
International Journal of Solids and Structures 63 (2015) 167–183
Contents lists available at ScienceDirect

International Journal of Solids and Structures

journal homepage: www.elsevier .com/locate / i jsols t r
Strain-rate sensitivity of unstable localized phase transformation
phenomenon in shape memory alloys using a non-local model
http://dx.doi.org/10.1016/j.ijsolstr.2015.02.049
0020-7683/� 2015 Elsevier Ltd. All rights reserved.

⇑ Corresponding author. Tel.: +98 21 6111 2258; fax: +98 21 6640 3808.
E-mail address: smoham@ut.ac.ir (S. Mohammadi).
Hossein Ahmadian, Saeed Hatefi Ardakani, Soheil Mohammadi ⇑
High Performance Computing Laboratory (HPC Lab), School of Civil Engineering, University of Tehran, Tehran, Iran

a r t i c l e i n f o
Article history:
Received 14 March 2014
Received in revised form 5 October 2014
Available online 5 March 2015

Keywords:
Shape memory alloys
Phase transformation
Softening
Thermo-mechanical coupling
a b s t r a c t

In this work, the original local model of Boyd and Lagoudas (1996) has been extended by proposing a new
softening function to examine the localized macro behavior resulted from unstable phase transformation
phenomenon in thin sheets of shape memory alloys (SMAs). In addition, an integral type non-local soft-
ening model is adopted to overcome the mesh dependency problem of local softening models. Due to
strong thermo-mechanical coupling in SMAs, a staggered scheme has been used to take into account
the coupling effects on material behavior. Inclusion of such effects has revealed that instability induced
by unstable phase transformation could be surmounted by increasing the strain rate. The simulations
have been verified against the available experimental and numerical data, showing a good agreement.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Because of the unique thermo-mechanical and qualitative char-
acteristics including pseudo-elasticity, shape memory effect and
bio-compatibility, shape memory alloys (SMAs) are being used in
a variety of applications ranging from the very fine-sized devices
in biomedical engineering and micro-electro-mechanical systems
(MEMS) technology to the relatively larger-scale actuators and
damping devices in aerospace and civil engineering. The main
feature of SMAs is that they can undergo large deformation and
subsequently recover from it through solid–solid phase
transformation. Generally, SMAs have two phases with different
properties and hence different behaviors. One is austenite (A)
which is stable at higher temperatures and the other is martensite
(M) which is stable at lower temperatures.

Since the introduction of SMAs as potential materials for
engineering applications, better understanding of their behavior
has been a challenging target of experimental and theoretical
research. It has been accepted within the scientific community that
under uniaxial loading, SMAs especially Ni-Ti based alloys undergo
an unstable phase transformation which causes a macro-scale
softening in the mechanical behavior and hence localization of
deformation or phase transformation (Iadicola and Shaw, 2004).
This can be observed in the global response of SMAs by a load peak
and a valley (nucleation of A ¢ M transformation) during forward
and reverse transformations followed by a plateau of constant load
(propagation of A ¢ M transformation). Both experimental obser-
vations and computer simulations have been used to investigate
this SMA phenomenon in the past decade. Shaw and Kyriakides
(1997a) established an experimental procedure to monitor the
unstable phase transformation in pseudo-elastic response of
SMAs. Then, Shaw and Kyriakides (1997b) used a tri-linear
up-down-up plasticity-based model to investigate the effects of
localized deformation in SMAs numerically and pointed out on
some similarities between the development of martensite bands
in SMAs to Luders bands in fine-grained steels. Shaw (2000) took
into account the effects of thermo-mechanical coupling during
instability of transformation and simulated problems at different
loading rates. The dependency of the proposed numerical scheme
to different boundary conditions was investigated by Iadicola and
Shaw (2004). Idesman et al. (2005) proposed a phase-field model
based on strain softening to capture the evolution of multi-variant
martensite microstructure in elastic materials, while Chang et al.
(2006) developed a 1-D strain-gradient thermo-dynamical model
for SMA wires to avoid the potential problem of mesh-dependency
resulted from localization phenomenon in SMAs. To investigate the
effects of reverse phase transformation, Azadi et al. (2007) used a
‘‘total transformation strain’’ constitutive model, and He and Sun
(2009, 2010) used a gradient-based nonlocal model within the
continuum Ginzburg–Landau elastic framework and analyzed
model sensitivity to material length-scales and geometrical char-
acteristics. Detailed experiments were conducted by Zhang et al.
(2010) on nucleation and propagation of transformation fronts in
SMAs at different strain rates. Duval et al. (2011) proposed a non-
local gradient model in order to describe localization of phase
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transformation in SMA wires and thin films. Hallai and Kyriakides
(2013) experimentally and numerically investigated the initiation
and propagation of lüders bands in steel and NiTi SMA. Recently,
Bechle and Kyriakides (2014) and Reedlunn et al. (2014)
experimentally monitored and compared the different localization
modes of SMAs during tension, compression and bending.

Mesh dependency is one the concerns of researches studying
the unstable phase transformation in SMAs, as observed in the
works of Shaw and Kyriakides (1997a), Shaw (2000) and Azadi
et al. (2007). While the mesh dependency phenomenon could be
mild in some cases (Shaw and Kyriakides, 1997b; Hallai and
Kyriakides, 2011, 2013), some others strongly recommended its
resolution (He and Sun, 2009, 2010; Chang et al., 2006; Duval
et al., 2011). In this regard, the existing nonlocal (He and Sun,
2009, 2010) and strain gradient (Chang et al., 2006) models are
either computationally intensive for complex structural calculation
or only limited to 1-D cases. With the increasing application of
SMAs in industry, it is critical to develop a multi-dimensional
model that takes into account unstable phase transformations
and is simple enough to be applied in a variety of applications.
For instance, Duval et al. (2011) proposed a nonlocal gradient
model in order to describe localization of phase transformation
in SMA wires and thin films.

