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a b s t r a c t

The increasing application of plane-strain testing at the (sub-) micron length scale of materials that com-
prise elastically anisotropic cubic crystals has motivated the development of an anisotropic two-dimen-
sional discrete dislocation plasticity (2D DDP) method. The method relies on the observation that plane-
strain plastic deformation of cubic crystals is possible in specific orientations when described in terms of
edge dislocations on three effective slip systems. The displacement and stress fields of such dislocations
in an unbounded anisotropic crystal are recapitulated, and we propose modified constitutive rules for the
discrete dislocation dynamics of anisotropic single crystals. Subsequently, to handle polycrystalline prob-
lems, we follow an idea of O’Day and Curtin (J. Appl. Mech. 71 (2004) 805–815) and treat each grain as a
plastic domain, and adopt superposition to determine the overall response. This method allows for a
computationally efficient analysis of micro-scale size effects. As an application, we study freestanding
thin copper films under plane-strain tension. First, the computational framework is validated for the spe-
cial case of isotropic thin films modeled by means of a standard 2D DDP method. Next, predictions of size
dependent plastic behavior in anisotropic columnar-grained thin films with varying thickness/grain size
are presented and compared with the isotropic results.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Understanding mechanical size effects has become a central to-
pic in materials science and engineering due to the recent trend of
miniaturization in numerous technological applications, e.g.
MEMS. Among various mechanisms leading to a strong size depen-
dency in micro-scale crystalline solids, the most known and well-
explored sources are plastic strain gradient, geometrically neces-
sary dislocations and constraints/freedoms on motion/nucleation
of dislocations due to grain boundaries/free surfaces or any other
internal interfaces. Conventional continuum plasticity is length-
scale independent and is based on the concept of homogeneous
deformation, precluding size effects, thus inappropriate to solve
micro-scale problems accurately. On the other hand, a micro-scale
problem is too large for fully atomistic modeling, while small en-
ough that individual dislocation effects are important and cannot
be averaged into a classical continuum plasticity constitutive
law. Although many attempts have been made to reproduce size
effects in nonlocal plasticity theories (e.g. Fleck and Hutchinson,
2001; Gurtin, 2002; Acharya and Bassani, 2000), an alternative

technique, the discrete dislocation dynamics has effectively cap-
tured micro-scale size dependency.

The discrete dislocation plasticity (DDP) adopts a continuum
description of the elastic lattice and retains individual dislocations
as carriers of plastic deformation. DDP has received a significant
area of applications after development of the superposition meth-
od by Van der Giessen and Needleman (1995) for solving a bound-
ary value problem (BVP). In such a DDP framework, long-range
interactions between dislocations are directly accounted for
through their linear elastic fields, while short-range phenomena,
including dislocation motion, nucleation, annihilation and pinning
at obstacles, are incorporated through constitutive rules. Although
the framework is fully three dimensional, it has been used mostly
in solving two dimensional plane-strain BVPs. Past studies include
the analysis of micro-scale plasticity near cracks (e.g. Cleveringa
et al., 2000; O’Day and Curtin, 2004; Deshpande et al., 2002) or in-
denter tips (e.g. Widjaja et al., 2005, 2007) and investigations of
microstructural size effects in bulk (Cleveringa et al., 1997; Balint
et al., 2008; Guruprasad et al., 2008) and thin film materials (Nicola
et al., 2003, 2005b; Shishvan and Van der Giessen, 2010; Shishvan
et al., 2010).

By construction, DDP describes anisotropic plasticity, as defined
by the available slip systems in the crystal, but so far all applica-
tions have assumed elastic isotropy. However, real crystals are
anisotropic and it remains unclear how important this is. The
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importance of elastic anisotropy for short-range dislocation inter-
actions, such as junctions, has been emphasized in the literature;
this issue is beyond of the scope of this paper and readers are re-
ferred to Rhee et al. (2001) and references therein. At a larger
length scale, the inhomogeneous stress distribution in polycrystal-
line metal thin films caused by variations in texture was investi-
gated by Baker et al. (2001). Accordingly, Rajagopalan et al.
(2008) claimed that the Bauschinger effect seen in their aluminium
films could partly be the result of such texture induced stress vari-
ations. The objective of this paper, therefore, is to develop the elas-
tically anisotropic version of DDP, yet limited to 2D plane-strain
problems. The anisotropic elasticity theory of dislocations is avail-
able in the literature (e.g. Bacon et al., 1980; Hirth and Lothe, 1982)
in terms of Green’s functions. Several attempts (Rhee et al., 2001;
Han et al., 2003) have been made to develop anisotropic 3D DD
simulation programs, but these suffer from the very slow compu-
tational speed due to the lack of closed-form solution of the
Green’s function in anisotropic media. A significant step forward
is the very recent proposal by Yin et al. (2010), but in view of the
interest in plane-strain analyses and the much higher computing
speeds achievable there, we confine our attention to a 2D DDP
method.

The paper is organized as follows. After a brief summary of
anisotropic elasticity, we start out with a recap of Rice (1987)’s
conditions under which plane strain plastic deformation of a cubic
crystal can be represented by straight edge dislocations on three
effective slip systems. In particular orientations, we can thus apply
the closed-form expressions of the displacement and stress fields
of straight edge dislocations given by Hirth and Lothe (1982) in a
2D DDP method, as described in Section 3. While the superposition
method of Van der Giessen and Needleman (1995) can be directly
employed for a single crystal, we advance the superposition frame-
work developed by O’Day and Curtin (2004) for the analysis of
polycrystalline samples, which has the added benefit of being very
efficient computationally. After due modification of the constitu-
tive rules to account for elastic anisotropy, the method is demon-
strated in Section 4 by simulating Cu thin films in tension. With
an anisotropy ratio of 3.21, Cu is among the most anisotropic of
metals; the results are expected to reveal the strongest effect of
anisotropy. First, by assuming isotropic medium, the computa-
tional approach is validated against results of the standard DDP
method on plane-strain tension of thin films. Then, size dependent
stress–strain curves as well as the Bauschinger effect are predicted
for anisotropic polycrystalline thin films of varying thickness/grain
size, and then compared with the isotropic results. The method
brings an auxiliary advantage of studying the linear elastic behav-
ior of thin films, augmented with a simple experimental fitting of
the plane-strain elastic modulus.

2. Anisotropic elasticity and plane-strain plasticity of crystals

Linear elastic behavior of a crystal is governed by Hooke’s law in
the form rij = Cijklekl or its inverse eij = Sijklrkl, where Cijkl and Sijkl are
the components of the stiffness and compliance tensors. For cubic
crystals, there are only three independent elastic constants,
namely c11, c12 and c44. When adopting base vectors that coincide
with the cubic axes, this cubic anisotropy is reflected in the follow-
ing non zero elements Ciiii = c11, Ciijj = c12 and Cijij = c44 for i – j (no
summation over repeated indices). The elastic constants in an arbi-
trary coordinate system are obtained by straightforward transfor-
mation rules.

While elastic anisotropy is defined by symmetries in the atomic
lattice, plastic anisotropy of single crystals arises from the fact that
plastic deformation in a crystal occurs by the creation and motion
of dislocations on specific discrete slip systems. The slip system of

a dislocation is determined by the crystallographic plane on which
the dislocation exists and by the direction of slip which the dislo-
cation induces in the crystal. In an FCC crystal, 12 slip systems exist
which are denoted as {111}h110i, with {111} corresponding to
the family of slip planes and h110i to the family of slip directions.

