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Abstract A method is developed for modeling of shear
band with strong tangential discontinuity by means of cohe-
sive surfaces within the extended finite element method
(XFEM). A rate-independent non-associated plasticity model
is incorporated along the strong discontinuity to consider the
highly localized regions. Once the localization is occurred,
tangential enrichment degrees of freedom are added to the
localized elements, and the discontinuity is captured regard-
less of mesh resolution and alignment. By introducing the
tangential enrichment function, the discontinuity is only
imposed in the tangential direction, while the continuity
across the shear band is automatically fulfilled. Adopting
bilinear quadrilateral elements within the context of XFEM
allows for the plastic deformation of shear band to be
obtained with quadratic distribution within an enriched ele-
ment. Since the strong discontinuity approach is employed,
the singularity of strain field at the position of displacement
jump is attained through a Dirac delta distribution. By means
of this singularity, the cohesive shear traction is derived for
the J2 plasticity model and is applied onto the band inter-
faces in order to reproduce the dissipative mechanism of the
band. Several numerical examples are analyzed to assess the
accuracy and robustness of the proposed approach.
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1 Introduction

A shear band is a narrow region of highly localized shear-
ing deformation within a largely unsheared matrix. During
the shear band formation, relative tangential displacement
of blocks of material on two sides of the band is occurred.
Width of this region varies from a few to hundreds of microns.
Despite of infinitesimal width of the band, its relative tan-
gential deformation may extends to several centimeters and
may even lead to macroscopic influences on the medium.
Localization of deformation is frequently observed in var-
ious solids such as crystals [1], metals [2], soils [3], rocks
[4] and concrete [5]. Occurrence of shear bands reduces the
energy absorption capacity of solids and may cause early
structural failures.

Due to excessive large aspect ratio of shear bands, numer-
ical modeling of such problems is always challenging. The
main drawback of the standard finite element simulation of
localization problems can be summarized in severe mesh
dependency, where the thickness of the band corresponds
to the element width and the band is forced to follow the
element boundaries [6]. This affects the uniqueness of FE
solution of localization problems. Besides, the classical rate-
independent plasticity is incapable of introducing a char-
acteristic length scale to set the width of the band [7].
Since the band thickness is not a priori known, the so-
called weak discontinuity model, where the displacement
field remains continuous while its gradient contains discon-
tinuity, is very difficult to implement. One of the alternatives
to overcome this deficiency is to determine the character-
istic length scale through the either nonlocal theories, such
as gradient-dependent plasticity [8], Cosserat continuum [9],
and higher gradient theory [10], or by using viscoplastic reg-
ularizations [11,12]. With the characteristic length scale in
hand, the shear band can be modeled by using the continuous
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displacement field theory through the adaptive finite element
technique [13–16], or by using embedded localization zones
[17]. Another approach is achieved through the definition
of a zero width band, called the strong discontinuity, where
in contrast with the weak discontinuity, produces a singu-
lar strain field along the band. This assumption is consistent
with the idea that the strain is localized within the band.
Using the strong discontinuity interface instead of the local-
ized region is identical to removal of the region of highly
deformed materials from the geometrical model. This idea
implies that the localization manifests itself in discontinuity
of displacements, thus some manipulation in the mathemat-
ical model is required. Even though the modeling of local-
ization with the weak discontinuity band of finite thickness
is more valid from the physical aspect, using the strong dis-
continuity method does not require the band thickness and
the classical rate-independent plasticity remains valid after
the bifurcation point.

Strong discontinuity modeling of shear bands by means
of continuum constitutive laws was studied in detail by Simo
et al. [18]. Later, this method was extended via developing
an element with embedded strong discontinuity for infinites-
imal strains by Oliver [19,20], and for multiplicative finite
strain plasticity by Armero and Garikipati [21], which report-
edly led to reduction of mesh sensitivity of numerical solu-
tion of localization problems. A transition from a weak to a
strong discontinuity by means of elements with embedded
discontinuity was also presented in [22,23] for infinitesimal
strain and in [24] for finite strain plasticity. More finite ele-
ment modeling of bifurcation analysis via strong discontinu-
ity approach can also be found in [25–28].

Now let us focus on the requirements of bifurcation from
a continuous solution into a localized state. Initiation of
localization in classical rate-independent plasticity manifests
itself in the form of loss of ellipticity of equilibrium equa-
tions, where the material loses its stability. It represents a
negative tangent modulus and is associated with the soft-
ening response of material [29]. As the localization occurs,
the width of the strain-softening region tends to zero. Conse-
quently, the energy dissipation of the band is vanished and the
solution becomes physically meaningless. On the other hand,
since the employment of the strong discontinuity approach
is analogous to disregarding the localization region, cohe-
sive tractions are applied on the discontinuity interfaces, and
their associated dissipation work is considered as the plastic
dissipative mechanism of the band.