Strain (loading) rate is also an important subject of investiga-
tion. According to Shaw (2000) and Iadicola and Shaw (2004),
the heat-release of SMAs during forward transformation, resulted
from thermo-mechanical coupling, has a rather stabilizing effect
on the instability of material response. Fig. 1 schematically
illustrates this material stability phenomenon, where the local
isothermal exponential softening curve (which will be derived in
Section 3) turns into a different response at near adiabatic condi-
tions or higher strain rates. Therefore, before any design to take
place on an SMA-based device, analysis is required on the material
response at different imposed loading rates.

Most of the models available in literature lack a certain charac-
teristics necessary for simulation of unstable phase transformation
of SMAs. While a number of models are mesh-dependent, most of
them do not take into account the thermo-mechanical coupling
effects for a full cycle of transformation and many of them are lim-
ited to 1-D cases. In this paper, the original model of Boyd and
Lagoudas (1996) is extended to account for thermo-mechanical
coupling and transformation softening. For the problems simulated
in this paper, the effect of martensite reorientation, which is the
subject of an independent work, is not considered. A classical dam-
age mechanics formulation with exponential softening is proposed.
Fig. 1. Typical stress–strain curves in isothermal and adiabatic conditions.
The thermo-mechanical coupling equations are solved using a
staggered algorithm, which decouples the original problem into
two problems. In each step, first the mechanical problem is solved
isothermally and then the temperature variations due to phase
transformation are taken into account by solving the heat
equation. This iterative procedure continues until the problem con-
verges. To remedy the potential mesh dependency issues, a classic
nonlocal integral formulation (Jirásek and Bazant, 2002) is
implemented. The performed simulations have properly captured
nucleation and propagation of localized phase transformation.

2. Constitutive model

In this section, the constitutive model of Boyd and Lagoudas
(1996) is discussed briefly. The constitutive stress–strain relation
is given by:

e ¼ C : rþ aðT � T0Þ þ etr ð1Þ

where C and a are the effective compliance and the effective ther-
mal expansion tensors, respectively. The model state variables r,
e, T , T0 and etr are defined as the stress, the total strain, the tempera-
ture, the reference temperature and the transformation strain,
respectively.

The flow rule of the incremental constitutive model of the
martensitic phase transformation in SMAs during forward and
reverse transformations can be defined as:

_etr ¼ K _n ð2Þ

where n is defined as the martensitic volume fraction which is a sca-
lar parameter determining phase mixtures, ranging from 0 to 1,
where 0 stands for the fully austenitic state and 1 represents the
fully martensitic state. K is the transformation tensor,

K ¼

3
2 emax

r0ffiffiffiffiffiffiffiffiffiffi
3
2kr0k

2
p ; _n > 0

emax
etr�Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
3ketr�Rk2

p ; _n < 0

8><
>: ð3Þ

where the material parameter emax is the maximum uniaxial trans-
formation strain. r0 is the deviatoric stress tensor and etr�R is the
transformation strain at the reversal point. This is very similar to
the classic von-Mises flow rule in plasticity, which well justifies uti-
lizing the return mapping algorithm for numerical implementation
purposes. Here, the closest point projection implicit return mapping
algorithm, proposed by Qidwai and Lagoudas (2000), has been
adopted. Details can be found in Qidwai and Lagoudas (2000).
First, the transformation surface U ¼ 0 which determines the way
phase transformation takes place either in forward or reverse states
is defined as,

U ¼ p� Y; _n > 0
�p� Y ; _n < 0

(
ð4Þ

where Y is a material parameter and p is the thermodynamics force,

p ¼ r : Kþ 1
2
r : DC : rþ r : aðT � T0Þ

� qDc ðT � T0Þ � T ln
T
T0

� �� �
þ qDs0T � qDu0 �

@f ðnÞ
@n

ð5Þ

where q, c, s0 and u0 are the density, the effective specific heat, the
effective specific entropy at the reference state and the effective
specific internal energy at the reference state, respectively, and D
is the difference of a specific property between the two phases.
The function f ðnÞ in the original model of Boyd and Lagoudas
(1996) stands for the transformation hardening, but it is redefined
here to consider the softening behavior and will be discussed later.
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The effective material properties including C, a, c, s0 and u0 are
determined using the rule of mixtures:

CðnÞ ¼ C A þ nDC
aðnÞ ¼ aA þ nDa

cðnÞ ¼ c A þ nDc

s0ðnÞ ¼ s A
0 þ nDs0

u0ðnÞ ¼ u A
0 þ nDu0

ð6Þ

where superscripts A and M denote the austenitic and martensitic
phases, respectively.

3. Modification of the model to account for softening

To include softening in the original hardening thermo-dynami-
cal model of Boyd and Lagoudas (1996), the following softening
function is proposed:

@f ðnÞ
@n
¼

�A1Sf e�Sf n � B; ðA! MÞ
�A2Sf e�Sf ð1�nÞ þ B; ðM ! AÞ

(
ð7Þ

where Sf is the softening rate and A1, A2 and B are transformation
parameters, which can be derived similar to the method proposed
by Lagoudas et al. (1996) for unifying hardening models. It requires
the use of independent equations by applying the transformation
criterion at four different thermo-mechanical states:

1- Beginning of forward transformation at zero stress:
pðr; T; nÞ ¼ Yatr ¼ 0; T ¼ Ms; n ¼ 0 ð8Þ

2- End of forward transformation at zero stress:
pðr; T; nÞ ¼ Yatr ¼ 0; T ¼ Mf ; n ¼ 1 ð9Þ

3- Beginning of reverse transformation at zero stress:
pðr; T; nÞ ¼ �Yatr ¼ 0; T ¼ As; n ¼ 1 ð10Þ

4- End of reverse transformation at zero stress:
pðr; T; nÞ ¼ �Yatr ¼ 0; T ¼ Af ; n ¼ 0 ð11Þ

leading to
Fig. 2. Typical stress–strain curve with exponential softening.
qDs0Ms � qDu0 þ A1Sf þ B ¼ Y

qDs0Mf � qDu0 þ A1Sf e�Sf þ B ¼ Y

qDs0As � qDu0 þ A2Sf � B ¼ �Y

qDs0Af � qDu0 þ A2Sf e�Sf � B ¼ �Y

8>>><
>>>:

ð12Þ

It is observed that applying the thermodynamics constraints
adds another two unknowns of Y and qDu0 which require addi-
tional equations. With respect to the reversibility of phase trans-
formation in SMAs, all variables, including stress, strain and
martensitic volume fraction, should return to their initial values
after the material undergoes a full transformation cycle. By return-
ing the material to its initial state, the Gibbs free energy (13) needs
to remain unchanged (Lagoudas et al., 2012).