It is known (Rice, 1987) that in a single FCC crystal, the simul-
taneous action of certain slip systems gives rise to plane-strain
plastic deformations (see also Kysar et al. (2005)). This is illus-
trated in Fig. 1 for a state of plane-strain deformation in the
[101]–[010] plane. The ð�111Þ½101� and ð11�1Þ½101� slip systems
can be combined to form what Rice (1987) called a ‘complex slip
system’. This effective in-plane slip system acts in the [101] direc-
tion and is referred to in this paper as the slip system (i) (see
Fig. 1b). The ð�11�1Þ½110� and ð�11�1Þ½011� slip systems operate in
equal amounts to form an effective plane-strain slip system on
the ð�11�1Þ plane in the [121] direction; this is referred to as slip sys-
tem (ii). Similarly, the slip system (iii) is the effective plane-strain
slip system on the (111) plane and in the ½�12�1� direction as a com-
bination of ð111Þ½�110� and ð111Þ½01�1�. The relative in-plane angles
between the slip systems as shown in Fig. 1b read (i)–(ii): 54.736�;
(ii)–(iii): 70.528� and (i)–(iii): �54.736�.

Consistent with the plane-strain condition, straight edge dislo-
cations perpendicular to the plane of consideration can be intro-
duced (the z axis being parallel to the dislocation line). It is
noted that, by geometry, the effective lengths of the Burgers vec-
tors are b;

ffiffiffi
3
p

=2b and
ffiffiffi
3
p

=2b for the three slip systems (i), (ii)
and (iii), respectively (Kysar et al., 2007; Wang et al., 2009).

2.1. Edge dislocations

According to the classical analysis of Eshelby et al. (1953) the
solution of the elastic fields of a long straight dislocation is consid-
erably simplified when the dislocation line is normal to a plane of
symmetry, so that certain components of the elastic modulus ten-
sor vanish. Supposing the dislocation line to be along one of a triad
of orthonormal axes, such a condition is satisfied if either (a) one
axis is an axis of sixfold symmetry, or (b) each axis is an axis of
evenfold symmetry (Hirth and Lothe, 1982). In an FCC crystal, dis-
location lines along h101i are indeed consisted in this category.
This can be easily seen by transformation of the elastic tensor to
the plane-strain coordinate system. For the coordinate system x–
y of Fig. 1b, where the plane of consideration is ð�101Þ, Hooke’s
law in contracted notation reads:

rxx

ryy

rzz

ryz

rxz

rxy

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
¼

c011 c012 c013 0 0 0
c012 c022 c012 0 0 0
c013 c012 c033 0 0 0
0 0 0 c044 0 0
0 0 0 0 c055 0
0 0 0 0 0 c066

2
666666664

3
777777775

exx

eyy

ezz

2eyz

2exz

2exy

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
; ð1Þ

where the primed moduli are defined by the cubic moduli through

c011 ¼ c033 ¼
1
2
ðc11 þ c12 þ 2c44Þ;

c022 ¼ c11;

c012 ¼ c12;

c013 ¼
1
2
ðc11 þ c12 � 2c44Þ;

c044 ¼ c066 ¼ c44;

c055 ¼
1
2
ðc11 � c12Þ:

ð2Þ

It is noted that c014 ¼ c015 ¼ c024 ¼ c025 ¼ c034 ¼ c035 ¼ c046 ¼ c056 ¼ 0,
which means that the elastic field is separable into a plane-strain
part and an anti-plane-strain part; or, in dislocation language, the
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edge and screw components are separable. Furthermore, by
c016 ¼ c026 ¼ c036 ¼ c045 ¼ 0, the fields can be expressed analytically in
a simple closed forms.

For an edge dislocation line located at the origin of the x–y coor-
dinate system and parallel to the z axis, with a Burgers vector
b = [bx,by,0]T, the displacement field is given by (Hirth and Lothe,
1982):

uxðx; yÞ ¼
bx

4p
tan�1 2xyk sinu

x2 � k2y2
þ

�c0211 � c0212

2�c011c066 sin 2u
ln

q
t

� �

þ by

4pk�c011 sin 2u
�c011 � c012

� �
cos u ln qt � �c011 þ c012

� ��

� sinu tan�1 x2 sin 2u
k2y2 � x2 cos 2u

#
;

uyðx; yÞ ¼ �
kbx

4p�c011 sin 2u
�c011 � c012

� �
cos u ln qt � �c011 þ c012

� ��

� sinu tan�1 y2k2 sin 2u
x2 � k2y2 cos 2u

#

þ by

4p
tan�1 2xyk sinu

x2 � k2y2
�

�c0211 � c0212

2�c011c066 sin 2u
ln

q
t

� �
; ð3Þ

with

k ¼ c011=c022

� �1=4
;

�c011 ¼ c011c022

� �1=2
;

u ¼ 1
2

cos�1 c0212 þ 2c012c066 � �c0211

2�c011c066
;

q2 ¼ x2 þ 2xyk cos uþ y2k2;

t2 ¼ x2 � 2xyk cos uþ y2k2:

ð4Þ

Appendix A discusses the need for careful consideration of the
branch cut in the arctan function appearing in Eq. (3) for the dis-
placement discontinuity.

The corresponding stress field reads:

rxx ¼�
Mbx

2pq4c022

�c011� c012

� �
�c011þ c012þ2c066

� �
��c011c066

� �
yx2þ

�c0211c066

c022
y3

	 


�Mbyc066

2pq4

�c011

c022
xy2� x3

� �
;

ryy ¼
Mbxc066

2pq4
yx2�

�c011

c022
y3

� �

þ Mby

2pq4�c011

�c011� c012

� �
�c011þ c012þ2c066

� �
��c011c066

� �
xy2þ c022c066x3

� �
;

rxy ¼
Mbxc066

2pq4
x3�

�c011

c022
xy2

� �
�Mbyc066

2pq4

�c011

c022
y3�yx2

� �
;

ð5Þ

where M is a modulus pre-factor and q an effective distance, de-
fined as

M ¼ �c011 þ c012

� � �c011 � c012

c022c066ð�c011 þ c012 þ 2c066Þ

 �1=2

;

q4 ¼ x2 þ
�c011

c022
y2

� �2

þ
�c011 þ c012

� �
�c011 � c012 � 2c066

� �
c022c066

x2y2:

ð6Þ

These fields can be used in a DDP framework instead of the well-
known isotropic ones:

rxx ¼
�E

4pð1� m2Þ bx
y 3x2 þ y2
� �
x2 þ y2ð Þ2

þ by
x y2 � x2
� �
x2 þ y2ð Þ2

" #
;

ryy ¼
E

4pð1� m2Þ bx
y x2 � y2
� �
x2 þ y2ð Þ2

þ by
x 3y2 þ x2
� �
x2 þ y2ð Þ2

" #
;

rxy ¼
E

4pð1� m2Þ bx
x x2 � y2
� �
x2 þ y2ð Þ2

� by
y y2 � x2
� �
x2 þ y2ð Þ2

" #
;