After studying the bifurcation conditions, the discontinu-
ity has to be imposed in the numerical model. Conventional
finite element modelings of discontinuity problems such as
crack propagation or shear band growth have encountered
serious difficulties. In order to facilitate the modelings of
such problems, the XFEM methodology, which was first
introduced in [30,31], enriches the displacement field with

proper discontinuous functions (instead of geometrical rep-
resentation of discontinuity). Hence, the discontinuity can be
arbitrary located within the finite elements [32]. XFEM has
been utilized for modeling of a wide range of problems in
solid mechanics such as cracks [33], shear bands [34], and
contact and forming processes [35], as well as multiphase
fluid flow [36], and even multiphase solidification problems
[37]. In contrast to finite element with embedded discontinu-
ities, XFEM approximation of localization problems leads to
symmetrical stiffness matrix, conforming displacement field
and independent strain fields in the separated parts; ensuring
the efficiency and robustness of the extended finite element
method [38].

In this paper, the shear band is considered as a strong tan-
gential discontinuity, where the jump in the displacement
field occurs along the band, while it remains continuous
across the discontinuity line. By introducing the shear band
as a strong tangential discontinuity, the necessity of employ-
ing complex nonlocal theories is avoided and the localization
of deformation is attained through the singularity of strain
field. This proposed methodology is implemented within the
extended finite element method for modeling the arbitrary
shear band propagation within a continuous medium.

The paper is presented as follows. In Sect. 2, the gov-
erning equations for general case of rate-independent non-
associated plasticity within the infinitesimal deformation
regime are presented. They are then modified to account for
displacement jump using the strong discontinuity approach.
Next, the onset and propagation of shear band are discussed.
Later, the formulation is restricted to von-Mises plasticity, to
extract a proper cohesive law. In order to impose the discon-
tinuity in the displacement field, the strong tangential dis-
continuity enrichment function in the context of XFEM is
introduced in Sect. 3. Then, the weak form and spatial dis-
cretization of equilibrium equations are presented, and the
procedure of selecting the enriched nodes and the numeri-
cal integration method for elements containing the discon-
tinuity are discussed. Section 4 presents several numerical
simulations and compares these results with other methods
to demonstrate the efficiency of proposed approach. Finally,
the concluding remarks are given in Sect. 5.

2 Governing equations

2.1 Constitutive plasticity model

Consider a smooth yield surface F (σ , q), which constrains
the state variables {σ , q} to lie within the elastic domain Eσ ,
given by

Eσ = {
(σ , q) ∈ S × R

m |F (σ , q) ≤ 0
}
, (1)
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where S is the space of 2nd-order symmetric tensor and q
is an internal variable, used to define the hardening behavior
of material. The elastic response of material can be charac-
terized by negative values of F (σ , q), in which the stress
states lies inside the elastic domain. Now, the irreversible
plastic strain rate is defined by

ε̇ p = λ̇
∂P (σ , q)

∂σ
, (2)

where P (σ , q) is the plastic potential function and λ̇ is the
consistency parameter, which is assumed to obey the Kuhn–
Tucker complementary conditions,

λ̇ ≥ 0, F (σ , q) ≤ 0, λ̇F (σ , q) = 0 (3)

During the plastic flow, the current stress state coincides
with the current yield surface, and the value of yield func-
tion remains zero, in other words, the yield function remains
constant in the process of plastic deformation. This leads to
defining of the additional complementary condition as

λ̇Ḟ (σ , q) = 0 (4)

Occurrence of the plastic deformation implies that the consis-
tency parameter is nonzero, hence, the consistency condition
can be defined as

Ḟ (σ , q) = ∂F

∂σ
: σ̇ + ∂F

∂q
· q̇ = 0, (5)

where

q̇ = −λ̇ · H (σ , q) (6)

and function H (σ , q) defines the type of hardening. Now
decomposing the total strain rate tensor into elastic and plas-
tic parts,

ε̇ = ε̇e + ε̇ p (7)

The stress rate tensor can then be computed as

σ̇ = D : (
ε̇ − ε̇ p) = Dep : ε̇, (8)

where Dep is the tangent elasto-plastic constitutive tensor.
Substitution of the stress rate tensor from (8) into (5) and
utilizing (2) and (6), the consistency parameter is computed
as

λ̇ = ∂σF : D : ε̇
∂qF · H + ∂σP : D : ∂σF

(9)

Then, by replacing (2) into (8) and utilizing (9), the tangent
elasto-plastic constitutive tensor is computed as

Dep = D − D : ∂σP ⊗ ∂σF : D
∂qF · H + ∂σP : D : ∂σF

(10)

Accordingly, the plastic multiplier α can be defined by inte-
gration of the consistency parameter in the time domain

α =
∫

λ̇ dt (11)

The following part is devoted to the extension of presented
formulation for capturing the characteristics of a discontin-
uous displacement field.