Gðr; T; n; etrÞ ¼ � 1
2q

r : C : r� 1
q

r : aðT � T0Þ þ etr
� �

þ c ðT � T0Þ � T ln
T
T0

� �� �
� s0T þ u0 þ

1
q

f ðnÞ ð13Þ

which requires that:

Z 1

0

@f ðnÞ
@n
jA!Mdnþ

Z 0

1

@f ðnÞ
@njM!A dn ¼ 0 ð14Þ

Using the system of Eqs. (12) and (14), A1, A2, B, qDu0 and Y can
be determined:
A1 ¼
qDs0ðMs �Mf Þ

Sf ðe�Sf � 1Þ

A2 ¼
qDs0ðAs � Af Þ
Sf ðe�Sf � 1Þ B ¼ 0:5ðA1ðe�Sf � 1Þ þ A2ð1� e�Sf ÞÞ

qDu0 ¼ 0:5ðqDs0ðMs þ AsÞ þ A1Sf þ A2Sf Þ
Y ¼ qDs0Ms � qDu0 þ A1Sf þ B

ð15Þ

Substituting the above material parameters into the model, a
stress–strain curve, typically presented in Fig. 2, can be obtained.

4. Thermo-mechanical coupling

To investigate the strong thermo-mechanical coupling in SMAs,
the weak form of the fully coupled heat equation of SMAs, as given
by Lagoudas (2008), is derived,

Ta : r
:
þqc T

:

þ �pþ TDa : r� qDc ln
T
T0

� �
þ qDs0T

� �
_n

¼ �r:q ð16Þ

where the term on the right-side of Eq. (16) is related to the heat
transfer process by the heat flux q .

Considering the convective heat transfer between the device
and environment, the usual boundary conditions and initial values
associated with the heat equation are defined as:

T ¼ T0 on CTdofs

q:n ¼ hðT � T0Þ on @CTdofs

Tðt ¼ 0Þ ¼ T0

ð17Þ

where CTdofs and @CTdofs are the boundaries in which temperature
(Drichlet) and convective (Neumann) boundary conditions are
applied, respectively. t is the time and n denotes the normal vector
to the boundary with convective heat transfer. Using the Fourier’s
law of heat conduction, q ¼ �krT , the convective boundary condi-
tion can be rewritten as:

�ðkrTÞ:n ¼ hðT � TextÞ ð18Þ

Moreover, by considering that the effective specific heat and the
thermal expansion coefficients of the two phases are identical, the
heat equation yields as:

Ta : _rþ qc _T þ ð�pþ qDs0TÞ _n ¼ r:ðkrTÞ ð19Þ

Performing the conventional finite element discretization, the
heat Eq. (19) can be compacted to an ordinary differential
equation,
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ðK þ Kh þ Kr þ KnÞ:T þM: _T ¼ F ð20Þ

or in an incremental form in time,

K þ Kh þ Knþ1
r þ Knþ1

n

	 

:Tnþ1 þM:

Tnþ1 � Tn

Dt
¼ Fnþ1 ð21Þ

where the superscript n is the index of the increment, Dt is the time
of each increment, K is the heat conduction matrix, Kh is the heat
convection matrix, Kr is the matrix of latent heat due to stress
changes, Kn is the matrix of latent heat due to martensite volume
fraction changes, M is the heat capacity matrix and F is an equiva-
lent load vector,

ðKÞij ¼
Z

X
krNirNjdX

ðKhÞij ¼
Z

S
hNiNjdS

ðKrÞij ¼
Z

X
a : _rNiNjdX

ðKnÞij ¼
Z

X
qDs0

_nNiNjdX

ðMÞij ¼
Z

X
qcNiNjdX

ðFÞi ¼
Z

S
hTextNidSþ

Z
X
p _nNidX

ð22Þ

where Ni, Nj are the finite element shape functions. After some
manipulations, the temperature at increment nþ 1 is given as:

Tnþ1 ¼ Knþ1
eq

	 
�1
Fnþ1

eq

	 

Knþ1

eq ¼ K þ Kh þ Knþ1
r þ Knþ1

n þ M
Dt

� �

Fnþ1
eq ¼ Fnþ1 þ M

Dt
Tn

� � ð23Þ

where Keq and Feq are the equivalent stiffness matrix and force vec-
tor, respectively.

5. Nonlocal model

Solving the constitutive equations based on the local softening
model leads to inhomogenous deformation. Consequently,
inhomogenous phase evolution occurs in the structure which
may lead to potential numerical mesh dependency. To overcome
Fig. 3. (a) Quartic weight function with the interaction radius of R, (b) Integration proce
from the original idea by Bazant and Jirásek (2002)).
this problem, nonlocal models have been developed based on a
priori value for the width of the process zone, preventing the mesh
dependency of localization of phase transformation in a very
narrow zone. In this research an integral-type formulation is
adopted which is discussed briefly in this section.

