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The validity of three-dimensional discontinuous deformation analysis (3-D DDA) is examined by

comparing its solution for dynamic block displacement with an analytical solution. Displacement of a

single block on inclined planes subjected to dynamic loadings is studied for analytical solutions derived

with respect to the frictional resistance offered by the planes. 3-D DDA predicts accurately the analytical

displacements, and the results were found sensitive to the maximum displacement ratio, and the size of

the time step, which are defined by the user. Best results were achieved when the actual displacements

were approximately equal to the assumed maximum displacements per time step. Furthermore, edge-

to-edge contact constraints have been improved by using the augmented Lagrangian method instead of

the penalty method. Using the augmented Lagrangian method to enforce contact restraints retains the

simplicity of the penalty method, and reduces its disadvantages. The new formulation of edge-to-edge

contact using the augmented Lagrangian method is implemented in 3-D DDA and has been

programmed in VC++. Finally two illustrative examples are presented for demonstrating this new

approach.

Crown Copyright & 2008 Published by Elsevier Ltd. All rights reserved.
1. Introduction

In the history of rock mechanics and rock engineering, more
attention has perhaps been paid to slope instability considerations
than any other topic, and this topic remains one of the most
important today [1]. Large, fast-moving landslides present a clear
engineering hazard, with potentially life threatening conse-
quences. The traditional approach is to use limit equilibrium
methods to evaluate the factor of safety against failure. This
method is often supplemented with numerical methods, such as
finite element analysis. Finite element analyses provide useful
measures of in situ stress, but are limited to problems where the
sliding mass deforms slowly and has few material discontinuities.
However, large deformation in fractured rock mass is controlled
by the geometry of the fracturing [2]. Because analytic solutions
do not exist for discrete element systems with large number of
elements, numerical discrete element methods provide a rela-
tively inexpensive alternative for conducting simulations of rock
mass kinematics. The strength of discrete element methods, such
as the distinct element method (DEM) and discontinuous
deformation analysis (DDA), is their ability to capture the
08 Published by Elsevier Ltd. All

: +98 2188522207.
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kinematics and dynamics of large numbers of individual blocks,
without assuming failure modes.

DEM is a force-based method developed in the early 1970s [3].
DDA is a displacement-based method developed during the 1980s
[4–7]. MacLaughlin and Doolin [8] provided a review of more than
one hundred published and unpublished validation studies on the
DDA approach. Previous DDA studies focused on solving problems
in two dimensions, but the highly directional nature of jointed
rock mass behavior makes the application of 2-D DDA to many
practical problems inappropriate. Up to now, relatively little work
on DDA development in 3-D has been published. Shi [9–11] and
Wu et al. [12] provided basic formulations for matrices for
different potential terms. Liu et al. [13] and Yeung et al. [14,15]
highlighted the application of 3-D DDA. Jiang and Yeung [16]
developed a point-to-face model for 3-D DDA. Moosavi et al. [17]
investigated dynamic 3-D DDA using analytical solution, but they
did not investigate effect of the numerical parameters on the
results. Beyabanaki and Jafari [18] modified point-to-face friction-
less contact constraints for 3-D DDA. Wu et al. [19] developed a
new contact searching algorithm for frictionless vertex-to-face
contact problems, and presented the 3-D DDA formulation for
normal contact force. Yeung et al. [20] and Wu [21] presented
algorithms for edge-to-edge contacts. Beyabanaki et al. [22]
presented a new algorithm to search and calculate geometrical
contacts in the 3-D DDA. Beyabanaki et al. [23–25] implemented
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trilinear and serendipity hexahedron FEM meshes into 3-D DDA.
Beyabanaki et al. [26–28] presented 3-D DDA with high-order
displacement functions.