2.2 Shear band model

Consider a body � which contains an arbitrary slip inter-
face ∂�s with an internal highly localized deformation, as
shown in Fig. 1. The slip line divides the body into three
parts. According to the definition of a unit normal vector n
on an arbitrary point of the slip line, these three parts are;
�+ denotes the region above the shear band, �− represents
below the shear band and ∂�s stands for the band itself. Also,
consider x as the material coordinate and (ξ, η) along (t, n)

as the orthogonal coordinates system on a point of disconti-
nuity. Coordinates of S+ and S− on the η axis represent the
upper and lower edges of shear band.The displacement field
in the rate form can be defined as

u̇(x) = u̇(x) + Hs(x) [[u̇]] (x), (12)

where u and [[u]] are both continuous displacement fields,
and Hs is the unit jump function defined as

Hs (x) =
{

0 x ∈ ∂�−
1 x ∈ ∂�+

(13)

It is noted that [[u]] is equal to displacement jump on the
surface ∂�s . Now, the strain rate tensor can be calculated
from (12),

ε̇ (x) = sym (∇u̇) = sym
(∇u̇

) + Hssym (∇ [[u̇]])

+sym (∇Hs) [[u̇]] , (14)

where the operator ‘sym’ stands for the symmetric part of a
tensor. According to (13), the gradient of unit jump function
can be described as

∇Hs (x) = ∂ Hs

∂ξ
t + ∂ Hs

∂η
n = δsn, (15)

where δs is the Dirac delta function, which is zero everywhere
except at the band. Finally, Eq. (14) is written as,

ε̇ (x)=sym
(∇u̇

)+Hssym (∇ [[u̇]])
︸ ︷︷ ︸

bounded part

+δssym ([[u̇]]⊗n)
︸ ︷︷ ︸

singular part

(16)

Replacing (16) in (8) results in

σ̇ (x) = D :
(
ε̇ + δssym ([[u̇]] ⊗ n) − λ̇

∂P

∂σ

)
, (17)

where ε̇ is the bounded part of the strain rate tensor. Since ε̇
is a bounded term, a bounded stress rate tensor is obtained if
the singular part of Eq. (17) is canceled out with its last term

123



1026 Comput Mech (2013) 52:1023–1038

Fig. 1 Definition of the strong discontinuity model for a continuous displacement field

[18]. This implies that

δssym ([[u̇]] ⊗ n) = λ̇
∂P

∂σ
(18)

To fulfill the condition (18), an unbounded consistency para-
meter has to be introduced,

λ̇ = δs λ̇, (19)

where λ̇ is the consistency parameter of shear band. Conse-
quently, Eq. (18) can be rewritten as

sym ([[u̇]] ⊗ n) = λ̇
∂P

∂σ
(20)

Replacing λ̇ from (19) into (6) results in

q̇ = −λ̇ · H = −δs λ̇ · H = −λ̇ · H (21)

with

H = δs H (22)

Here, H is the intrinsic hardening and is considered as
a predefined material property. Furthermore, according to
Eq. (11), the plastic multiplier of the band can be calculated
as

α =
∫

λ̇ dt (23)

2.3 Fracture energy

The work which creates plastic deformation in a material
is equivalent to the energy dissipated by the plastic mecha-
nisms. The evolution equation of plastic work is given by

ẇ p = σ : ε̇ p (24)

The total plastic work of shear band is identical to the area
under the yield stress-plastic multiplier curve of the band and
it can be computed as

w p =
∫
σ : ε̇ p dt =

∫ (
σy0 − q

)
α̇ dt, (25)

where σy0 is the initial yielding stress of material. Now con-
sider a loading process in time interval [t0, t∞] where t∞
corresponds to the time at which fracture occurs in the band
and two distinct surfaces of discontinuity are formed. Due
to the softening behavior of material, q is also bounded to[
0, σy0

]
, in which q = 0 for t0 and q = σy0 at t∞. Hence, by

integration of the rate of plastic work along the time interval
[t0, t∞], the energy consumption for producing the surfaces
of discontinuity is obtained. This is equivalent to the fracture
energy G f in the context of fracture mechanics,

G f =
∫ (

σy0 − q
)
α̇ dt =

∫ (
σy0 − q

)
λ̇ dt (26)

Replacing the consistency parameter of the band from (21)
into (26) results in

G f = −1/H

t∞∫

t0

(
σy0 − q

)
q̇ dt

= −1/H

σy0∫

0

(
σy0 − q

)
dq

= −1/H
(
σy0q − q2/2

)]σy0

0
= −σ 2

y0
/2H (27)

Therefore, the intrinsic hardening can be computed as

H = − σ 2
y0

2G f
(28)
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2.4 Shear band propagation

The traction continuity condition implies that traction vectors
across the plane of discontinuity are continuous, thus
[[

ṫ
]] = [[n · σ̇ ]] = 0 (29)

The traction continuity condition for vicinity of the band can
be rewritten as

n · D : ε̇ = n · Dep : (
ε̇ + δssym ([[u̇]] ⊗ n)

)
(30)

After some algebraic modifications based on (9) and (10),
Eq. (30) can be rewritten as

n · Dep · n · [[u̇]] δs = λ̇�\Sn · D : ∂σP, (31)

where λ̇�\S is the consistency parameter which is induced
by the bounded part of the strain rate tensor. After onset of
localization, further plastic deformation of shear band man-
ifests itself in the form of displacement jump. It implies that
within the band, where δs is nonzero, the bounded part of the
strain rate tensor is elastic and λ̇�\S has to vanish [22]. This
implies that

n · Dep · n · [[u̇]] = Qep · [[u̇]] = 0, (32)

where Qep = n · Dep · n is the elasto-plastic localization
tensor. Onset of localization implies that [[u̇]] �= 0. Hence,
for localization to occur, the localization tensor has to have
at least one zero eigenvalue [6],

det
(
Qep) = 0 (33)