Unlike the local models in which the effects of local state
variable n at each gauss points are considered independently, non-
local models utilize a type of weight function to include the effects
of other integration points. Therefore, the final goal is to replace
the local variable with its nonlocal value. According to Jirasek

(2007), the nonlocal field f ðxÞ of the local field f ðxÞ over the V
domain can be defined as:

�f ðxÞ ¼
Z

V
aðx; sÞf ðsÞds ð24Þ

where, aðx; sÞ is the weight function,

aðx; sÞ ¼ a0ðkx� skÞR
V a0ðkx� fkÞdf

ð25Þ

s and x are the source and target points, respectively, and
a0ðkx� skÞ is a decreasing nonnegative function of the distance
r ¼ kx� sk. Here, a quartic form of the weight function (Fig. 3(a))
is utilized:

a0ðrÞ ¼ 1� r2

R2

� �2

ð26Þ

where R is called the interaction radius and needs to be determined
as a predefined value of the nonlocal model. The nonlocal value of
martensite volume fraction n is of interest (Fig. 3(b)), and can be
defined as,

�nðxÞ ¼
Z

V
a0ðx; sÞnðsÞds ð27Þ
6. Numerical simulations

6.1. Tension test on dog-bone samples

6.1.1. Material properties and model calibration
The material, geometry and dimensions of the sample are the

same as the recently reported experimental data by Zhang et al.
(2010). The tests were carried out on a thin specimen with
60 mm total length, 30 mm gauge length, 2.6 mm width and
dure to consider the effects of gauss points within the interaction radius (adopted
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0.5 mm thickness. The ambient and initial temperatures were
equal to 23 �C. The experiments were conducted in stagnant air,

so a common value of 4 W=ðm2KÞ for average convection
coefficient was assumed. Also, the conduction coefficient and heat

capacity of the material were 18.3 W/(m K) and 3:2� 106 J=ðm3KÞ,
respectively. The constitutive model parameter Sf was chosen to be
1. Since the values of critical temperatures including Ms, Mf , As and
Af are not reported in Zhang et al. (2010), the linear transformation
surfaces in Lagoudas (2008) are used to calculate these values,

rMs ¼ CMðT �MsÞ
rMf
¼ CMðT �Mf Þ

rAs ¼ CAðT � AsÞ
rAf
¼ CAðT � Af Þ

ð28Þ

where rMs , rMf
, rAs and rAf

are the start and finish stresses of
forward and reverse transformations, respectively. T is the material
temperature and CM and CA are the so-called stress influence coeffi-
cients. So by simply having the start and finish stresses, values of
Ms, Mf , As and Af could be calculated. It is observed that in the case
of unstable phase transformation, which is dealt with in this
research, Ms and Af are lower than Mf and As which contradict
the experimental DSC tests (a test to calculate the values of Ms,
Table 1
Definition of material properties.

EM 40� 109 Pa mA ¼ mM 0.3

EA 40� 109Pa qcA ¼ qcM 3:2� 105 J=ðm3KÞ
MN �24.7 �C CA ¼ CM 8:5� 106 Pa=K
MC �18.9 �C emax 0.048
AN 10.6 �C k 18:3 W=ðmKÞ
AC 6.5 �C hAir 4 W=ðm2KÞ

Fig. 4. Geometry of the sample
Mf , As and Af in zero-stress conditions). It should be noted, however,
that these are just the original terminologies associated with the
pioneering work of Boyd and Lagoudas (1996), and they are used
with different interpretations in the present research because of
extending the originally hardening model to account for the
softening response. Therefore, to avoid inconsistencies they are
called martensite nucleation temperature (MN), martensite comple-
tion temperature (MC), austenite nucleation temperature (AN) and
austenite completion temperature (AC). The final material
properties used in the simulations are listed in Table 1.

6.1.2. Mesh dependency analysis
To evaluate the proposed nonlocal approach several problems

with different mesh densities have been simulated. As it was stated
in the works of Shaw (2000) and Iadicola and Shaw (2004) and also
is investigated later in this research, the thermo-mechanical cou-
pling has a rather stabilizing effect on the overall material behavior
at higher strain rates. A simple explanation is that by increasing
the loading rate, the temperature of the material raises and hence
the transformation surface becomes larger, which decreases the
negative slope of the transformation region of local stress–strain
response and substantially reduces instability and mesh depen-
dency. On the contrary, the situation becomes worse at low strain
rates. Moreover, it has been numerically observed that in addition
to the mesh size, the mesh regularity could affect not only on the
global response but also the timing, location and orientation of
nucleation bands and the deformation patterns which could
jeopardize the conventional design procedures for devices made
of SMA components. This issue becomes more important for engi-
neering simulations that a quality structured mesh could not be
generated.

Based on the discussion made above, a total number of 4 sim-
ulations at a low strain rate of 3:3� 10�4 s�1 on samples meshed
with 500, 1600, 5000 structured elements and 1500 unstructured
and different FE meshes.



Fig. 6. Nonlocal material response for different meshes.

Fig. 7. Present numerical results compared with the reference experimental data
(Zhang et al., 2010) at the strain rate of 3:3� 10�4 s�1 .
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elements are performed (Fig. 4). Domain of the structure is dis-
cretized with 4-node plane stress elements. One of the practical
issues is that at the onset of nucleation, the FE stiffness matrix
becomes singular momentarily. So if a perfect and homogeneous
specimen is uniformly tensioned to that point, the FE stiffness
matrix becomes ill-conditioned and the solution cannot be
properly obtained through iterations. Moreover, experiments have
indicated that two possible martensite band orientations may
appear when the tension goes beyond the nucleation point
(Shaw and Kyriakides, 1997b). Therefore, to avoid this bifurcation
point in simulations, a small imperfection is introduced at the
top-right edge of the gauge section (Fig. 4). Nodal degrees of free-
dom along the bottom of the specimen are fixed and the nodes on
the top edge are stretched under tensile displacement control con-
ditions at a constant rate. To avoid the possible bending caused by
clamping conditions, the center nodes of both ends are fixed in the
x-direction. Moreover, to simulate high convective boundary
conditions of the metallic grips used in the original experiments,
temperature of both ends are fixed at the ambient temperature.