ð7Þ

where E is Young’s modulus and m is Poisson’s ratio of the medium.
As a first comparison between anisotropic and isotropic fields,

Fig. 2 shows the variation of the shear stress, rng, resolved on the
local n–g coordinate system (cf. Fig. 1b) at its origin due to a dislo-
cation at (n,g = 10b). In this figure, the elastic constants (of Cu) are
chosen as c11 = 168.4, c12 = 121.4 and c44 = 75.4 GPa for the aniso-
tropic fields in Eq. (5) and the commonly used values of

ξ/η

σ ξη
/b

(N
/μ

m
3 )

-10 -5 0 5 10

-2

-1

0

1

2
isotropic
anisotropic-(i)
anisotropic-(ii)
anisotropic-(iii)

ξ

η 10b

Fig. 2. Shear stress at the origin due to a dislocation located at (n,g). See Fig. 1 for
definitions of (i), (ii) and (iii) slip systems and the local coordinate system n–g.
Effective values of Burgers vector lengths are used for anisotropic calculations.

a b

Fig. 1. (a) An FCC crystal in the cubic coordinate system with simultaneously active slip systems to resemble the plane-strain condition in the [101]–[010] plane and (b) the
plane-strain state of the FCC crystal: coordinate system x–y with three effective slip systems, and the local coordinate system n–g.
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E = 110 GPa and m = 0.34 for the isotropic solution (7). It should be
noted, however, that the idea of an elastically isotropic crystal is an
idealization of a real anisotropic crystal and that this approxima-
tion is not unique. We argue that the most appropriate values
are those averaged over all possible orientations of the coordinate
system relative to the crystal axes. Either averaging of the elastic
constants Cijkl (Voigt average) or of the elastic compliances Sijkl (Re-
uss average) is possible; the former is appropriate for a polycrystal
in which the grains have the same state of strain, while the latter is
better suited for identically stressed grains. For Cu, the Voigt aver-
age leads to: E = 144.6 GPa and m = 0.324 while the Reuss average
results in: E = 110.0 GPa and m = 0.369 (Hirth and Lothe, 1982).

In Fig. 2 an asymmetric profile of the resolved shear stresses are
observed for slip systems (ii) and (iii), which is expected due to
anisotropy. As a consequence the interaction with another edge
dislocation on the same slip system is asymmetric in relative posi-
tion. Accordingly the equilibrium positions of two dislocations on
slip systems (ii) and (iii) are not symmetric, as shown in Fig. 3b
and c. On slip system (i) the equilibrium positions of two disloca-
tions are symmetric, as seen in Fig. 3a, but the mutual angles are
different from the well-known ones —45�, 90� and 135�— in an iso-
tropic solid. This issue can be useful in the modeling of dislocation
walls, where anisotropy introduces different configurations for dis-
locations in the wall according to the slip system.

Another way of demonstrating the difference in long-range
fields of dislocations in an anisotropic crystal compared to an iso-
tropic one is by studying the interaction in a dipole. This is shown
in Fig. 4 by plotting the dependence of the resolved shear stress
due to a dipole on the size of the dipole, Ldipole. It is seen from this
figure that elastic anisotropy enhances the induced shear stress
compared to the isotropic case. For slip systems (ii) and (iii) the in-
crease is around 5% independent of Ldipole but for slip system (i) it is
as large as 32%. As a consequence the interactions between the dis-
locations is stronger, which ultimately will affect the glide velocity
of dislocations, the back stress on sources and the length of pile-
ups on that slip plane. In order to find out how large the effect of
anisotropy is, we will now employ the above fields in anisotropic
discrete dislocation plasticity.

3. Discrete dislocation formulation

The framework of discrete dislocation plasticity (DDP), origi-
nally derived by Van der Giessen and Needleman (1995), can be
used to determine the quasi-static evolution of deformation and
stress states of a dislocated solid subjected to an arbitrary pre-
scribed loading. Following Kubin et al. (1992), the approach is
incremental in time; i.e. the dislocation structure and the stress
state are assumed to be known at a given instant, and then by pre-
scribing an increment of loading (i) the deformation and stress
state are updated, and (ii) the evolution of the dislocation structure
is computed. The long-range interactions being captured by the

linear elastic fields as presented above, the short-range interac-
tions are incorporated through a set of constitutive rules, which
govern dislocation motion, nucleation, annihilation and interaction
with point obstacles.

Each time step involves three main computational stages: (i)
determining the Peach–Koehler force acting on all dislocations;
(ii) determining the rate of change of the dislocation structure,
caused by motion of dislocations, generation of new dislocations,
their mutual annihilation, and their possible pinning at obstacles;
and (iii) determining the stress and strain states for the updated
dislocation arrangement.

Superposition is the key idea for determining the deformation
and stress states of a dislocated solid. The singular stress and strain
fields of dislocations given analytically in the previous section ap-
ply to an infinite medium. For a finite body with prescribed bound-
ary conditions, the actual fields are written as the sum of the
singular fields associated with the individual dislocations and a
non-singular image field that enforces the boundary conditions.
The solution of the latter can be obtained by one of the available
numerical methods for solving elasticity problems, such as the fi-
nite element method.

Implementation of anisotropy for a single crystal is rather
straightforward. For a polycrystalline body, however, the superpo-
sition method of Van der Giessen and Needleman (1995) suffers
from the fact that the elastic properties are not homogeneous, so
that the elastic singular fields cannot be applied. In principle, this
can be accounted for by polarization stresses as introduced in

a b c

Fig. 3. Stable positions of edge dislocations in an anisotropic medium (Cu moduli), where the dislocation line is parallel to h101i direction, for the slip systems (a) i, (b) ii and
(c) iii.

Ldipole/b

σ ξη
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m
3 )
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anisotropic-(ii), (iii)

Ldipole
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Fig. 4. Shear stress at the center of a dipole versus the dipole size for anisotropic
vis-a-vis isotropic cases. Slip systems (i), (ii) and (iii) and their local coordinate
system n–g are defined in Fig. 1. The anisotropic results are based on the effective
magnitudes of the Burgers vector, being b;

ffiffiffi
3
p

=2b and
ffiffiffi
3
p

=2b respectively. The
isotropic calculation is based on E = 110 GPa and m = 0.34.
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(Van der Giessen and Needleman, 1995), but this would be an
enormous computational burden. Instead, we propose to adopt
the superposition framework of O’Day and Curtin (2004).