For general 3D models, shear bands occur as slip planes.
Hence, the vector n, which is an arbitrary vector in 3D Carte-
sian coordinate system, specifies a plane of slip. For 2D mod-
els, however, the vector n is bounded to xy plane in Cartesian
coordinate system. In this case, n can be defined as

nT = [cos θ, sin θ ], (34)

where θ is the angle between the unit vector n and the x-axis.
This facilitates the evaluation of det (Qep), which for a given
Dep in each integration point, forms a trigonometric equation
that can be simply solved with the Newton-Raphson iteration
[6]. The determinant of the localization tensor is positive
everywhere for each direction of n. Once the localization
is about to happen, determinant of the localization tensor
becomes negative for at least one direction of n.

Figure 2 illustrates a typical example of det (Qep) for an
isotropic von-Mises 2D case prior to localization, for dif-
ferent directions of n. It is remarkable that for this partic-
ular case, the curve of the determinant of the localization
tensor is symmetric about θ = 90◦, hence, Eq.(33) always
results in two different values of θ , whose summation is equal
to 180◦. The acceptable orientation is the one that makes
∇u : ([[u̇]] ⊗ n) maximum [25].

Fig. 2 Determinant of localization tensor prior to localization for a
typical 2D case

2.5 Cohesive law

In this model, a shearing surface traction is applied onto the
shear band interface in order to simulate the behavior of mate-
rial of the band. For this purpose, a cohesive law is defined to
relate the traction to the strain of the band. Consequently, the
stiffness of material of the band and the energy dissipation
due to plastic deformation in shear band are modeled prop-
erly. To extract a proper explicit cohesive law, the constitutive
model is assumed to be associated von-Mises plasticity. Its
extension to more complex models is straightforward, but is
not considered in this study.

The yield and plastic potential functions for von-Mises
model can be defined as

F (σ , q) = P (σ , q) = √
3J2 − K (α), (35)

where J2 and K (α) are the second invariant of deviatoric
stress tensor and the isotropic hardening modulus, respec-
tively. According to (35), the plastic flow vector and normal
to the yield surface can be computed as

∂σP = ∂σF = 3

2

σ ′

σe
, (36)

whereσ ′ is the deviatoric stress tensor and σe is the equivalent
stress,

σe = √
3J2 (37)

By replacing the plastic flow vector from (36) into (20), and
taking norm of both sides of the equation, the consistency
parameter of shear band can be written as

λ̇ = √
2/3 ‖sym ([[u̇]] ⊗ n)‖ , (38)
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where operator ‖·‖ is the Frobenius norm of a tensor. Accord-
ing to the consistency condition, the load point remains on
the yield surface during the plastic deformation. Hence, the
equivalent stress of shear band is equal to the current yield-
ing stress of the band. Consequently, by replacing (36) and
(38) into (20) and using the current yielding stress instead of
equivalent stress, the deviatoric stress tensor of shear band
can be computed as

σ ′ = σy
√

2/3
sym ([[u̇]] ⊗ n)

‖sym ([[u̇]] ⊗ n)‖ , (39)

where σy is the current yielding stress of the band. Finally,
the cohesive shear traction of the band is defined as

τ c = n · σ · t = n · σ ′ · t (40)

With given rate of displacement vector for each integra-
tion point, value of consistency parameter of shear band is
obtained from Eq. (38). Consequently, the current yield stress
is computed according to the hardening law. Later on, the
deviatoric stress tensor is calculated by (39) and the coheesive
traction is finally obtained from (40). Loading and unloading
processes of shear band are schematically depicted in Fig.3.

3 XFEM discretization

3.1 Approximation of displacement field

Consider a material point in R
3 space which is denoted by x .

Approximation of the enriched displacement field is obtained
by

u (x) =
∑

i

ϕi (x) ui +
∑

j

ϕ j (x)ψ j (x) a j , (41)

where u is the displacement of the standard degrees of free-
dom, a is the enriched nodal displacement, ϕ is the standard

Fig. 3 Shear band loading-unloading processes

finite element shape function and ψ is the enrichment func-
tion. The first term on the right hand side of Eq. (41) is the
standard finite element approximation and the second term
is the enrichment part. In the strong tangential discontinuity
model, the displacement field remains continuous across the
band and the discontinuity is only imposed in the tangen-
tial direction. Consequently, the enrichment function in the
presence of strong tangential discontinuity is defined by [39],

ψ j (x) = (
H (x) − H

(
x j

))
t j , (42)

where H (x) is the Heaviside step function and t is the unit
vector tangent to the shear band (as described in previous
sections). The Heaviside step function is defined as

H (x) =
{+1 x ∈ �+

−1 x ∈ �−
(43)

Then, the XFEM approximation of displacement field is
rewritten as

u (x) =
∑

i

ϕi (x) ui +
∑

j

ϕ j (x)
(
H (x) − H (x j )

)
t j a j

(44)

Since the variations of enrichment function ψ occur along
the shear band, a tangential discontinuous displacement is
obtained. On the other hand, value of enrichment function
tends to zero along the unit vector n, thus the enrichment
part in (44) vanishes and the continuity of displacement is
fulfilled in the normal direction.

