM ¼ 1
2

rijeaux
ij þ raux

ij eij

� �
ð44Þ
The strain of auxiliary field is defined as
eaux
ij ¼

1
2

uaux
i;j þ uaux

j;i

� �
ð45Þ
After some manipulations, M can be written in the following form [28],
M ¼ 2e11KIK
aux
I þ e12ðKIK

aux
II þ Kaux

I KIIÞ þ 2e22KIIK
aux
II ð46Þ
where
e11 ¼ �
c22

2
Im

s1 þ s2

s1s2

	 

ð47Þ

e12 ¼ �
c22

2
Im

1
s1s2

	 

þ c11

2
Imðs1s2Þ ð48Þ

e22 ¼
c11

2
Imðs1 þ s2Þ ð49Þ
Having calculated M from (43), the SIFs can then be obtained by considering the two states (state I: Kaux
I ¼ 1; Kaux

II ¼ 0 ; state
II: Kaux

I ¼ 0; Kaux
II ¼ 1) and solving the following system of linear algebraic equation,
Mðact;state IÞ ¼ 2e11KI þ e12KII

Mðact;state IIÞ ¼ 212KI þ 2e22KII

ð50Þ
6. Numerical examples

Seven isotropic and orthotropic problems are examined to demonstrate the accuracy and efficiency of the proposed meth-
od. The results are compared with existing (semi-) analytical or numerical solutions.

In all examples, a linear basis function pTðxÞ ¼ ½1 x y � and the cubic spline weight function are selected. Integration of
each sub-triangle cell is performed by 13 Gauss points, unless stated otherwise.

6.1. Infinite isotropic tensile plate with a center crack

Consider an infinite plane strain plate, containing a straight crack of length 2a and loaded by a remote uniform stress field
r0. Closed form solutions along ABCD in terms of polar coordinates in a reference frame (r,h) centered at the crack tip are (see
Fig. 6),
uxðr; hÞ ¼
2ð1þ vÞffiffiffiffiffiffiffi

2p
p K1

E

ffiffiffi
r
p

cos
h
2

2� 2v � cos2 h
2

	 


uyðr; hÞ ¼
2ð1þ vÞffiffiffiffiffiffiffi

2p
p K1

E

ffiffiffi
r
p

sin
h
2

2� 2v � cos2 h
2

	 
 ð51Þ
where ABCD is a square of 10 � 10 mm, KI ¼ r0
ffiffiffiffiffiffi
pa
p

is the stress intensity factor and the crack length ðclÞ in the ABCD do-
main is 5 mm. Other parameters are:
a ¼ 100 mm; E ¼ 107 N=mm2; v ¼ 0:3; r ¼ 104 N=mm2
The stress field in the same domain can be computed from
rxxðr; hÞ ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p cos

h
2

1� sin
h
2

sin
3h
2

	 


ryyðr; hÞ ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p cos

h
2

1þ sin
h
2

sin
3h
2

	 

ð52Þ

rxyðr; hÞ ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p sin

h
2

cos
h
2

cos
3h
2



Fig. 6. An infinite isotropic plate with a center crack under remote tension.
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This test is performed to verify the results of the proposed approach with an analytically known set of results. 1600 nodes
and 1521 background cells have been used to model the problem, as depicted in Fig. 7. Analytical nodal displacements (51)
are prescribed on bottom, right and top edges while prescribed forces (52) are applied on the left edge. The nodal distribution
and the background cells are illustrated in Fig. 7.

On each rectangular background cell, a 4 � 4 Gauss quadrature integration is adopted. The proposed sub-triangle tech-
nique is applied for cells that contain a crack.

The reference solution for the normalized SIF (mode I) KI
r0
ffiffiffiffi
pa
p is 0.99753 with an error of about 0.25%. It has been obtained

based on the sub-triangle technique, and settings of rJ = 0.5 � cl = 2.5 mm and rs = 1.7D, where D is the average nodal
spacing. Fig. 8 compares the effect of sub-triangulation for two different support domain sizes. The average difference is
about 0.15% for the case that dmax = 1.7.