3.1. Formulation of BVPs in Polycrystalline Solids

The superposition framework of O’Day and Curtin (2004) for
solving a BVP for a polycrystalline solid is depicted schematically
in Fig. 5. Restricting attention to small displacement gradients,
the governing equations to be satisfied at any time t read:

@rij

@xj
¼ 0; eij ¼

1
2

@ui

@xj
þ @uj

@xi

� �
; rij ¼ Lijklekl; ð8Þ

supplemented with boundary conditions in terms of displacements
or tractions Ti, on the parts Su and Sf of the polycrystalline body,
respectively. In (8), the moduli Lijkl are different for each grain,
and depend on their orientation (see Appendix B). As illustrated
in Fig. 5a, the BVP is solved by the superposition of DD sub-prob-
lems subject to ‘generic’ boundary conditions and a fully elastic
sub-problem subject to all actual boundary conditions. As the latter
is solved here by the finite element method, it is referred to as the
FE sub-problem. Each grain is treated as a separate potentially plas-
tic region, and described by a DD sub-problem to be constructed
subsequently. Once the FE and DD sub-problems are solved, linear-
ity of the governing Eq. (8) allows the solution to the actual BVP to
be written as their superposition,

ui ¼ uDD
i þ uFE

i ; rij ¼ rDD
ij þ rFE

ij ; eij ¼ eDD
ij þ eFE

ij : ð9Þ

Following O’Day and Curtin (2004), the generic boundary conditions
of the DD sub-problems are chosen as UDD

i ¼ 0 and TDD
i ¼ 0 on Su and

Sf, respectively, as shown in Fig. 5a. Additionally, UDD
i ¼ 0 is pre-

scribed on the boundary Sb between the grains. Thus, the only infor-
mation about the full problem that is used in the solution of a DD sub-
problem is the geometry of the plastic region and the knowledge of
whether displacement or traction boundary conditions are applied
on boundaries shared by the DD sub-problem and the full problem.
The incremental solution of the DD sub-problem is then obtained
from the superposition of an infinite space dislocation problem and
a corrective problem, just like in (Van der Giessen and Needleman,
1995): summation of the singular fields associated with individual
dislocations in an infinite domain and a non-singular image field that
enforces the DD sub-problem boundary conditions (see Fig. 5b). Thus,
the solution of the DD sub-problem can be written as

uDD
i ¼ ~ui þ ûi; rDD

ij ¼ ~rij þ r̂ij; eDD
ij ¼ ~eij þ êij; ð10Þ

where ð�Þ denotes the sum of the fields of individual dislocations,
i.e.,

~ui ¼
X

I

uðIÞi ; ~rij ¼
X

I

rðIÞij ; ~eij ¼
X

I

eðIÞij ðI ¼ 1; . . . ;NÞ: ð11Þ

Here, N is the number of dislocations in the DD sub-problem for
each grain. The (^) fields are the fields to correct for the actual
boundary conditions on SDD. An outcome of the solution of the DD
sub-problems is a traction T�i along the appropriate boundary Sb,
which will be used in the FE sub-problem.

The FE sub-problem models the entire domain as an elastic in-
tact medium subject to all global boundary conditions. Information
of the plastic deformation in each plastic region is transmitted to
the remainder of the domain through the addition of an internal
traction force �T�i along Sb in the FE sub-problem. The internal
traction T�i comprises the interface tractions of the DD sub-prob-
lems along the common grain boundary (GB). The governing equa-
tions of the FE sub-problem are linear and can thus be solved very

a

b

Fig. 5. Schematic representation of boundary conditions and details of the superposition principle in the present DDP method for polycrystals. (a) The desired problem is
decomposed into two supplemental problems: a set of DD sub-problems subject to generic boundary conditions and an FE sub-problem correcting for the desired boundary
conditions and incorporating the interaction between grains. (b) Standard superposition framework used to solve each DD sub-problem by decomposition into the problem of
interacting dislocations in the infinite solid (~fields) and the complementary problem for the grain without dislocations (̂ fields).
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quickly because the formation and inversion of the overall stiffness
matrix needs to be done only once at the beginning of the
computations.

It should be noted that the FE sub-problem influences the dislo-
cation structure and its evolution because the Peach-Koehler force
is calculated on each dislocation using the full field obtained from
(9) and (10). The glide component of the Peach-Koehler force on
dislocation I is expressed as

f ðIÞ ¼ mðIÞi r̂ij þ
X
J–I

rðJÞij þ rFE
ij

 !
bðIÞj ; ðJ ¼ 1; . . . ;NÞ; ð12Þ

with bðIÞj its Burgers vector and mðIÞi the slip plane normal. This force
being a configurational force, it governs the evolution of the dislo-
cation structure.

3.2. Constitutive rules for dislocation dynamics

Constitutive rules for dislocation dynamics are usually based on
those proposed by Kubin et al. (1992), and in 2D particularly those
accounted for in (Van der Giessen and Needleman, 1995). In the
following, they are summarized and modified with necessary
adaptations for the present anisotropic framework.

The glide component of the Peach-Koehler force on dislocation I
(f(I) in Eq. (12)) controls its glide velocity v(I) through the drag law

v ðIÞ ¼ f ðIÞ

B
; ð13Þ

where B is the drag coefficient.
The Peach–Koehler force also controls the nucleation of disloca-

tions by a 2D representation of the Frank–Read (F–R) source, as a
point that generates a dipole of edge dislocations when the
Peach–Koehler force at the source exceeds the source strength
bsnuc during a time span tnuc (Van der Giessen and Needleman,
1995). The sign of the dipole is determined by the direction of
Peach–Koehler force at the position of source. The distance be-
tween dislocations of the generated dipole, Lnuc, is chosen in such
a way that the total shear stress on the slip plane, s, balances the
attractive shear stress that the two dislocations exert on each
other. According to Eq. (5) and after insertion of the minimum va-
lue snuc for s, the value of Lnuc can be calculated. For slip system (i),
this is straightforward because the value of the resolved shear
stress is defined from Eq. (5)3 (for n = Lnuc and g = 0, i.e. x = Lnuc

and y = 0) as

LðiÞnuc ¼
Mc066

2p
b

snuc
: ð14Þ

For slip systems (ii) and (iii), the calculated resolved shear stress
(for n = Lnuc and g = 0, i.e. x ¼ Lnuc=

ffiffiffi
3
p

and y ¼
ffiffiffiffiffiffiffiffi
2=3

p
Lnuc) leads to

LðiiÞnuc ¼ LðiiiÞnuc ¼
M 2

3 A1 � A2
� �

2pA3

ffiffi
3
p

2 b
snuc

; ð15Þ

where

A1¼ �c011�c012

� �
�c011þc012þ2c066

� �
��c011c066

� � 2
�c011
þ 1

c022

� �
þc066

c022
�c011
þ2

c011

c022

� �
;

A2¼ c066 1�2
�c011

c022

� �
;

A3¼ 1þ2
�c011

c022

� �2

þ2
�c011þc012

� �
�c011�c012�2c066

� �
c022c066

:

ð16Þ

Annihilation of two dislocations with opposite signed Burgers
vectors occurs when they come within a material-dependent crit-
ical annihilation distance Le (say, 6b) of each other.

4. Application to thin films

Extensive research during the last two decades has convincingly
shown that the plastic response of a thin film depends not only on
the grain size, just as in bulk polycrystalline materials, but also on
the film thickness. Experimental results in combination with theo-
retical/numerical modeling have led to the view that the grain size
dependence of yield strength is governed by the same mechanisms
as in bulk (i.e. the Hall–Petch effect) and is coupled to the thickness
dependence. Possible mechanisms responsible for these size effects
include: piling-up of dislocations against GBs; thickness depen-
dence of the mean-free dislocation path; and source limitation in
case of very thin films. All these size effects are captured by DDP
models and have been a source for validation of various non-local
crystal plasticity theories, e.g., Nicola et al. (2005a), Limkumnerd
and Van der Giessen (2008), Liu et al. (2010).