3.2 Weak form

Consider a body � which includes a cohesive interface, sub-
jected to displacement u ∈ K , in which K is the space of
admissible displacement field,

K = {u : � → U |u = u on ∂�u} , (45)

where U is the space of vectors in R
3 and u is the prescribed

displacement on the Dirichlet boundary ∂�u . The virtual
work of the boundary value problem can be defined as

Wint − Wext + Wcoh = 0 (46)

Now, the weak form of the equilibrium equations for an
admissible displacement field u is defined by
∫

�

[sym (∇η) : σ − η · b] d� +
∫

∂�s

[[η]] · τ c d∂�s

−
∫

∂�T

η · T d∂�T = 0, (47)

where b is the body force, τ c is the vector of cohesive traction
which has the same direction as the displacement jump, T is
the prescribed traction on the Neumann boundary ∂�T , and
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η ∈ V is the virtual displacement field which depends on the
space of admissible test function V ,

V = {η : � → U |η = 0 on ∂�u} (48)

Adopting the XFEM approximation of the displacement field
in (41), the virtual displacement field and the symmetric part
of its gradient are defined by

η =
∑

i

ϕiδui +
∑

j

ϕ jψ jδa j (49)

sym (∇η) =
∑

i

Bu
i δui +

∑

j

Ba
jδa j , (50)

where B is the discrete gradient operator and superscripts u
and a denote the standard and enrichment parts of B, respec-
tively. Replacing (49) and (50) into (47) yields to
∫

�

(∑
Bu

i δui +
∑

Ba
jδa j

)T
σ d�

−
∫

�

(∑
ϕiδui +

∑
ϕ jψ jδa j

)
· b d�

+
∫

∂�s

[[∑
ϕiδui +

∑
ϕ jψ jδa j

]]
· τ c d∂�s

−
∫

∂�T

(∑
ϕiδui +

∑
ϕ jψ jδa j

)
· T d∂�T = 0 (51)

Finally, the spatial discretization of the equilibrium equations
leads to this following discrete form
∑

i

δui ·
(

Fint
i − Fext

i + Fcoh
i

)

+
∑

j

δa j

(
f int

j − f ext
j + f coh

j

)
= 0, (52)

where F and f forces are associated with the standard
and enrichment degrees of freedom, respectively. They are

assembled from the element vectors,

Fint
i =

∫

�e

(
Bu

i

)T
σ d�e (53)

Fext
i =

∫

�e

ϕi b d�e +
∫

∂�e
T

ϕi T d∂�e
T (54)

Fcoh
i =

∫

∂�e
s

[[ϕi ]] τ
c d∂�e

s =
∫

∂�e
s+

ϕiτ
c d∂�e

s+

−
∫

∂�e
s−

ϕiτ
c d∂�e

s− = 0 (55)

f int
j =

∫

�e

(
Ba

j

)T
σ d�e (56)

f ext
j =

∫

�e

ϕ jψ j · b d�e +
∫

∂�e
T

ϕ jψ j · T d∂�e
T (57)

f coh
j =

∫

∂�e
s

[[
ϕ jψ j

]]
· τ c d∂�e

s

=
∫

∂�e
s+

ϕ j
(
1 − H j

)
t j · τ c d∂�e

s+

−
∫

∂�e
s−

ϕ j
(−1 − H j

)
t j · τ c d∂�e

s−

= 2
∫

∂�e
s

ϕ j t j · τ c d∂�e
s (58)

In order to solve the nonlinear system (52), the modified
Newton-Raphson method is adopted. In this method, the ini-

Fig. 4 Selection of the
enriched nodes

Standard nodes

Enriched nodes

tip element

tip element
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shear band

sub-triangle

shear band

sub-triangle

Fig. 5 Subdividing the element into sub-triangles

tial stiffness is used to solve the nonlinear equation and the
unbalanced residual force vector is imposed on the domain
as an external force for the next iteration, and this proce-
dure is followed until the norm of the unbalanced force vec-
tor reduces to an admissible value. Based on (53) and (56),
arrays of tangent stiffness matrix which are used to solve the
linearized system can be defined as

K uu
i j = ∂ Fint

i /∂u j K ua
i j = ∂ Fint

i /∂a j

K au
i j = ∂ f int

i /∂u j K aa
i j = ∂ f int

i /∂a j (59)

3.3 Selecting the enriched nodes

In the process of selecting the enriched nodes, all nodes of the
split element are enriched except the nodes that the band tip
is located on their edge (as shown in Fig.4). As a result, the
continuity of the displacement field between the tip element
and the element in front of the shear band is guaranteed.