A sensitivity analysis proved that circular support domains with radius of 1.7D lead to the best results in this problem.
Table 1 illustrates the average and maximum error of SIFs (mode I) for different J-integral domains. Furthermore, it is

found that the proposed method has an acceptable convergence for different J-integral domain sizes around the crack tip.

6.2. Finite isotropic edge crack plate

The second example, shown in Fig. 9, is an isotropic rectangular plate with an edge crack under a uniform tensile loading.
The load is ro= 1000 Pa, and other parameters are:
L ¼ 20 mm; D ¼ 26 mm; a ¼ 4 mm; E ¼ 2:0� 105 MPa; v ¼ 0:25
The analytical stress at the tip of crack is similar to the previous example (Eq. (52)) where KI is the stress intensity factor of
the present problem,
KI ¼ Cr0
ffiffiffiffiffiffi
pa
p

ð53Þ
where
C ¼ 1:12� 0:231
a
L

� �
þ 10:55

a
L

� �2
� 21:72

a
L

� �3
þ 30:39

a
L

� �4
ð54Þ
(a) (b)

Fig. 7. Discretization for the infinite isotropic plate with a center crack: (a) nodes and (b) background cells.



Fig. 8. The effect of sub-triangle technique on the computed SIF (dmax = rs/D).

Table 1
Average and maximum error of SIFs (mode I) for different J-integral domains.

Error (%) Quadrature rule dmax

1.7 2 2.3 2.6 2.9 3.2

Average Sub-tri. 0.25 0.54 0.86 1.38 1.76 2.21
Without sub-tri. 0.40 0.62 0.94 1.41 1.82 2.33

Maximum Sub-tri. 0.32 0.61 0.92 2.15 2.01 2.54
Without sub-tri. 0.46 0.69 1.02 1.50 2.10 3.08

Fig. 9. A finite isotropic plate with an edge crack.
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According to Eqs. (53) and (54), the normalized mode I SIF K1 ¼ K1
r0
ffiffiffiffi
pa
p is equal to 1.3707. Two different nodal distributions

with 2660 (type I) and 1353 (type II) nodes are considered, as depicted in Fig. 10. Also two different background cells are
constructed (Fig. 11) with 2 � 2 Gauss quadrature for each cell. 2553 and 4851 background cells are utilized in non-uniform
and uniform cases, respectively. Note that only when non-uniform background cells (Fig. 11a) are used with nodal distribu-
tion type I (Fig. 10a), a finite element mesh can be imagined, whereas in other combinations, nodes and cells of EFG do not
match an equivalent finite element mesh.

The dimensionless size of the support domain (dmax) is considered 1.7. Analysis is carried out both with and without the
sub-triangle technique. Table 2 summarizes the results of several analyses to evaluate the normalized stress intensity factor.
It is clearly observed that the sub-triangle technique efficiently improves the problem stability while increasing the accuracy
of results. It is observed from Table 2 that the uniform background cell has led to less accurate results with even more cells
(4851) in comparison with the non-uniform background cells (2553 cells). The reason may be attributed to the finer cell



(a) (b) (c)

Fig. 10. Nodal distributions of the finite isotropic plate with an edge crack: (a) type I; (b) type II; and (c) details of nodal distribution type II around the crack
tip.

(a) (b)

Fig. 11. (a) Non-uniform and (b) uniform background cells of the finite isotropic plate with an edge crack.
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dimensions of the non-uniform mesh around the crack which has improved the quality of the solution. Obviously, a blindly
structured mesh with more overall elements but coarser elements around the crack cannot improve the results, and an opti-
mal background mesh has to be selected to avoid unnecessary computational costs while providing the required accuracy.