To gain a feeling of the mesh dependency problem at hand, the
local behavior of samples is investigated by assigning a very low
value for the length scale. The predicted global pseudo-elastic
responses are illustrated in Fig. 5, which shows that by refining
the mesh, the amount of the load drop increases (Fig. 5(a)); a clear
indication of mesh dependency. Moreover, mesh refining moves
the place of the second load drop forward, because the greater
the first load drop the longer that it takes for the material to reach
the nucleation stress once again to initiate the second band. After
the second drop, all three responses converge to a similar solution
which is the result of stabilizing effect of elastic response after the
phase transformation completion. It is important to note that by
simulating the same problem with an unstructured mesh, some
fluctuations are observed in the material response which in some
cases has resulted in divergence of the Newton–Raphson proce-
dure (Fig. 5(b)).

To resolve the observed mesh dependency, a nonlocal model is
used. It is important, however, to determine the priori value of the
length scale because as it can be used to unify the material
responses for different mesh densities, it could also lead to mis-
leading results. Unfortunately, there has been no explicit way to
determine this parameter since the introduction of the nonlocal
models by Bazant. But, it can be estimated by a process of trial
and error to best-match with the experimental data. The same
procedure is followed in this research and the approximate value
of 0.5 mm was chosen. After introducing this parameter to the
nonlocal model, the effect of mesh dependency becomes almost
ignorable (Fig. 6).
Fig. 5. (a) Mesh size sensitivity for structure
6.1.3. Strain rate sensitivity verification
In the following a detailed discussion on the nucleation and

propagation of phase transformation, its temperature fields and
global stress–strain response at strain rates of 3:3� 10�4 s�1,

3:3� 10�3 s�1, 3:3� 10�2 s�1 and 3:3� 10�1 h�1 are provided. The
results of simulations are compared with the experimental work
of Zhang et al. (2010).
6.1.3.1. Results of slow strain rate of 3:3� 10�4 s�1. Fig. 7 compares
the predicted stress–strain response with the experimental result
of Zhang et al. (2010). Synchronized phase evolution and tempera-
ture distribution contours are also presented in Figs. 8 and 9. At
first, the material is fully austenitic and behaves in a linear elastic
d meshes, (b) Sensitivity to mesh type.



Fig. 8. Phase evolution contours at the strain rate of 3:3� 10�4 s�1 .

Fig. 9. Temperature distribution contours at the strain rate of 3:3� 10�4 s�1 .
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manner. As the stress reaches the peak stress of 403 MPa, the first
nucleation is observed at the position of geometric imperfection
(described earlier), which is associated with a stress drop of
approximately 22 MPa in the stress–strain curve. Upon further
loading, the band expands with two sharp propagating phase
fronts. When the upper front enters the arc-shaped region of the
specimen, it stops and hence the speed (associated with strain
rate) and the temperature of the other front are increased. This
can be seen by the relative change of the slope of the stress–strain
response which means that the front needs higher stress levels to
propagate. When the propagation stress in the specimen reaches
the nucleation stress of 403 MPa, a second nucleation event occurs
at the cooler lower end of the gauge.

The second nucleation causes another load drop at the global
strain of about 0.02 which is approximately the same as in the
experiment. It is noticed that the stress of the second nucleation
in the experiment is lower than the first one. This can be explained
by the fact that part of the phase transformation occurs in a uni-
form manner just before the onset of nucleation which causes
some hardening nonlinearities in the experimental stress–strain
curves (Fig. 7). This uniform behavior increases the temperature
and hence the nucleation stress. Therefore, for the first band to
localize, stress level needs to be higher than the one for the second
band. This is a rather complex concept and is beyond the scope of
the current research. As the fronts approach each other, self-
heating continues, resulting in a low positive slope in the stress–
strain response. Merging the two fronts is associated with a small
load drop which can be interpreted as an accumulation of stress
concentrations caused by the coalescence of fronts.

Both the elastic linear loading and unloading of the martensite
are accompanied with cooling of the specimen due to the convec-
tion with the air and conduction with the upper and lower ends. As
it can be seen from Fig. 8, the reverse transformation is initiated
from the arc-shaped regions of both ends because of the reduced
stresses at these points. Upon further unloading, the martensite
fronts approach each other and vanish nearly in the reverse order
of their formation. Band annihilation is associated with a small
stress jump which can be explained by their removed stress con-
centration. After this point, further unloading occurs in the linear
elastic regime. The amount of temperature drop is in excellent
agreement with the experimental measurements. It is noticed that
the lowest temperature could even be lower that the room tem-
perature during the reverse transformation.

6.1.3.2. Results of strain rate of 3:3� 10�3 s�1. Again, the predicted
stress–strain response is compared with the experimental result
of Zhang et al. (2010) in Fig. 10. Figs. 11 and 12 present the syn-
chronized phase evolution and temperature distribution contours.
Similar to the experiments, five nucleation events occur: first at the
top corner and followed by a second event, then three in the
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middle. However, the orientation, spacing and timing of band for-
mation do not completely match those in the experiments. This
can probably be attributed to our limited knowledge about the
exact experimental boundary conditions and heat transfer through
the body and to the environment. With the propagation of five
Fig. 10. Present numerical results compared with the reference experimental data
(Zhang et al., 2010) at the strain rate of 3:3� 10�3 s�1 .