The two-dimensional DDP method has been used to systemati-
cally investigate the plastic behavior of thin films (Nicola et al.,
2003, 2005b, 2006; Kumar et al., 2009; Shishvan and Van der Gies-
sen, 2010; Shishvan et al., 2010), and has led to a quantitative
description of size dependency. Although these studies have
adopted simple isotropic elasticity, remarkable agreement with
experiments has been achieved. However, one may wonder what
the influence of crystal anisotropy is on the response of strongly
textured polycrystalline thin films. To study this, the present meth-
od is employed to investigate the mechanical behavior of unpass-
ivated freestanding thin films, with due attention for the overall
linear elastic behavior, size dependent plastic behavior and the
Bauschinger effect. The computational advantages of the present
method are demonstrated as well. But before presenting the re-
sults, the general methodology presented in Section 3 is refined
for a thin film with the underlying material model.

4.1. 2D DDP model of thin films

Polycrystalline columnar-grained thin films of thickness h are
modeled as two dimensional arrays of rectangular grains with a
uniform grain size d, as illustrated in Fig. 6. Plane-strain conditions
are assumed normal to the x1 � x2 plane. Each grain has three slip
systems, with slip planes oriented at /, / + 54.736� and /
+ 125.264� from the loading direction (see Fig. 1b). Note that / in
this case is the angle between the slip system (i) and the tensile
direction which is coincide with x1 axis. The orientation of each
grain, /, is different for all grains and chosen randomly with a uni-
form distribution. Parallel planes in a slip system are spaced at a
distance of 100b � 200b. All GBs are assumed to be impenetrable
to dislocations, while dislocations can freely leave through the
top and bottom surfaces since they are unpassivated. Sources are
randomly distributed over the potentially active slip planes with
a given density qnuc, and the value of snuc of each source is deter-
mined randomly from a distribution corresponding to different
lengths of the segments forming an F–R source in three dimen-
sions. As an extension of the 2D source model in Van der Giessen
and Needleman (1995), a 2D constitutive rule to represent F–R
sources has recently been introduced by Shishvan and Van der
Giessen (2010) which takes into account that the grain size limits
the available and effective dislocation source length and thereby its
strength. In this model, the value of snuc of each source is deter-
mined by

snuc ¼ s0
nuc þ sLN

nuc; ð17Þ

where s0
nuc is a material constant and the value of sLN

nuc is selected
randomly from a log-normal distribution. This distribution is
bounded by the theoretical strength of material and by a minimum
strength that depends on the film thickness and the grain size. The
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value of s0
nuc along with the density of sources qnuc —free parame-

ters of the model— have to be fitted to an experimental stress–
strain curve for a film of a specific thickness and grain size. The
method has been successfully applied to predict the stress–strain
curves for two independent sets of Cu films (Xiang and Vlassak,
2006; Gruber et al., 2008). After fitting the free parameters to one
of the experimental stress–strain curves, curves for other film thick-
nesses and microstructures were predicted and found to be in
excellent agreement with the experimental results (Shishvan and
Van der Giessen, 2010).

Here, these computations are repeated but for anisotropic
grains. A sufficiently long portion of the film with length L along
the x1 direction is assumed to be subjected to a tensile deforma-
tion. The displacement u1 along the film side edges satisfies

u1ð0; x2Þ ¼ 0;
u1ðL; x2Þ ¼ LeðtÞ;

ð18Þ

where e(t) is the imposed overall strain as a function of time. Trac-
tion free conditions are imposed on the top and bottom surfaces of
the film as well as on the right and left edges in x2 direction, i.e.

tiðx1;0Þ ¼ tiðx1; hÞ ¼ 0; ði ¼ 1;2Þ;
t2ð0; x2Þ ¼ t2ðL; x2Þ ¼ 0:

ð19Þ

To prevent extensive bending of the film due to nonuniform plastic
deformation, the following condition is imposed along the mid-
plane of the film,

u2ðx1; h=2Þ ¼ 0: ð20Þ

The details of the superposition method for solving this thin film
problem are shown in Fig. 7, with explicit illustration of the bound-
ary conditions for DD and FE sub-problems. Each DD sub-problem is
solved according to Fig. 5b. The finite element mesh of the DD sub-
problem coincides with the mesh of the FE sub-problem. The trac-
tion T�i can then be calculated as the internal nodal forces along
the Sb. An integration method is obviously needed to compute the
nodal forces, which has to be done with care in view of the stress
singularity carried with each dislocation. Since the accurate compu-
tation of these nodal forces plays an important role in the present
superposition scheme, two measures are taken: (a) trapezoidal inte-
gration is adopted; (b) the obstacles which mimic the impenetrable
GB are placed inside the grains at a small distance from the GB. The
latter reduces the stress level at the edges of the DD sub-problems
(which coincide with GBs) caused by the dislocation pile-ups
against these boundaries. This offset is akin the finite thickness of
the GBs, and is determined in such a way as to ensure sufficiently
accurate calculation of nodal forces. In this study, we have used
an offset of 0.01 lm, small enough to only affect the simulation re-
sults of very thin/small grain size films.

4.2. Numerical results

The method is applied to the Cu films studied experimentally by
Xiang and Vlassak (2006) using plane-strain bulge testing. Material

Fig. 6. Plane-strain model of a columnar-grained thin film with thickness h and grain size d, illustrating slip systems, slip planes and a source.

Fig. 7. Schematic description of the superposition technique for solving a thin film.
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parameters of Cu are b = 0.25 nm and B = 10�4 Pa s with the elastic
constants presented in Section 2.1. The nucleation parameters –
qnuc and snuc – are the only remaining free material parameters.
Values fitted to the experiments by Xiang and Vlassak (2006) are
s0

nuc ¼ 0:43� 10�3E and qnuc = 30 lm�2 (Shishvan and Van der
Giessen, 2010). It is worth emphasizing, however, that the model
needs qnuc / 1/d for different film thickness/grain size and that
the value for qnuc mentioned above was fitted for a 1 lm thickness
film with grain size of d = 1.5 lm. The reader is referred to (Shish-
van and Van der Giessen, 2010) for further details.

A total of 16 grains are used in the computational cell (cf. also
Section 4.2.1), and are all assumed to be initially stress free and
dislocation free, as in (Nicola et al., 2006; Shishvan and Van der
Giessen, 2010). To reduce the statistical effects of orientation, var-
ious realizations of grain orientation, source locations and random
source strengths are considered for each film thickness and grain
size. The corresponding results are averaged and the scatter caused
by different realizations is shown as an error bar. Generally, the
number of required realizations is chosen such that adding a new
realization result yields a negligible change to the averaged
response.

4.2.1. Plane-strain elastic modulus
Contrary to the situation of isotropic elasticity, the representa-

tion of anisotropy needs careful consideration of the fact that, now,
the overall elastic response is also a function of the number of
grains in the unit cell. In Appendix C, the anisotropy-dependence
of the plane-strain elastic modulus (E*) of a single crystal film is
investigated; accordingly the average value of E* for an infinitely
long polycrystalline film is computed for two idealized cases,
where grains are connected either in parallel or in series. Simula-
tions of films containing a finite number of grains reveal that by
increasing the number of grains, the values of E* converge to the
theoretical values (see Appendix C), as shown in Fig. 8 for both
cases. For each specific number of grains, ten realizations have
been averaged and the associated scatter has defined the error
bars. It can be concluded that using 16 grains is a good compromise
between computational cost and accuracy (in terms of reduced
scatter and close approximation of the theoretical average values).