In order to further evaluate the effect of background cells on the solution accuracy, the model with nodal distribution type
I (Fig. 10a) with four uniform 49 � 99, 74 � 149, 99 � 199 and 109 � 219 background cells have been analyzed based on the
sub-triangle technique. Fig. 12 illustrates the error of mode I SIFs (%) for these models, showing that while convergence is
achieved by increasing the number of background cells, an optimum 99 � 199 background mesh generates the sufficient
level of accuracy (0.26%).



Table 2
Normalized stress intensity factors (mode I) for the finite isotropic plate with an edge crack.

Nodal distribution Type I Type II

Quadrature rule Sub-tri Ord. Sub-tri Ord.

Background cells
Non-uniform KI 1.3848 1.4396 1.373 1.4036

Error (%) 1.03 5.03 0.17 2.60

Uniform KI 1.50 Unacceptable results 1.4694 Unacceptable results
Error (%) 9.35 7.20

Fig. 12. Error of SIFs (%) for different uniform background cells with nodal distribution type I.
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According to Table 3, it is observed that this optimum uniform background cell, which has a crack tip cell area close to the
equivalent non-uniform cell, provides much lower solution error (one-third) of the non-uniform integration. This is, how-
ever, achieved by far higher numerical expenses due to higher number of elements.
6.3. Finite square orthotropic plate with a central crack

Consider a square orthotropic plate with a central crack aligned along its axis of orthotropy. The plate is considered in the
plane stress state and it is subjected to a unit distributed load (r0 = 1). Geometry and boundary conditions of the plate are
illustrated in Fig. 13.

The plate is composed of a graphite-epoxy material with the following orthotropic properties:
Table 3
Error of

Back

Area
Erro
E1 ¼ 114:8 GPa; E2 ¼ 11:7 GPa; G12 ¼ 9:66 GPa; v12 ¼ 0:21
The dimensionless size of support domain (dmax) is considered 1.7 and a 2 � 2 Gauss quadrature rule is adopted except for
the background cells that intersect with crack for which the sub-triangle technique is used.

1936 nodes and 1849 background cells are used for the analysis, as depicted in Fig. 14. Mixed-mode stress intensity fac-
tors are calculated based on rJ = 1.2a using both the conventional and the proposed orthotropic enriched EFG and are com-
pared with the results provided by Kim and Paulino [36] and Asadpoure and Mohammadi [26,28] (see Table 3). Asadpoure
and Mohammadi [26,28] used two different enrichment functions using XFEM for analyzing this problem. Their second type
of orthotropic enrichment functions (general case), match the enrichment functions of the present study.

Table 4 illustrates that very accurate results are obtained by the present approach with similar DOFs compared with
XFEM and other reference results. There is, however, no clear superiority of XFEM or EFG on each other in this particular
problem.
normalized stress intensity factor (mode I) for different background cells.

ground cells Uniform Non-uniform

49 � 99 (4851) 74 � 149 (11026) 99 � 199 (19701) 109 � 219 (23871) 37 � 69 (2553)

of the cell that includes the crack tip 0.2144 0.0943 0.0528 0.0436 0.0554
r (%) 9.35 4.36 0.26 0.28 1.03



Fig. 13. A finite square orthotropic plate with a central crack.

(a) nodal distribution (b) background cells 

Fig. 14. Nodal distribution and background cells used for modeling the finite square orthotropic plate with a central crack.

Table 4
Normalized stress intensity factors for a finite square orthotropic plate with a central crack.