Fig. 11. Phase evolution contours at

Fig. 12. Temperature distribution contour
bands and the conduction of the released heat, the overall
temperature of the specimen keeps increasing more uniformly
compared with the slower strain rate, which is a solid indication
of the stabilizing effect of higher strain rates. Upon further loading,
the local temperature continues to rise and then the fronts start to
coalesce in pairs. As of the last simulation, moments of coalescence
are associated with momentary spike in the temperature and
momentary load drop. An interesting observation is that, merging
the fronts and hence the decrease in band numbers, increases the
band velocity and hence the front temperature which leads to an
increase in the applied stress. This can be observed in Fig. 10 by
the sudden slope changes of stress–strain response during which
each coalescence has occurred. After the fronts coalesced, the tem-
perature then decays towards the room temperature as the heat is
convected laterally to the environment and conducted axially
towards the ends.

Unlike the lower strain rate case, the austenite band nucleation
during unloading initiates in the middle. This is mainly because of
the fact that the higher temperature in this region causes the
austenite nucleation stress to be higher than the other parts of
the specimen. Upon further unloading, propagations of fronts cool
the specimen and significantly decrease the stress in a way that
only a small elastic deformation remains after completion of the
reverse transformation.
the strain rate of 3:3� 10�3 s�1 .

s at the strain rate of 3:3� 10�3 s�1 .
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6.1.3.3. Results of strain rate of 3:3� 10�2 s�1. Fig. 13 compares the
predicted stress–strain response with the experimental result of
Zhang et al. (2010). The synchronized phase evolution and tem-
perature distribution contours are also presented in Figs. 14 and
15. Here, the first two bands are nucleated almost simultaneously
at the ends. Shortly afterwards, 14 bands are nucleated, leaving 32
fronts to propagate. These nucleations cause sudden temperature
rises which suppress any further nucleation, because there remains
no untransformed region with a sufficiently cooler temperature.
Fig. 13. Present numerical results compared with the reference experimental data
(Zhang et al., 2010) at the strain rate of 3:3� 10�2 s�1 .

Fig. 14. Phase evolution contours at

Fig. 15. Temperature distribution contour
Higher number of bands decreases the propagation velocities of
fronts and hence their temperature which is the main reason for
the maximum temperature in the simulation (50 �C) to be some-
what lower than the experiment (53 �C). During the unloading,
the nucleation stress reaches 300 MPa which is higher than the
case at lower strain rates. It can be explained by the fact that the
heat generated in the loading part is not transferred to the environ-
ment completely and remains in the material for the unloading
part, making the temperature and hence nucleation stress at the
the strain rate of 3:3� 10�2 s�1 .

s at the strain rate of 3:3� 10�2 s�1 .

Fig. 16. Present numerical results compared with the reference experimental data
(Zhang et al., 2010) at the strain rate of 1:1� 10�1 s�1 .



Fig. 19. Variations of the damping capacity with the strain rate.
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start of reverse transformation to increase. One of the important
observations made in this simulation is that the load drops at the
moments of nucleation and coalesce are hardly noticeable and
because of their large number, they produce a smooth stress–strain
response which is indicative of moving towards a uniform
response (as will be investigated in the next simulation).

6.1.3.4. Results of strain rate of 1:1� 10�1 s�1. This simulation is
performed to investigate the uniform behavior seen at higher
strain rates. The stress–strain response for the case of strain rate
of 0.11 is compared with the reference experimental result
(Zhang et al., 2010) in Fig. 16, while Figs. 17 and 18 illustrate the
synchronized phase evolution and temperature distribution
contours. It is observed that the maximum temperature in the
specimen is almost similar to the previous strain rate. This obser-
vation can be explained by noting that on one hand the tempera-
ture variations at a front mainly depend on the front speed,
which is associated with the strain rate. On the other hand, the
front speed decreases by increasing the number of fronts.
Therefore, the higher number of fronts at higher strain rates seems
to suppress the effects of front speed and vice versa. It is also
noticed that the nucleation stress of reverse transformation is fur-
ther increased for the same reason. So, it can be concluded that by
increasing the strain rate, the hysteresis area decreases, whereas
an increased area is observed at lower strain rates. This is indica-
tive of the so-called non-monotonic strain rate sensitivity damping
Fig. 17. Phase evolution contours at

Fig. 18. Temperature distribution contour
capacity of SMAs, which has already been reported in the works of
Iadicola and Shaw (2004), Zhang et al. (2010) and He and Sun
(2011). In Fig. 19, a comparison is made between the numerical
simulation and the reference experimental data (Zhang et al.,
2010) for the indicator of damping capacity H, which is defined
as the difference between the average stress in the forward and
reverse transformations. To obtain a smooth trend, a number of
simulations have been performed at 20 different strain rates.
the strain rate of 1:1� 10�1 s�1 .

s at the strain rate of 1:1� 10�1 s�1 .



H. Ahmadian et al. / International Journal of Solids and Structures 63 (2015) 167–183 177
6.1.3.5. Discussion on the effects of length scale on the material
behavior. Both the simulation and reference experimental data
have clearly shown that the number of martensite bands increases
with the strain rate. So they could be used as an indication or a
measure of applied strain rate. However, when it comes to nonlocal
simulations, this value could be tampered with the wrong-choice
of material length scale especially at higher strain rates where
the spacing between bands becomes very small. This prompted
us to investigate the effects of length scale on the number of
martensite bands. For this purpose, the results of phase evolution
Fig. 20. Phase evolution contours for 3:3� 10�2 s�1 and 1:1� 10�1 s�1 strain rates.

Table 2
Definition of material properties.