It is noted that the computed plane-strain elastic modulus (also
cf. Appendix C) is larger than the experimental value reported by
Xiang et al. (2006) and Gruber (2007), namely 124 � 135 GPa
(Young’s modulus 110 � 120 GPa, if m = 0.34). This difference is
mainly attributed to the GBs having a higher compliance than
the crystallites. A simple way to remedy the modulus deficit is as
follows. By assuming a spring with normalized stiffness E�d, which

is connected in series to a film with plane-strain modulus E�f , the
equivalent plane-strain modulus E* is given by

1
E�
¼ 1

E�f
þ 1

E�d
: ð21Þ

The value of E�d is determined by matching the value of E* with the
experimental data. Solving Eq. (21) for E�d,

E�d ¼
E�E�f

E�f � E�
: ð22Þ

Since the spring is mechanically connected in series to the film, the
value of the stress (force) in the spring is equal to the average stress
in the film. Therefore, in the present incremental approach, this
spring can be easily introduced by modifying the applied displace-
ment (i.e. Eq. (18)2) in each time step into

u1ðL; x2Þ ¼ L eðtÞ � rðt � DtÞ
E�d

� �
; ð23Þ

where r(t � Dt) is the average tensile stress,

r ¼ 1
hL

Z h

0

Z L

0
r11ðx1; x2Þdx1dx2; ð24Þ

computed at the previous time step.

4.2.2. Computational issues and predictions of size effects
Beside the incorporation of anisotropic elasticity, the method

described in Section 4.1 has certain similarities to the previous
study (Shishvan and Van der Giessen, 2010), but also some notable
differences in the way the BVP is solved: namely the absence of
periodicity in the computational cell and the use of the O’Day
and Curtin (2004) superposition method instead of the standard
superposition method of Van der Giessen and Needleman (1995).
We first explicate the deviations in predictions due to these com-
putational differences by considering the response of a film com-
prising elastically isotropic grains.

First let us consider the mere effect of the absence of periodic
boundary conditions on the cell. Fig. 9 shows predicted stress–
strain curves for two films with thicknesses 1.0 and 0.61 lm. The
curves labeled ‘‘standard- PBC’’ are from (Shishvan and Van der
Giessen, 2010) and are obtained by imposing tension through a
prescribed displacement difference between cells of length L, i.e.
u1(L,x2) = u1(0,x2) + Le(t), while the ones denoted by ‘‘standard-No
PBC’’ are obtained by way of the boundary conditions (18) used
here. Since the computational cell includes 16 grains for proper
sampling of different grain orientations and source distribution,
the influence of the non-periodic boundary conditions is negligible
especially for the 1.0 lm thick film.

Fig. 9 also shows the results of the present superposition meth-
od. It is observed that these results are in good agreement with the
results of the standard method. For thinner films, a higher harden-
ing rate is predicted which can only be related to the position of GB
obstacles, which are modeled in a distance 0.01 lm from their ori-
ginal location. Since the plastic behavior is obviously size depen-
dent, this offset decreases the length of slip planes and
consequently affects the size dependence. Yet, taking the scatter
band into consideration, we conclude that the present superposi-
tion method does not influence the results.

It has thus been demonstrated that the present superposition
method is well capable of simulating isotropic cases. One advan-
tage of this method over the standard one is its relatively low com-
putational costs, as already emphasized by O’Day and Curtin
(2004). To apply a strain of 0.005, the method is 4 � 5 times faster,
and this gain increases with increasing number of grains in the
computational cell and with further straining. The reason lies in

number of grains
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Fig. 8. Plane-strain elastic modulus of a polycrystalline film, E*, as a function of the
number of grains in the 2D model compared with the theoretical values as
presented in Appendix C.
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the long-range interactions between dislocations: in the standard
method the interactions among all dislocations in the film are com-
puted, while in the present approach this is limited to the disloca-
tions in each grain and the remaining ones are transmitted through
the boundary tractions T�i .

Now, the results of the 2D DDP method based on anisotropic
elasticity are presented. Fig. 10 shows the predicted stress–strain
curves for the same two thin films. As was mentioned in Sec-
tion 4.2.1, the model predicts a higher value for the plane-strain
elastic modulus. This is revealed in Fig. 10 for the cases denoted
by ‘‘anisotropic-unfitted E*’’, where the overall elastic modulus is
the unbiased prediction on the basis of the cubic elastic con-
stants. The use of Eq. (23), mimicking the influence of the GBs,
to prescribe tension allows the experimental value of E* to be
reproduced by proper fitting of E�d. With all other material
parameters being the same as in the isotropic cases, the result-
ing predictions labeled ‘‘anisotropic’’ exhibit a slightly higher
hardening rate, especially for the thinnest film, Fig. 10b. A frac-
tion of this is associated with the numerical technique, as seen
in Fig. 9b, but the major part is to be attributed to the higher
value of the resolved shear stress of dislocations in the aniso-

tropic model (cf. Fig. 4). The back stress on sources due to the
dislocations delays further nucleation of the sources; since the
source parameters were fitted by the isotropic model, these ef-
fects were not incorporated but would be if this fitting would
been done using elastic anisotropy.

4.2.3. Bauschinger effect
2D DDP simulations have recently been employed by Shishvan

et al. (2010) to analyse the Bauschinger effect (BE) in unpassivated
thin films. It has been shown that the BE has various possible ori-
gins: dislocation pile-ups against GBs; constraints on the grain le-
vel by neighboring grains; variations in grain orientation; and
polydispersity of the grain size. All of these affect the level of stress
inhomogeneity inside the films; it is this inhomogeneity that even-
tually is the driving force for the BE. An issue which has not been
considered in the previous study, however, is the elastic stress
inhomogeneity in the grain level due to the variation in film tex-
ture. To study this contribution we now adopt the present aniso-
tropic DDP model of thin films.

Following Shishvan et al. (2010), an affine deformation assump-
tion on the grain level is adopted as a crude way to augment the 2D
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Fig. 9. Comparison of stress–strain curves for unpassivated films with elastically isotropic grains predicted with different solution methods: the standard DDP method with a
periodic computational cell (indicated by ‘‘standard- PBC’’) and with a non-periodic cell (denoted by ‘‘standard- No PBC’’), and by the method described in Section 4.1. The
experimental stress–strain curves are from (Xiang and Vlassak, 2006).
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framework with the effect of the three dimensional film micro-
structure. The interaction between grains in the third dimension
is taken into account in an approximate manner by requiring all
grains in 2D to co-deform with the others. This so-called con-
strained model imposes the following constraint along the centers
of the GBs:

u1 jd;
h
2

� �
¼ jd eðtÞ � rðt � DtÞ

E�d

� �
; j ¼ 1;2; . . . ;15 ð25Þ

(note that 16 grains are used in the computational cell). This con-
straint per grain is easily implemented owing to the superposition
method chosen here. If adaptation of E* to the experimental data
is not considered, the right hand side of Eq. (25) is simply substi-
tuted with jde(t).