3.4 Numerical integration

The Gauss-Legendre quadrature rule is employed here to
evaluate the integrals numerically. This method provides the
exact solution for polynomial integrands. For conventional
bilinear quadrilateral elements, two Gauss points in each
directions, which forms four Gauss points in an element, are
sufficient. Because the discontinuity can be arbitrary posi-
tioned within an element, this classical method is incapable of
accurate integration of elements containing a discontinuity.
Hence, the enriched element is subdivided into sub-triangles,
as illustrated in Fig. 5, and three Gauss points are used for
integration in each sub-triangle [40].

As the bilinear quadrilateral elements are employed in this
simulation, distribution of the displacement filed within an
element has a second order form in any arbitrary direction
(except for directions parallel to element edges in natural
coordinates of an element, which have the linear distribu-
tion). According to (39), the cohesive shear traction is related
to the rate of displacement jump, which has the quadratic dis-
tribution in any arbitrary direction. Hence, two Gauss points
is sufficient here to integrate the cohesive traction along the
shear band path.

Fig. 6 Simple shear problem; geometry, boundary conditions and
material properties

(a)

(b)

Fig. 7 Finite element meshes; a unstructured mesh, b single element

4 Numerical simulations

4.1 Simple shearing problem

A simple shear problem, previously studied by Borja [25] is
considered. The test includes a rectangular solid with fixed
supports in its bottom, subjected to uniform shear deforma-
tion on the upper boundary, as depicted in Fig. 6. The plane
strain condition is assumed, and two types of finite element
meshes with 4-noded quadrilateral elements are adopted. The
first one is an unstructured mesh consisting of 215 finite ele-
ments, and the other one is made by a single finite element,
as illustrated in Fig. 7.

Since the structure deforms uniformly, the stress distribu-
tion remains uniform in the entire domain. This implies that
each point of the domain has the same potential for shear
band initiation, and all the elements will localize simultane-

(a)

(b)

Fig. 8 Shear band path; a unstructured mesh, b single element
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Shear displacement (m)
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raehS

Unstructured mesh
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Borja

= −4500 kPa/m

= −8660 kPa/m

Fig. 9 Shear force versus shear displacement

Fig. 10 Slope failure problem; geometry, boundary condition and
material properties

ously. Therefore, the middle element in the left side of the
unstructured mesh is slightly weakened for shear band ini-
tiation. On the other hand, in the single element model, all
of the Gauss points in the element are localized at the same
time, and so the band is initiated at the middle of the element.

This example is discussed here to demonstrate the perfect
conformity of numerical results, regardless of the number of
elements, size of them or their orientations. In addition, effect
of magnitude of the intrinsic hardening on post-localization
behavior is examined. The material is assumed to conform the
J2 plasticity model with the Young’s modulus E = 26 MPa,
Poisson’s ratio ν = 0.3, shear yield stress τy = 20 kPa and
linear hardening slope H = −5 kPa. Two different cases
of intrinsic hardening modules are considered here, H =
−4, 500 kPa/m, and H = −8, 660 kPa/m.

Figure 8 shows the shear band path for both meshes. The
enriched elements in the unstructured mesh are shaded in
grey. Clearly the band crosses through the elements regard-
less of mesh alignments. The shear band path is similar for
both unstructured mesh and single element model. In Fig. 9
the shear force is plotted against the shear displacement.
It is notable that the force-displacement curves are equiv-
alent for both meshes and they have good agreement with
the reported results in [25], which the finite elements with
embedded strong discontinuities with constant stress trian-
gles were employed. Despite the mesh independency of the
reference method, the single element model was not consid-
ered and the simplest examined model had 30 elements.

4.2 Slope failure problem

This slope failure problem was first introduced in [26] for
modeling the ductile failure of geomaterials and then inves-
tigated with the J2 plasticity model by Armero and Linder
[28] and Oliver et al. [41]. In this example, a downward dis-
placement is applied on the middle of a rigid block on the top
of a slope, as shown in Fig. 10. The structure is assumed to
respond in a plane strain condition with a von-Mises elasto-
plastic material model with Young’s modulus E = 10 MPa,
Poisson’s ratio ν = 0.4, yield stress σy = 0.1 Mpa, lin-
ear hardening slope H = −0.1 MPa and intrinsic hardening

Fig. 11 Spatial discretization
of the domain; a structured
mesh, b unstructured mesh

(a) (b)

Fig. 12 Shear band patterns on
the undeformed meshes; a
structured mesh, b unstructured
mesh

(a) (b)
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Fig. 13 Force-displacement curves for the slope failure problem

modulus H = −0.7 MPa/m. The rigid block is assumed
to be elastic and its Young’s modulus is one thousand times
higher than the slope. Due to nonuniformity of stress field,
localization initiates at the element adjacent to the corner of
rigid block. Structured and unstructured models, consisting
of 400 bilinear quadrilateral elements, are employed to dis-
cretize the domain, as depicted in Fig. 11. This problem is
analyzed to examine the effect of mesh alignments on the
results of shear band problems.