EM 61� 109 Pa mA ¼ mM 0.3

EA 39� 109Pa qcA ¼ qcM 3:2� 105 J=ðm3KÞ
MN �24.2 �C CA ¼ CM 8:5� 106 Pa=K
MC �18.9 �C emax 0.04
AN 4.5 �C k 18:3 W=ðmKÞ
AC �0.2 �C hAir 4 W=ðm2KÞ

Fig. 21. Geometry of the strip and two finite element meshes. (a) Geom
contours at a fixed strain of 0.03 with R = 1.5 mm are compared
with R = 0.5 mm for the last two strain rates and are presented in
Fig. 20. At lower strain rates the number of nucleations remains
the same since they have a reasonable spacing to allow other
nucleations to occur. At higher strain rates of 3:3� 10�2 s�1 and
1:1� 10�1 s�1 though, the number of bands decreases from 16 to
10 for the 3:3� 10�2 s�1 strain rate and from 23 to 18 for the
1:1� 10�1 s�1 strain rate. Moreover, patterns of nucleation events
are also changed. Therefore, prescribing a length scale in nonlocal
simulations is of great importance and needs further research and
development both in nonlocal models and experimental
procedures, as it could affect the width, pattern and maximum
number of nucleation events significantly. For the selected sim-
ulations presented in this research, R = 0.5 mm has been applied
because of good agreement with the experimental data.
6.2. Tension test on a short specimen

6.2.1. Effects of geometry on deformation patterns
Propagation of martensite bands in SMAs are usually associated

with two deformation patterns: one by inclined fronts and second
by the so-called criss-cross pattern. It is reported that the first usu-
ally happens in longer specimens with aspect ratios of 10 or more,
while the latter occurs in short specimens with aspect ratio of
approximately 3.5 (Shaw and Kyriakides, 1997a). A long specimen,
however, could experience criss-cross deformation if the strain
rate is low enough, as it was observed experimentally by Shaw
and Kyriakides (1997a). Moreover, a short specimen could also
have sharp inclined bands if the strain rate is high enough. These
phenomena are further investigated in this section.

The material, geometry and dimensions of the sample are the
same as the work of Shaw and Kyriakides (1997a). The tests were
carried out on a relatively short strip with 14 mm length, 4 mm
width and 0.4 mm thickness. The ambient and initial temperatures
were equal to 25 �C. The constitutive model parameter Sf was cho-
sen to be 1. Required material properties are gathered in Table 2.
Note that the thermal properties were not reported in Shaw and
Kyriakides (1997a) so their values are assumed to be the same as
those in previous simulations.
etric details and its imperfection (b) Coarse mesh, (c) Fine mesh.
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The domain is discretized with two different finite element
meshes. A small imperfection is introduced at the bottom right
corner of the specimen. The overall geometry of the plate and
imperfection and the finite element meshes are demonstrated in
Fig. 21. Similar to the previous simulations, nodal degrees of free-
dom along the bottom edge of the specimen are fixed and the ones
across the top are stretched with a constant rate displacement con-
trol conditions. Center nodes of both ends are fixed in the x-direc-
tion and their temperature is fixed at the ambient temperature.
Simulations are performed under the near isothermal case and
Fig. 22. Global stress–strain response for the isothermal case.

Fig. 23. (a) Phase evolution contours for the isothermal case, (b) Phas
for the strain rates of 10�2 s�1 and 10�1 s�1. The first one is to test
the capability of the current model to produce criss-cross pattern,
while the others are designed to investigate the possibility of
development of sharp inclined bands. All simulations are per-
formed with R = 0.6 mm.

The predicted global stress–strain response for the isothermal
case is compared with the numerical simulation of Shaw and
Kyriakides (1997a) in Fig. 22, which shows an excellent agreement.
Also, it is observed that a similar global response is obtained by
refining the mesh. It is a typical stress–strain response of SMAs
and possesses the same features discussed in the previous sections
except that there are some fluctuations which are related to the
subsequent band nucleation of criss-cross deformation mode, as
it can be seen in phase evolution contours presented in
Fig. 23(a). At first a sharp inclined band is initiated from the
bottom-right corner of the specimen which generates a secondary
fictitious bending moment. Propagation of the initially inclined
band and deformation of the triangular region at the lower end
increase the moment and relieve the other band nucleation from
the front, which implies a so-called fingers type nucleation. This
subsequent nucleation of fingers continues till all of the plate is
transformed to martensite. Detailed discussion about the criss-
cross mode of deformation in SMAs can be found in Shaw and
Kyriakides (1997a). In Fig. 23(b), phase evolution contours are pre-
sented for two the two meshes at two levels of loading (levels 1
and 2 in Fig. 22). Clearly, similar results are obtained for both cases.
e evolution contours for the two meshes at two levels of loading.



Fig. 24. Phase evolution contours for the strain rate of 10�1 s�1 .

Fig. 25. Global stress–strain responses of three SMA plates.

Table 3
Material properties of the perforated strip.

EM 32:5� 109 Pa mA ¼ mM 0.3

EA 23:5� 109 Pa qcA ¼ qcM 3:2� 105 J=ðm3KÞ
MN �22.2 �C CA ¼ CM 4:4� 106 Pa=K
MC �12.9 �C emax 0.050
AN 19 �C k 18:3 W=ðmKÞ
AC 19 �C hAir 4 W=ðm2KÞ
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The phase evolution contours at the strain rates of 10�1 s�1 are
presented in Fig. 24. It is observed that by increasing the strain
rate, transformation fronts become sharp and nucleating fingers
disappear. Unlike the isothermal case, propagating fronts are
straight because the number of nucleation events increase with
the strain rate. These transformation fronts help to maintain the
moment in the specimen relieved by canceling each other’s effects,
making them to be sharp till the end of transformation. Similar to
Fig. 26. Geometry of the perforated strip and two finite element mesh
the case under slow strain rate, there are so-called islands of
untransformed regions in the material which require higher levels
of stresses to fully transform. This example clearly demonstrated
that the strain rate is a very important factor for a certain mode
of deformation to occur in SMAs.

6.2.2. Effect of size on material behavior
As mentioned earlier, the size of an SMA plate plays an impor-

tant role on its response. The reason can be attributed to the fact
that the heat transfer in regions near the boundary is different
from that in the centerline, which causes steep temperature gradi-
ents in the cross section. Besides, as the change of geometry could
create different deformation patterns, the situation could escalate
even more. For this purpose, numerical simulations are performed
at a constant nearly low strain rate of 10�3 s�1 on three thin strips
with different aspect ratios of 100, 10 and 1 and are elongated till a
given strain of 0.095 under the displacement control conditions.
es. (a) Geometry and dimensions, (b) Coarse mesh, (c) Fine mesh.