Method DOFs Elements Cells KI

Kim and Paulino [36] 11702 2001 – 0.997
Asadpoure et al. [26] 4278 2025 – 1.018
Asadpoure and Mohammadi [28] 4278 2025 – 1.020
Conventional EFG 3875 – 1849 0.965
Present method 4035 – 1849 1.0045
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6.4. Finite rectangular orthotropic plate with an edge crack under tension

Consider a rectangular orthotropic plate in the plane stress state with an edge crack under a distributed load, as depicted
in Fig. 15. Several orientations of material elastic axes are investigated. The proportions of width to height (w/h) and crack
length to width (a/w) are equal to 0.5 (see Fig. 15). The plate is composed of a graphic-epoxy material with the following
orthotropic properties:
E1 ¼ 114:8 Gpa; E2 ¼ 11:7 GPa; G12 ¼ 9:66 GPa; v12 ¼ 0:21
1984 field nodes are used for modeling and 1891 background cells are employed for integration (Fig. 16). The dimensionless
size of the support domain is considered 1.7 and 12 nodes around the crack tip are selected for enrichment, providing extra
96 degrees of freedom to the total 4096 EFG degrees of freedom. A 2 � 2 Gauss quadrature rule is adopted for normal back-
ground cells, while the sub-triangle technique is used for cells which intersect with the crack. Effects of the material ortho-
tropy angle on mixed-mode stress intensity factors are studied. Comparison between the proposed method and the results
by Aliabadi and Sollero [24] and Asadpoure and Mohammadi [28], who performed similar studies using BEM and XFEM,
respectively, is shown in Fig. 17.

The results show that the trend of mode I stress intensity factor changes around b = 45�. It has an increasing trend in the
span of b = 0� to b = 45� and then decreases in the span of b = 45� to b = 90� and reaches a value around its initial value, i.e.
when b = 0�. The turning point for the mode II stress intensity factor is about b = 30�.



Fig. 15. Geometry and loading of a rectangular orthotropic plate with an edge crack.

(a)

crack enriched nodes

(b)

(c)

Fig. 16. EFG model of a finite rectangular orthotropic plate with an edge crack: (a) the EFG model; (b) enlarged view of nodal distribution around the crack
tip (enriched nodes are distinguished by cross signs); and (c) background cells.

(a) (b)

Fig. 17. Effect of various inclinations of material orthotropy axes on the stress intensity factors: (a) mode I normalized stress intensity factor, KI ¼ KI=r
ffiffiffiffiffiffi
pa
p

and (b) mode II normalized stress intensity factor, KII ¼ KII=r
ffiffiffiffiffiffi
pa
p

.
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Furthermore, variations of SIFs for different rJ in the case of b = 45� are shown in Fig. 18. Differences between the max-
imum and minimum values for KI and KII are equal to 0.31% and 1.49%, respectively. It is found that the J-integral domain size
rJ does not substantially affect the values of SIFs.

Apparent slight oscillations may be attributed to sudden changes of nodal spacing and then the size of support domain in
different regions when different values of rJ are used.

6.5. Edge crack in a cantilever orthotropic plate under shear stress

A cantilever rectangular plate, subjected to shear loading with variable material axes, is analyzed. As shown in Fig. 19, the
plate has crack length to width ratio of a/w = 0.5, with the ratio of height to width of h/w = 2 . The plate is made of graphite-
epoxy composite with the following elastic properties:
E1 ¼ 144:8 GPa; E2 ¼ 11:7 GPa; G12 ¼ 9:66 GPa; v12 ¼ 0:21
The same geometry discretization of previous example is utilized for this problem. This problem has also been studied by
Chu and Hong [38], based on the Jk-integral and the finite element method. Fig. 20 compares the results of present EFG sim-
ulations with the reference [38] results, which show a very close agreement. The values of normalized SIFs for different
material angles, computed by the present method, are listed in Table 5.