Figure 12 shows the final shear band pattern on unde-
formed meshes for both structured and unstructured models.
The enriched elements are highlighted in this figure. The
localization initiates at the first element next to the corner
of rigid block, and propagates fully through the specimen. It
should be noted that detection and alignment of the enriched
elements are not predefined and they are automatically per-
formed by the progress of shear band creation and propaga-
tion. The predicted band has the same orientation for struc-
tured and unstructured meshes and alignment of the elements
does not affect the pattern of shear band propagation.

Comparison of the force-displacement curves for these
two models with the reference results of [28,41] are depicted
in Fig. 13, while the comparison of shear band patterns is
illustrated in Fig. 14. Reference [28] employed the method-
ology of element with embedded strong discontinuities with
linear displacement jump in the finite deformation range to
simulate this test, while the symmetric version of the finite
element with embedded discontinuities was used to model
this problem in Reference [41]. Although the number of ele-
ments in Reference [41] and this study is identical, the effect
of unstructured mesh in only considered in this study.

Figure 15 shows the exaggerated deformation by a factor
of 2 for an imposed displacement of u = 0.25 m for both

Structured mesh
Unstructured mesh
Armero and Linder
Oliver et al.

Fig. 14 Comparison of shear band patterns

structured and unstructured meshes. Relative slipping of two
sides of the interface within the enriched elements is clearly
observed. The shear stress contours τxy at different stages of
shear band propagation are shown in Fig. 16. Two indepen-
dent stress fields (caused by two independent deformation
gradients) in opposite sides of the discontinuity are obvious.
Finally, Fig. 17 depicts the variations of shear band plastic
multiplier at the final stage. According to this figure, distri-
bution of shear band plastic multiplier (which is analogous
to distribution of slip in the band interface) varies from an
element to another, and even within an element. Since the
bilinear quadrilateral elements are employed, the shear band
plastic multiplier has a quadratic distribution within an ele-
ment.

4.3 Uniaxial strip

Consider a rectangular strip, 120 mm long and 60 mm wide,
is subjected to uniaxial tension under the plane strain condi-
tion. This simple problem has been investigated by several
authors [20,7]. The von-Mises plasticity model is considered
in this test. In Fig. 18, the boundary condition and mater-
ial properties are presented; E = 7, 200 Pa, σy = 60 Pa,
H = −200 Pa and H = −12, 500 Pa/m. Two different val-
ues of Poisson’s ratio are employed, ν = 0 and ν = 0.49. For
materials with zero Poisson’s ratio, localization initiates after
some stages of plastic deformation, however for ν = 0.49,
which stands for (nearly) incompressible materials, yielding
and onset of localization take place simultaneously. In order
to discretize the domain, an unstructured model consisting
of 226 bilinear quadrilateral elements and a single element
model are produced, as plotted in Fig. 19.

Since the stress distribution is uniform in this model, the
localization tensor has a similar value in the entire domain,
and localization could takes place in any point of structure,
hence, the lower left corner of the domain is predefined for
localization initiation. Comparison of the force-displacement
curves between those two meshes for both values of Poisson’s
ratio is presented in Fig. 20. Expectedly, these results do not
show any mesh dependency. The actual displacements of the
model and comparison of shear band angles are plotted in
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Fig. 15 Exaggerated
deformation of slope; a
structured mesh, b unstructured
mesh
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Fig. 16 Shear stress τxy contours at different stages of shear band propagation

Fig. 17 Shear band plastic
multiplier contour (α) at the
final stage

Fig. 21. For model with zero Poisson’s ratio, the shear band
angle is approximately 48.2◦, while it is about 45.8◦ in the
incompressible model. Again, the shear band angle remains
similar for both meshes.

Variations of shear stress versus shear strain and plastic
multiplier for two different values of Poisson’s ratio are plot-
ted in Figs. 22, 23. These parameters are calculated in the
middle of shear band plane. As localization initiates, mate-
rials within the band experience plastic loading, while the
material in its vicinity is unloaded elastically. In the model
with zero Poisson’s ratio, plastic deformation has occurred
prior to localization. As a result, permanent deformations
remain in the model when it is fully unloaded. In contrast,

in the incompressible material model, localization initiates
with yielding, and the whole model remains elastic, except
for materials within the band.

4.4 Perforated strip

This example consists of a perforated strip subjected to
increasing extension in upper and lower boundaries (see
Fig. 24). The plane stress condition is considered and the
material follows elastic perfectly plastic J2 flow theory with
properties as E = 70 MPa, ν = 0.2, σy = 243 kPa and
G f = 20 kPa.m. Two different modes of localization have
been reported for this problem, symmetric mode and anti-
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Fig. 18 Uniaxial strip; boundary conditions and material properties

(b)(a)

Fig. 19 Finite element meshes; a unstructured mesh, b single element

Fig. 20 Force-displacement curves for the uniaxial strip test

symmetric mode. In the symmetric mode, shear bands initi-
ate at the intersection of hole and the x-axis in each quarter
of the domain and propagate inside the specimen until the

(a)

(b)

Fig. 21 Deformation configuration and comparison of shear band
angles; a models with zero Poisson’s ratio, b nearly incompressible
model

Fig. 22 Variations of shear stress versus shear strain and plastic mul-
tiplier in the plane of shear band for ν = 0

model breaks into four pieces. For symmetry reasons, only
a quarter of the strip can be modeled for this mode of local-
ization. On the other hand, in the anti-symmetric mode, the
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Fig. 23 Variations of shear stress versus shear strain and plastic mul-
tiplier in the plane of shear band for ν = 0.49

Fig. 24 Perforated strip problem; geometry and material properties

band only occurs in the first and third quarters, and so the
whole domain has to be modeled. Figure 25 shows the shear
band pattern for these two different modes of localization on
the undeformed configuration.