The constrained model generally predicts a higher hardening
rate than the unconstrained model with the same parameter val-
ues, so that the values provided in the previous subsection cannot
be used directly. Instead, we employ the fitting procedure of Shish-
van and Van der Giessen (2010) to find free parameters —s0

nuc and
qnuc— again: for a film with h = 1 lm and d = 1.5 lm, the free
parameters are s0

nuc ¼ 0:52� 10�3E and qnuc = 60 lm�2. The
stress–strain responses, using the constrained model by both iso-
tropic assumption and anisotropy, are shown in Fig. 11a. Adopting

these parameter values, the predicted stress–strain curves of
unpassivated films with a thickness of 0.61 and 0.34 lm are shown
in Fig. 11b and c, where a very good agreement with experimental
data is observed. The anisotropic constrained model predicts a
slightly higher hardening rate compared with the isotropic
assumption for thinner films, similar to the unconstrained model
of Section 4.2.2.

The responses of these films during unloading from two values
of pre-strain are also shown in Fig. 11, where there is no significant
change in the predicted Bauschinger strain eB, as defined in
Fig. 11b, after incorporation of elastic anisotropy. The Bauschinger
strain is often plotted as a function of either the applied pre-strain
e0 or the ratio (rmax � rl)/E*. Here, rmax is the value of applied pre-
stress and rl is the elastic limit stress, defined as the point in the
stress–strain curve where the secant modulus is equal to 95% of
the plane-strain elastic modulus E*. Fig. 12a shows the variation
of eB as a function of the pre-strain e0, both normalized with the
yield strain ey (ey = ry/E*, ry is the yield stress at 0.2% plastic strain
offset), computed for unloading from pre-strains of e0 = 0.005 and
0.01. It is clear that there is little or no change in the BE by intro-
ducing anisotropic elasticity. Similar conclusions are obtained from
Fig. 12b, which presents the variations of the predicted eB as a
function of (rmax � rl)/E*.
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5. Concluding remarks

A two-dimensional discrete dislocation plasticity method (2D
DDP) based on anisotropic elasticity has been developed, where
the plane-strain plastic deformation of the crystal is achieved by
using the effective slip systems introduced by Rice (1987). The super-
position method of O’Day and Curtin (2004) has been employed to
solve the boundary value problem of a polycrystalline medium.

As a first application, the method has been used to simulate thin
copper films. First, by assuming isotropy, the framework has been
validated against prior DDP results on thin films. Then, predictions
of the size dependent plastic behavior and the Bauschinger effect
(BE) have been carried out for anisotropic columnar-grained
unpassivated thin films with varying thickness/grain size. Compar-
isons with the isotropic case have revealed that anisotropy results
in slightly higher rate of hardening while the BE is not influenced.
This conclusion emphasizes that, even though thin films have
strong texture, it is other mechanisms such as dislocations pil-
ing-up against grain boundaries, constraints on the grain level by
neighboring grains, variations in grain orientation and polydisper-
sity of the grain size that control the BE in unpassivated thin films,
as demonstrated in Shishvan et al. (2010).

It bears emphasis that 2D DDP involves several approximations
and, for quantitative confrontation with experiments, necessitates
a fitting procedure to determine the parameter values for a specific
material. Part of the underlying assumptions are associated with the
interactions between dislocations and grain boundaries, which in-
cludes storage, transmission and nucleation. Each of these mecha-
nisms depends sensitively on the material as well as on the grain-
to-grain misorientation. Constitutive rules for these mechanisms
are under development but not available at the moment. Therefore,
many DDP studies of polycrystals during the last few years —includ-
ing Nicola et al. (2006), Kumar et al. (2009), Shishvan and Van der
Giessen (2010)— have assumed that grain boundaries are impene-
trable. As they have been able to predict, for instance, the Hall–Petch
effect (Balint et al., 2008), we feel comfortable in making the same
assumption here. One should also realize, however, that grain
boundary effects may be implicitly included in the fitted values of
the source density and source strength, cf. (Shishvan and Van der
Giessen, 2010). When, in reality, a grain boundary is permeable to
a certain extent, the associated softening will be picked up through
an enhanced source density. Other dislocation-grain boundary
interactions will be ‘hidden’ in the material parameters as well, thus
emphasizing the need for improved constitutive rules to make these
interactions explicit in DDP models.

In addition to improvement of the grain boundary modeling,
the present anisotropic DD model can be refined in a various as-
pects. The currently used properties of the 2D sources, such as
strength and nucleation time, are based on estimates from isotro-
pic 3D dislocation models (see e.g. Shishvan et al. (2008) and refer-
ences therein). These could be improved based on elastically
anisotropic dislocation simulations in 3D. Furthermore, the consti-
tutive rules can be extended with dynamic sources and obstacles of
the type proposed by Benzerga et al. (2004) to account for disloca-
tion interactions in three dimensions.

The observed low sensitivity of thin film behavior to elastic
anisotropy is intimately related to the fact that this pertains to
the overall response, averaging over many grains. Therefore, we
also do not expect a significant effect of elastic anisotropy on the
Hall–Petch effect as studied through standard DD by Balint et al.
(2008). On the other hand, in view of the fact that elastic anisot-
ropy does affect the plasticity produced by individual dislocations,
it is to be expected that phenomena taking place at the size scale of
grains or smaller (such as fracture, e.g. Göken et al. (2002)) will de-
pend on the local anisotropy.

Acknowledgments

S.S.S. gratefully acknowledges financial support from the Minis-
try of Science, Research and Technology of Iran for his scholarship
at the University of Groningen.

Appendix A. Details of displacement field calculations

It should be emphasized that the direct use of Eq. (3) will not
generate the correct discontinuity of the displacement field of an
edge dislocation. To clarify the issue assume a dipole where its dis-
locations have Burgers vectors b = [±b 0 0]T and are located at
x = ±1 (Fig. 13). The displacement field ux (normalized with b) com-
puted directly from Eq. (3)1 is shown in Fig. 13a, where the dis-
placement jump of b is not over the slip system that the dipole
resides on. To get the correct displacement field, by owing the fol-
lowing arithmetical relation, i.e.

tan�1 aþ tan�1 b ¼

tan�1 aþb
1�ab ; ðab < 1Þ;

pþ tan�1 aþb
1�ab ; ða > 0;ab > 1Þ;

�pþ tan�1 aþb
1�ab ; ða < 0;ab > 1Þ;

8>><
>>:

it is illustrated that the term tan�1 2xyk sin u
x2�k2y2 in Eq. (3)1 should be re-

written in the form of:
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Fig. 12. Variations of eB as a function of (a) pre-strain e0 (both normalized by the yield strain ey), and (b) (rmax � rl)/E
* by using the constrained model for unpassivated films

unloaded from e0 = 0.005 and e0 = 0.01.
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tan�1 2xyk sinu
x2 � k2y2

� � tan�1 xþ yk cos u
yk sin u

þ tan�1 x� yk cos u
yk sinu

� �
:

ðA:1Þ

Fig. 13b shows the displacement field ux (normalized with b) com-
puted from Eqs. (3)1 and (A.1), which shows the correct discontinu-
ity in the displacement field.