6.6. Finite rectangular orthotropic plate with a central slanted crack

In this example the proposed method is applied to a central slanted crack, with inclination of 45� and length of 2a ¼ 2
ffiffiffi
2
p

located in a finite two-dimensional orthotropic plate under unit constant tension loads (Fig. 21). The orthotropic material
axes of the plate coincide with X1 and X2. Elastic properties are assumed as,
E1 ¼ 3:5 GPa; E2 ¼ 12 GPa; G12 ¼ 3 GPa; v21 ¼ 0:7
For modeling the problem, 4560 nodes and 4425 background cells are employed, as shown in Fig. 22. The proportion of sup-
port domain dimension to average nodal spacing (dmax) is considered 1.7. The sub-triangle technique is used for background
cells that intersect with the crack, while a 2 � 2 Gauss quadrature is adopted for other cells.
(a) (b)

Fig. 18. Values of SIFs for various relative rJ for the case of b = 45�: (a) mode I normalized SIF ðKIÞ and (b) mode II normalized SIF ðKIIÞ.

Fig. 19. Geometry and loading of a cantilever plate with an edge crack subjected to shear loading.



Fig. 20. Normalized mixed mode SIFs for an edge crack in a cantilever plate under shear stress.

Table 5
Values of SIFs for an edge crack in a cantilever plate under shear stress.

b(�) KI ¼ KI
so
ffiffiffiffiffi
pa
p KII ¼ KII

so
ffiffiffiffiffi
pa
p

�90 8.800 1.062
�80 9.822 0.350
�70 10.929 �0.419
�60 11.409 �1.220
�50 11.498 �1.992
�40 11.291 �2.504
�30 10.831 �2.565
�20 10.168 �1.896
�10 9.578 �0.464
0 9.334 1.594
10 9.441 3.643
20 9.866 4.924
30 10.288 5.347
40 10.117 4.595
50 10.137 4.229
60 9.730 3.446
70 9.204 2.659
80 8.721 1.814
90 8.800 1.062
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The same problem has been investigated by several others; Sih et al. [3] utilizing a complex variable method, Atluri et al.
[23] using hybrid-displacement finite element method, Wang et al. [39] adopting a conservation law of elasticity, Kim and
Paulino [25] employing two methodologies of the modified crack closure (MCC) and displacement correlation technique
(DCT), and Asadpour and Mohammadi [28] utilizing the XFEM method. Table 6 compares the results of the present method
with available reference results.

The mixed-mode stress intensity factors, computed by the present method and XFEM (by Asadpoure and Mohammadi
[28]), are compared in Fig. 23 for a range of a = 0–90�. By increasing the crack angle, mode I stress intensity factor reduces
steadily, whereas the mode II stress intensity factor increases and reaches its maximum value at a = 45�, and then decreases.
EFG and XFEM are closely similar for both modes of fracture.

For the special case of a ¼ 0�, the proposed method calculates the normalized mode I SIF as 1.014, which agrees well with
the solution K1 ¼ 10:2, presented by Bowie and Freese [4], based on the boundary collocation method.

Fig. 24 illustrates the value of J for various J-integral domain sizes when the crack angle is fixed to 45�. The value of J is
calculated from the stress intensity factors by the following relation [36]:
J ¼ e11K2
I þ e12KIKII þ e22K2

II ð55Þ
where e11, e12 and e22 are defined as Eqs. (47)–(49), respectively.
Fig. 24 clearly shows that the differences of computed J are negligible; an indication of path-independency of the

J-integral.



Fig. 21. Geometry and loading of a finite rectangular orthotropic plate with a central slanted crack under a tensile loading.

(b)(a)

Fig. 22. Discretization of the finite rectangular orthotropic plate with a central slanted crack: (a) nodal distribution and (b) background cells.

Table 6
Mixed-mode stress intensity factors for a finite rectangular orthotropic plate with a central slanted crack (a = 45�).

