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SUMMARY 

The performance of an anisotropic Morley thin shell element in large deformation explicit dynamic analysis 
is investigated in this study. A contact algorithm is also developed to study the behaviour of this element in 
metal forming processes, as a substitute for the continuum quadrilateral shell element in circumstances 
where it does not behave well when skewed. Some benchmarks and real problems are solved to assess the 
performance of the element. Copyright © 1999 John Wiley & Sons, Ltd. 
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1. INTRODUCTION 

The simplicity and effectiveness of the Morley shell element are the two main reasons that this 
element has been widely used in the literature for various static analyses of shells. The earliest 
attempts to establish this element may be traced back to the early 1970s when Morley presented 
his plate bending element. I Later, the element was extended and adopted to the modelling of 
shells, including also a variety of non-linear problems.2•3 

This element combines the constant strain and constant bending fields to develop the simplest 
possible shell element. When Morley elements are joined together to model a shell, the rotational 
degrees of freedom accommodate easily a change in slope between elements, and there are no 
difficulties with nearly singular degrees of freedom. 

The Morley shell element is non-conforming. For example, two lateral displacements wand 
one normal rotation eon each edge are unable to represent a quadratic variation of w or a'linear 
variation of w.n along that edge. Nevertheless, this element satisfies the analytical requirements 
for the constant curvature patch test.4 

When compared with rectangular shell elements, the Morley shell element offers certain 
advantages. Firstly, the element is quite suitable for explicit codes, because it does not require 
relatively expensive hourglass stabilization. Secondly, it is known that under some circumstances 
rectangular elements do not behave well when skewed. 

In this paper, after a review of the time integration technique, basic formulation of the element 
will be presented. The large deformation formulation will then be described in detail and some of 
the key characteristics of the element will be discussed. Finally, the performance of the element is 
assessed by solving several test cases from both the literature and industry. 
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446 S. MOHAMMADI ET AL. 

2. GOVERNING EQUATIONS 

2.1. Variational boundary value problem 

The weak form of the dynamic boundary value problem for non-linear solid mechanics for any 
admissible displacement variation bu may be expressed ass 

( be(u): o'(u) dv + ( bu· po dv = 1bu . ro
dy dv +1bu· rUff da +1bg(u)· (on da (1)

1n 1n n r. r, 

where the terms denote the virtual work of internal forces, the inertial forces contribution, the 
virtual work of external forces and the virtual work of contact forces, respectively. Here 0' is the 
Cauchy stress tensor, e is the strain tensor, u is the displacement vector and g represents the 
contact gap vector corresponding to a penalty formulation of contact interaction. 

Finite element discretization of this equation results in a set of algebraic equations. 

(2) 

with the well known formula for the internal force vector, 

(3) 

where B is the strain-displacement matrix. 

2.2. Time integration scheme 

In a central difference explicit time integration scheme, for any given time-step l1t, displacement 
and acceleration vectors at time t + l1t are evaluated based on the velocity vector at time 
t + l1t/2:6 

UI+ A1 u1 + l1tiJ1+tJ.l/2 (4) 

ol+Al m-'(fxt + (on _ rnt)I+AI (5) 

iJl+Al/2 iJ l - AI/ 2 + Mol (6) 

A lumped mass matrix is normally used in order to explicitly evaluate the inverse of the mass 
matrix m- 1 in (5). 

3. ELEMENT FORMULATION 

3.1. Shape functions 

The Morley shell element formulation is based on the use of a linear polynomial for approxima
tion of the in-plane displacements, and a quadratic polynomial for approximation of the lateral 
displacement. This is achieved by three translational displacements in each corner and a normal 
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447 MORLEY THIN SHELL ELEMENT 

rotation at the mid-side node. 1 The membrane shape functions are similar to area co-ordinates of 
the triangular constant strain element 

(7) 

and the bending shape functions are derived from the corresponding constant bending plate 
element:7 

4,5,6 

3 (8) 

N: = ~i - L hijN;+3' i = 1, 2, 3 
j=1 

where A is the element area and all other parameters are defined in Figure 1. 

3.2. Strain formulations 

In a small strain formulation, the total strain tensor in any point across the thickness of the 
element is composed of membrane and curvature effects 

(9) 

in which 

(10) 

3 6 

K; = W.ij = L wnN,;.ij + L OnN,;,ij (11 ) 
n=1 n=4 

ai =(XiYm - x mYj)/2A 
bi =Yjm/2A ~ j m 
Ci =Xmj/2A 1 2 3 

2Si =2AVbi2 +Ci 2 3 1 
Ii =2AbiJSi 3 1 2 
mj =2AciJSi 

1 (1,0,0) hij = bj/j +Cimj 

Ut,Vt ,wI 

Figure 1. The Morley shell element 

Copyright © 1999 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng, 15,445-455 (1999) 

http:wnN,;.ij




449 MORLEY THIN SHELL ELEMENT 

hardening parameter. Only one shear strength is required for this thin shell element, and the size 
of the projection matrix is reduced to 4: 11 

2c1 -C3 0 C3 - 2c, 

p'= 
-C3 

0 

2c2 

0 

0 

2c4 

C3 - 2c2 

0 
(19) 

C3 - 2c1 C3 - 2c2 0 2(c, + C2 - C3) 

pT 0 C7] (20)[C5 C6 

where 

c, = --"- (21) 
O'llTO' IIC 

C = _-£.. (22)2 
O'22TO'22C 

(23) 