Similarly, the term tan�1 2xyk sinu
x2�k2y2 in Eq. (3)2 should be re-written

as:

tan�1 2xyk sinu
x2 � k2y2

� � tan�1 x cos u� yk
x sin u

� tan�1 x cos uþ yk
x sinu

� �
;

ðA:2Þ

where the following relations are accordingly used.

tan�1 a� tan�1 b ¼

tan�1 a�b
1þab ; ðab > �1Þ;

pþ tan�1 a�b
1þab ; ða > 0;ab < �1Þ;

�pþ tan�1 a�b
1þab ; ða < 0;ab < �1Þ;

8>>><
>>>:

tan�1 c
x
¼

p
2 � tan�1 x

c ; ðcx > 0Þ;

� p
2 � tan�1 x

c ; ðcx < 0Þ:

8<
:

Appendix B. Orientation-dependent elastic constitutive law for
plane strain

Each grain in the polycrystal has a different orientation with re-
spect to the global x1 � x2 coordinate system, see Fig. 5. This orien-
tation is defined as the angle / between the x axis of the plane-
strain coordinate system of crystal and the x1 axis of global coordi-
nate system, as shown in Fig. 14.

Generally, the fields in the global coordinate system are of
interest. Yet, the displacement and stress fields of dislocations
are calculated best first in the x–y coordinate system (see
Fig. 1b and Fig. 14) based on the closed-form expressions (3)–
(5). The desired fields in the x1 � x2 system are obtained subse-
quently by transformation rules. For the finite element solution
(to enforce boundary conditions in the superposition frame-
work), however, it is easier to directly establish the anisotropic
constitutive law in the global reference frame. For a grain with
orientation / in the plane-strain condition, it can be written in
contracted notation as:

r11

r22

r12

8><
>:

9>=
>; ¼

C11 C12 C16

C12 C22 C26

C16 C26 C66

2
64

3
75

e11

e22

2e12

8><
>:

9>=
>;; ðB:1Þ

where

C11 ¼ c011 cos4 /þ 2 c012 þ 2c066

� �
cos2 / sin2 /þ c022 sin4 /;

C22 ¼ c022 cos4 /þ 2 c012 þ 2c066

� �
cos2 / sin2 /þ c011 sin4 /;

C12 ¼
1
8

c011 þ 6c012 þ c022 � 4c066 � c011 � 2c012 þ c022 � 4c066

� �
cos 4/

� �
;

C16 ¼
1
4

c011 � c022 þ c011 � 2c012 þ c022 � 4c066

� �
cos 2/

� �
sin 2/;

C26 ¼ �
1
4
�c011 þ c022 þ c011 � 2c012 þ c022 � 4c066

� �
cos 2/

� �
sin 2/:

ðB:2Þ

Appendix C. Elastic response of thin films

Fig. 15 depicts a single crystal film with the crystal orientation /
under plane-strain tension. Note that the x3 axis is the direction of
plane-strain condition of film. The elastic stiffness of the film de-
pends on the orientation /. Using the Hooke’s law in terms of
the compliances, Young and plane-strain elastic modules can be
written as:

E ¼ S�1
1111;

E� ¼ S1111 �
S2

1133

S3333

 !�1

:
ðC:1Þ

Compliances Sijkl are defined in the global coordinate system x1 � x2,
and require two transformations; first, the compliances in the coor-
dinate system x–y are defined from the compliances in the crystal
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Fig. 13. The displacement field ux (normalized with b) of a dipole where its dislocations have Burgers vectors b = [±b 0 0]T and are located at x = ±1, (a) computed directly from
Eq. (3)1 and (b) computed from Eqs. (3)1 and (A.1).

Fig. 14. The global coordinate system x1 � x2 and the plane-strain x–y axes with
slip systems (see Fig. 1b); the in-plane angle / defines the orientation.
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(cubic) coordinate system, and second, these are transformed to the
global coordinate system. The results are:

E ¼ s011 cos4 /þ 2 s012 þ 2s066

� �
cos2 / sin2 /þ s022 sin4 /

h i�1
;

E� ¼
"

s011 cos4 /þ 2 s012 þ 2s066

� �
cos2 / sin2 /þ s022 sin4 /

�
s013 cos2 /þ s012 sin2 /
� �2

s033

#�1

:

ðC:2Þ

Here, similar to Eq. (2), s0ij are compliances in the coordinate system
x–y,

s011 ¼
1
2
ðs11 þ s12 þ 2s44Þ;

s022 ¼ s11;

s033 ¼
1
2
ðs11 þ s12 þ 2s44Þ;

s012 ¼ s12;

s013 ¼
1
2
ðs11 þ s12 � 2s44Þ;

s066 ¼ s44;

ðC:3Þ

where sij are the elastic compliances in the crystal coordinate
system,

s11 ¼
c11 þ c12

c2
11 þ c11c12 � 2c2

12

;

s12 ¼
�c12

c2
11 þ c11c12 � 2c2

12

;

s44 ¼
1

4c44
:

ðC:4Þ

Fig. 16 shows the variation of Young and plane-strain elastic mod-
ules, Eq. (C.2), as a function of the crystal orientation / for copper. It
is clearly observed that there is a symmetry with respect to / = 90�.
It should be noted that this 2D model does not consider all possible
3D orientations, because the tensile direction is restricted to the
{101} plane (see Figs. 15 and 1).

It is worth noting that while the values of E and E* depend on
the tensile direction, but these values for {111} texture are inde-
pendent of the tensile direction. The h010i (i.e. / = 90�) directions
have the minimum value of Young’s modulus, E, while the h111i
directions (i.e. / = 35.264�) have the maximum E, both in agree-
ment with available data (e.g. Reid, 1973). The computed values
of Young and plane-strain elastic modules for a number of textures
are listed in Table C.1.

The elastic response of a polycrystalline thin film, consisted of
different grains with different orientations, depends on the interac-
tion of grains. Two limit cases can be considered, they are either
mechanically connected in series or in parallel. The former results
in the same stress state while the latter gives rise to the same
straining. In a real film, the texture of the film can be measured
and the total elastic behavior of the film can be evaluated by
assuming either of these two cases (Xiang et al., 2006; Gruber,
2007). Here, if the same probability (uniform distribution for /)
is assumed for all orientations (say / in the present 2D framework)
then,

a. parallel grains:

Ep ¼
2
p

Z p
2

0
Eð/Þd/ ¼ 131:6 GPa;

E�p ¼
2
p

Z p
2

0
E�ð/Þd/ ¼ 154:1 GPa;

ðC:5Þ

b. serial grains:

Es ¼
2
p

Z p
2

0

1
Eð/Þ d/

 !�1

¼ 116:4 GPa;

E�s ¼
2
p

Z p
2

0

1
E�ð/Þd/

 !�1

¼ 146:6 GPa:

ðC:6Þ

Average values of these bounds provide good estimates for the
Young and plane-strain elastic modules of the polycrystalline thin
film, i.e. E � 124 Gpa and E* � 150 GPa, comparable to the experi-
mental value of the Young’s modulus for polycrystalline copper:
122.5 GPa (Reid, 1973).

Fig. 15. A single crystal film under plane-strain tension.
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Fig. 16. (a) Young’s modulus of elasticity, E and (b) plane-strain elastic modulus, E*, as functions of crystal orientation /, see Fig. 15.

Table C.1
Computed values of Young and plane-strain elastic modules for different textures.

Texture Tensile direction / E(GPa) E*(GPa)

{101} h010i 90� 66.0 101.0
{010} h101i 0� 130.6 133.0
{111} h121i 54.74� 130.6 174.7
{121} h111i 35.26� 191.6 201.6
{023} h232i 46.69� 164.6 198.9
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