Fig. 27. Global stress–strain response for the perforated strip.

Fig. 30. Global stress–strain response for the double notch plate.
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Material properties are the same as those in Table 1. Problems are
solved using a plane-stress finite element model. Boundary condi-
tions and material properties are similar to those in previous
Fig. 28. Phase evolution contours, up: forward transformat

Fig. 29. Geometry of the double notch plate and two finite element mes
simulations. Imperfections are introduced at the bottom right
corner of the specimen. Nonlocal length scale is set to 0.60 mm.
The global stress–strain responses for different aspect ratios are
presented in Fig. 25. During the forward transformation, the mate-
rial response changes from nearly isothermal to nearly adiabatic
condition with the changes in aspect ratio. This phenomenon can
ion, down: reverse transformation (Left to right order).

hes. (a) Geometry and dimensions, (b) Coarse mesh, (c) Fine mesh.
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be mainly explained by the relatively higher temperatures at inner
regions compared to the outer regions near the boundary. As the
size of the plate is increased, the temperature of the inner regions
is increased. Therefore, the overall material response experiences
higher stress levels.
6.3. Tension tests on perforated strips

The geometry and dimensions of the specimen are presented in
Fig. 26(a). The tests are carried out on a 4� 4 mm squared perfo-
rated strip with a 1 mm diameter central hole. The constitutive
Fig. 31. (a) Phase evolution contours for the double notch plate, (b) P
model parameter Sf is set to be 2. The required material properties
are defined in Table 3. The domain of the structure is discretized
with two different finite element meshes (Fig. 26(b) and (c)).
Nodal degrees of freedom along the bottom edge of the specimen
are fixed and the ones across the top edge are stretched under
the displacement control conditions. The nonlocal length scale is
assumed to be 0.4 mm.

The global stress–strain responses for the two cases of coarse
and fine meshes are presented in Fig. 27, which clearly illustrate
that similar global responses are obtained by refining the mesh.
Phase evolution contours for the forward and reverse
hase evolution contours for two meshes at two levels of loading.
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transformations are presented in Fig. 28. During the forward
transformation, first a narrow band is nucleated which further
propagates and enters the stable martensite phase. At this time,
a second band starts to localize and to remove the instability of
deformation by retrieving the symmetry condition of deformation
in the SMA strip. The remaining transformation is associated with
propagation of the symmetrical bands similar to hardening materi-
als. Similar to the tension-test simulations on dog-bone samples,
during the reverse transformation, martensite bands decay
approximately in the reverse order of forward transformation
which shows the capability of the proposed model to account for
full recovery in SMAs. Also, fading bands have a smaller width
compared with the ones in the forward transformation, which is
mainly due to the fact that the original flow rules of the Boyd
and Lagoudas (1996) constitutive model are different for forward
and reverse transformations.
6.4. Tension tests on double notch plate

The geometry and dimensions of the double notch plate are
presented in Fig. 29(a). The constitutive model parameter Sf is cho-
sen to be 2 and Table 3 defines the remaining material properties.
The tests are carried out on a quarter of the plate which is dis-
cretized with two different finite element meshes (Fig. 29(b) and
(c)). Nodal degrees of freedom along the bottom and left side of
the plate are fixed in y-direction and x-direction, respectively,
and the ones across the top are stretched in the y-direction under
the displacement control conditions. Simulation is performed
under the isothermal condition and the nonlocal material length
scale is set to 0.4 mm.

Global stress–strain response and phase evolution contours are
presented in Figs. 30 and 31. In Fig. 30, momentary drops in stress
are associated with nucleation events and nearly flat lines are
representative of propagation of already nucleated bands. Also it
is observed that by refining the mesh, similar global responses
are obtained. As it can be seen from Fig. 31(a), for the first mode
of deformation, localization moves towards the center of the plate,
as it was observed experimentally and modeled numerically with
the classical plastic damage mechanics for conventional metals
(Hancock and Mackenzie, 1976; Andrade Pires et al., 2003). The dif-
ference in here is that, there is an elastic phase after the unstable
transformation responsible for softening which tends to harden
the material behavior. So, after reaching the center of the plate
and starting to propagate, another band localizes from the point
with higher stress concentration. Further loading leads to trans-
formation via the nucleation of new bands and propagation of
the old bands. The number of bands is closely related to the geome-
try and size of the plate. The simulation clearly demonstrates that
multiple band nucleation in SMAs is not only related to the applied
strain rate but also to the geometry and size of the plate being
tested. According to Fig. 31(b), similar phase evolution contours
are obtained for the two meshes at two levels of loading (levels 1
and 2 in Fig. 30).
7. Conclusion

To investigate the effects of unstable phase transformation in
pseudo-elastic SMAs, an exponential-based softening function
was proposed in the framework of the efficient local model of
Boyd and Lagoudas (1996). The original presented local model pro-
duced nucleation and propagation of phase transformation in
SMAs, but it suffered from mesh-dependency. So an integral-type
nonlocal model based on a quartic weight function was adopted
to overcome this problem. The nonlocal model only involves a pri-
ori known constant of ‘‘interaction radius’’ which determines the
size of the localization zone. To take into account the effects of
external loading rate, a staggered scheme was used without any
convergence difficulties for the wide range of problems solved in
this study. A monolithic approach should, however, be used to deal
with more complex problems involving vibrations, as the
staggered schemes may not guarantee the unconditional conver-
gency. Numerical simulations revealed that the material responses
of SMAs were closely related to their size and the applied strain
rate. Possible extension of the current model involves using more
accurate mesh-independent schemes, as the main remaining
obstacle was to choose the right value for the interaction radius
of the nonlocal model.
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