Method Present method Sih et al. [3] Atluri et al. [23] Wang et al. [39] Kim and Paulino [25]
(MCC)

Kim and Paulino [25]
(DCT)

Asadpour and
Mohammadi [28]

KI 0.512 0.5 0.484 0.485 0.506 0.511 0.514

KII 0.530 0.5 0.512 0.498 0.495 0.491 0.519
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6.7. An inclined central crack in an orthotropic disk subjected to point loads

In this problem, a disk with an inclined central crack subjected to double point loads, as shown in Fig. 25, is considered.
The material orthotropy axes are assumed to be coincident with X1 and X2 axes with the following material properties:
E1 ¼ 0:1 GPa; E2 ¼ 1:0 GPa; G12 ¼ 0:5 GPa; v12 ¼ 0:03



(a) (b)

Fig. 23. Mode I and II normalized SIFs for different crack angles in the finite rectangular orthotropic plate with a central crack.

Fig. 24. Variations of J-integral for various relative rJ (a = 45�).

Fig. 25. Geometry and boundary conditions for an orthotropic disk with inclined central crack subjected to point loads.
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As illustrated in Fig. 26, 664 nodes are used for modeling the problem and two types of background cells are employed for
integration; whereby a 2 � 2 Gauss quadrature rule is adopted in cells except for the ones that intersect with the crack, for
which the sub-triangle technique is adopted. While the background cells-I may be visualized as an equivalent FE mesh, the
background cells-II are adopted independently from the nodal distribution. In this case, only the Gauss points which are lo-
cated inside the disk are considered.

Table 7 compares the stress intensity factors obtained by the present method with those reported by Kim and Paulino
[25] and Asadpoure and Mohammadi [28] for homogeneous orthotropic media for the case of a = 30�.

Fig. 27 illustrates the value of mixed mode stress intensity factors computed by the present EFG method and XFEM (uti-
lized by Asadpoure and Mohammadi [28]), while crack inclination (a) is in the range of 0–45�. According to the results, while
the crack angle increases, mode I SIF decreases, whereas mode II SIF increases. Note that only one discretization model is
utilized for calculating all crack inclinations.

The results clearly indicate that EFG provides accurate results while it does not possess the difficulty of predefining a
mesh which exists in FEM and to some extent in XFEM and the background cells can be applied independent of the nodal
distribution.



(a)

(d)(c)

(b)

Fig. 26. Discretization of the orthotropic disk with an inclined central crack: (a) nodal distribution; (b) background cells (type I); (c) background cells (type
II) and (d) details of background cells (type I) around the crack.

Table 7
Stress intensity factors for an inclined central crack in an orthotropic disk subjected to point loads (a = 30�).

Method DOFs Elements Cells KI KII

Present method (cells type I) 1507 – 641 16.98 11.95
Present method (cells type II) 1507 – 2033 16.80 11.79
Asadpoure and Mohammadi [28] 1960 920 – 17.08 11.65
Kim and Paulino [25] (MCC) 5424 999 – 16.73 11.33
Kim and Paulino [25] (M-integral) 5424 999 – 16.75 11.38

(a) (b)

Fig. 27. SIF values corresponding to different central crack angles in the orthotropic disk: (a) mode I SIF; (b) mode II SIF.
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7. Conclusion

In this paper, the conventional EFG has been further extended to analysis of discontinuous orthotropic problems. Recently
developed XFEM orthotropic enrichment functions have been employed in EFG to evaluate stress intensity factors in cracked
orthotropic materials.

Several isotropic and orthotropic problems with central and edge cracks have been solved by the proposed method. Re-
sults of mixed-mode stress intensity factors (SIFs) and J-integrals have been compared with the reference results and proved
the accuracy, robustness and efficiency of the proposed orthotropic enriched EFG.

The present study has illustrated that XFEM and EFG are almost equally accurate in fracture analysis of structures. While
XFEM is designed for the well-developed finite element method, EFG may provide substantial advantages in future develop-
ments in comparison to other mesh-based numerical methods. There is no need to any predefined mesh of elements built on
the nodal distribution. Also, it is much more suitable for relatively simple node adaptation/insertion and is expected to better
perform in large deformations by avoiding distorted elements. An extension to dynamic orthotropic enriched EFG is poten-
tially attractive for dynamic fracture analysis of composites.
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