In addition, the effect of number of Gauss points of the
band on numerical results is studied. For this purpose, two
cases are examined, a single Gauss point for linear slip and
two Gauss points for quadratic slip. Since the shape func-
tions of 4-noded quadrilateral elements are bilinear, using
higher number of Gauss points will have no effect on numer-
ical results. In Fig. 26, the force-displacement curves are
plotted for both modes with two different number of Gauss
points. Coincidence of these curves indicates that the results
are insensitive to the number of interface Gauss points in this
particular problem. The difference between post-localization
slopes of these two curves can be attributed to the number of

(b)(a)

Fig. 25 Shear band pattern; a symmetric mode, b anti-symmetric
mode

Fig. 26 Force-displacement curves for the perforated strip problem

(b)(a)

Fig. 27 Deformation configuration; a symmetric mode, b anti-
symmetric mode

shear bands which are formed within the domain. In the sym-
metric mode, four shear bands are formed and more plastic
deformation is occurred, which leads to more energy dissi-
pation and results in a smoother curve in comparison to the
anti-symmetric model.
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Fig. 28 Geometry, boundary condition and material properties of the
footing problem

Figure 27 shows the exaggerated deformation (by a factor
of 20) for the extension of u = 0.1 m. In the symmetric
mode, necking is occurred at the middle of the specimen and
four different regions are formed within the domain. On the
other hand in the anti-symmetric mode, the domain is divided
into two pieces and sliding of these two parts on each other
is occurred.

4.5 Footing subjected to an eccentrical loading

This classical problem consists of a rigid footing placed on
a thick layer of substrate and subjected to an eccentric load-
ing. A similar geometry was adopted in [42] to study the
shear band growth of a geomaterial problem under elastic
perfectly plastic condition by adaptive FE technique. Geom-
etry, boundary condition and material properties are shown
in Fig. 28. The J2 plasticity model under plane strain con-
dition is assumed. A material with the Young’s modulus
E = 1 GPa, Poisson’s ratio ν = 0.45, initial yield stress
σy = 1 Mpa, linear hardening slope H = −1 MPa and
fracture energy G f = 2 kPa.m is employed.

Two types of unstructured meshes are used to discretize
the domain, including a coarse mesh with 485 elements and
a fine mesh with 1293 elements, as shown in Fig. 29. The
predicted shear band patterns for both models are also plot-
ted in this figure. Numerical results prove that the band
patterns remain similar in these models. Variations of the
applied force versus the displacement of the rigid footing

Fig. 30 Variations of applied force versus the displacement of rigid
footing

for both meshes are compared in Fig. 30. Despite sub-
stantial differences in the number of elements and their
alignments, very good coincidence is observed. In addi-
tion, the deformed configurations of the two models are
plotted in Fig. 31 (10 times exaggerated). Finally, evolu-
tion of shear band and the corresponding distribution of
shear stress τxy at successive stages of loading is pre-
sented in Fig. 32. It begins from the left corner of foun-
dation and gradually advances following a curved shear
band.

5 Concluding remarks

A method for arbitrary shear band propagation in the con-
text of extended finite element method, based on the strong
discontinuity assumption of localized region has been devel-
oped. Loss of uniqueness of boundary value problem, which
is associated with material instability, has been investi-
gated through the definition of the so-called localization
tensor, whose singularity signals the bifurcation into a non-
homogeneous solution. The strong tangential discontinuity
enrichment function has been introduced and a proper cohe-

Fig. 29 Spatial discretization
of the domain; a coarse mesh, b
fine mesh

(a) (b)
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Fig. 31 Exaggerated
deformation; a coarse mesh, b
fine mesh
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Fig. 32 Evolution of the band and shear stress τxy countours; a δ = 1.2 mm, b δ = 2.0 mm, c δ = 2.8 mm, d δ = 3.6 mm

sive law, according to the J2 plasticity, has been adopted to
capture the post bifurcation behavior of the band. Several
numerical simulations have also been examined to evaluate
the efficiency of the proposed method and the mesh insen-
sitivity of the results. In simple problems where the shear
band path is straight, the method can accurately approximate
the solution even with a single element. For more complex
problems containing a curved band, however, large reduction
of number of elements could affect the curvature of shear
band and may lead to inaccurate results. In any case, the
alignment of elements remains ineffective in all problems.
Furthermore, two absolutely independent fields in different
sides of the discontinuity are obtained and the displacement
jump of the band is attained with quadratic distribution; sub-
stantially improving the numerical solution.
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