(24)C4 = +(12 

(1I2S 

2 O' IIC - (1I1T 
C5 = 0' (25) 

Y (1'IC(1I1T 

C = (i (122C - O'22T (26)6 
Y (122C O'22T 

2 (133C - (1331
C5 = O'y (27) 

(133C O'33T 

An isotropic strain hardening law is also adopted: 

(28) 

3.5. Lumped mass matrix 

The traditional methods oflumping a mass matrix, which are based on distributing the total mass 
of the element over the nodes, are not directly applicable for mid-side nodes. Nevertheless, a 
similar approach may be used for corner nodes: 

(29) 
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For the rotational terms, applying a three Gauss point rule to the consistent mass matrix 
equation leads to 

A2 
6sf Mtotal' i = 4, 5, 6 (30) 

k 

3.6. Critical time-step 

The critical time-step is evaluated based on the wave speed equation. In this shell model, however, 
the wave spreads through the model predominantly via the membrane action, and the bending 
characteristics are assumed not to have a significant effect. As a result, a simple equation for a 
plane stress wave may be adopted: 

(31 ) 

and 

(32) 

where ler is the minimum size of element in the mesh. 

4. NUMERICAL RESULTS 

4.1. Spherical shell 

The geometric description and mechanical properties of this standard test for shell elements l2 are 
depicted in Figure 2. 

Figures 3(a),(b) show the vertical displacement of the crown lower point for elastic and 
elastoplastic analysis cases. The results are compared with the results from Reference 12 and the 

p=6OO Ibfm' 

1=0.41 . 

E=IO.5xIO· Iblin' 


v=O.3 

p=2.45xlO ~ lb. sec' lin' 


Y=O.024xlo' Iblin I 

H=O.21xlO· Iblin' 

Figure 2. Spherical she1l 
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Time 
Figure 3. Elastic and elastoplastic responses of spherical shell 

mesh composed of quadrilateral elements. The existing difference might be attributed to the effect 
of shear defonnations which are not included in the Morley element fonnulation. A closer result 
is achieved for thinner shells. . .. 

4.2. Cantilever beam 

A cantilever beam subjected to an end moment, Mo = 4rcEI/ L, is considered. Geometric 
description and mechanical properties used in the analysis are given in Figure 4, although any 
other consistent specifications may be used. The analytical solution states that the defonned 

Copyright © 1999 John Wiley &. Sons, Ltd. Commun. Numer. Meth. Engng. IS, 445-455 (1999) 



452 S. MOHAMMAD! ET AL. 

Time =O.5To 

Time =O.8To 

Time =To 

Time = 1.3To 

Figure 4. Cantilever beam subjected to constant end moment. To is the time associated with the applied loading MQ 
(L 6. 0, B =O. 8, H = O. 3, E 2. 222 X 105, v 0, p 10- 2) 

Copyright © 1999 John Wiley & Sons, Ltd. Commun. Numer. Me/h. Engng, 15,445-455 (1999) 



453 MORLEY THIN SHELL ELEMENT 

shape of the beam at the end of loading should be a circle. The static loading is simulated by a 
very slow triangular loading. 

Figure 4 shows the deformed shape of the beam in different time·steps. A full closed circle is 
reached at the time corresponding to Mo' We note that the reference quadrilateral element based 
on the formulation presented by Belytschko et al. 13 failed to deform beyond the first half-circle of 
the deformed shape. 

4.3. Sheet forming test 

A metal forming problem is studied to assess the performance of this element in large deforma
tion analysis. The geometry and material properties are defined in Figure 5. The punch is pushed 
into the die cavity to form a V-profile and then withdrawn. . 

The results of analysis with quadrilateral and Morley shell elements are compared in Figures 6 
and 7. Figure 7 depicts the deformed meshes around the top bend of the specimen for both 

C.L. 

I 

Hd 

Lb 

I~ 
Plale 

H, = 60 Hb = 40.1 Hei =39 
L, =20 L" =57 L,/tdd = 150 
W, = Wb = Wei = 44 W,IGte = 40 
Ll =15 L2 = 12 L3 = 12.1 
L4 = 12 Ls =10 L6 =29 
L7=8 La=7.15 L9 =0 
Tl=5 T2=3 T3 = 1 
T4 =5 
E= 2.1 X 10:) v= .3 
(1', =710 H =68125 
p =7.8 X 10-7 

Figure 5. Sheet fonning problem: geometry and mechanical properties 
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I 

"""S" Fig"'" 1 

Figure 6. Deformed mesh at the end of analysis for the Morley shell element 

(Morley element mesh) (Quadrilateral element mesh) 

Figure 7. Deformed shapes around the top bend of the specimen for the Morley and quadrilateral shell element 

Morley and quadrilateral element simulations. A boundary disturbance is clearly observed at the 
free edges of the quadrilateral mesh, which is not visible on the Morley element mesh. We point 
out that in practical sheet forming operations under certain conditions boundary disturbances 
may be observed at the free edges of the formed sheet components. This complex phenomenon 
normally requires detailed analysis with a significantly larger number of elements across the 
length of the boundary layer of the shell. We are planning to investigate this phenomenon in 
detail in a separate study. 

5. CONCLUSIONS 

The performance of the Morley thin shell element in large deformation explicit dynamic analysis 
is investigated in this study. It may be concluded that this element shows better behaviour than 
continuum quadrilateral shell elements in situations when large distortions are present. It is a 
numerically inexpensive element, since it requires a single Gauss point for numerical integration 
without the need for any stabilization process. 
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