In this paper, analytical solutions derived with respect to the
frictional resistance offered by the slope are compared with
numerical solutions of 3-D DDA for displacement of a single block
that rests on an incline in 3-D. Four different sinusoidal functions
of increasing complexity were used for the dynamic load input
function. We also investigated the effect of the numerical
parameters on the results. Clearly, the analytical validation of
the numerical method can only be performed for a single block.
Since in formulation of 3-D DDA that is used to validate dynamic
block displacement, blocks are modeled using a 3-D description
and their response is investigated in 3-D space, it can be used for
3-D validation. In order to validate dynamic displacements,
determined by 3-D DDA for a system of blocks, comparison with
physical models would be necessary. However, this study for a
single block would be the first necessary step for such research.

As the second contribution of this paper, a modified formula-
tion of edge-to-edge contact using the augmented Lagrangian
method is implemented into the 3-D DDA, and has been
programmed in VC++. The advantages of this formulation are
demonstrated by two illustrative examples.
2. Theory of 3-D DDA

Similar to 2-D, 3-D DDA analyzes the problem as an assembly
of discrete blocks. The displacement function of 3-D DDA
describes the motions (the translations, rotations, normal strains,
and shear strains) in three-dimensions, as follows:

uðx; y; zÞ

vðx; y; zÞ

wðx; y; zÞ

2
64

3
75 ¼ ½Tðx; y; zÞ�fDg (1)

where
½T� ¼

1 0 0 0 z� z0 �ðy� y0Þ x� x0 0 0 0 ðz� z0Þ=2 ðy� y0Þ=2

0 1 0 �ðz� z0Þ 0 x� x0 0 y� y0 0 ðz� z0Þ=2 0 ðx� x0Þ=2

0 1 1 y� y0 �ðx� x0Þ 0 0 0 z� z0 ðy� y0Þ=2 ðx� x0Þ=2 0

2
64

3
75
and

fDg ¼ ðu0;v0;w0; rx; ry; rz; �x; �y; �z; gyz; gzx; gxyÞ
T

and where ðx0; y0; z0Þ are the co-ordinates of the block centroid;
ðx; y; zÞ are the co-ordinates of an arbitrary point within the block;
ðu0;v0;w0Þ are the block translations; ðrx; ry; rzÞ are the rotation
vectors in the X, Y and Z directions, respectively; ð�x; �y; �zÞ are the
normal strains and ðgyz; gzx; gxyÞ are the shear strains of the block;
and ðu;v;wÞ are the displacements of any point within the block in
the X, Y and Z directions, respectively.

Using this equation, the displacements of any arbitrary points
in the block can be calculated. The array fDg is treated as a vector
of unknowns or variables representing the displacements and
deformations of a block. The behavior of an individual block
includes the rigid body translations, rigid body rotations, normal
strains, and shear strains.

Since 3-D DDA conforms to the principle of minimum total
potential energy, the total potential energy is the summation of all
potential energy sources for each block. The potential energy
includes the strain energy of the initial and induced stresses, the
external work of the point loadings, body loadings, inertia forces
and the displacement constraints, as well as the potential
interaction between two elements such as normal and shear
contacts. For each of the cases stated above, the element or nodal
matrices of stiffness and force are formed by taking the
derivatives with respect to the displacement variables from the
corresponding potential energy. Taking the direct summation of
these individual submatrices to form the global stiffness matrix
[K] and force matrices fFg, the simultaneous equations of
equilibrium are then established.

The simultaneous equilibrium equations derived by minimiz-
ing the total potential energy for a system with N number of
blocks have the following form:

½K11� ½K12� ½K13� . . . ½K1N �

½K21� ½K22� ½K23� . . . ½K2N �

½K31� ½K32� ½K33� . . . ½K3N �

..

. ..
. ..

. . .
. ..

.

½KN1� ½KN2� ½KN3� . . . ½KNN �

2
66666664

3
77777775

fD1g

fD2g

fD3g

..

.

fDNg

2
66666664

3
77777775
¼

fF1g

fF2g

fF3g

..

.

fFNg

2
66666664

3
77777775

(2)

The arrays fDig and fFig are 1�12 vectors, where fDig represents
the 12 displacement variables, and fFig reflects the loadings and
moments caused by the external forces and stresses acting on
block i. The stiffness sub-matrices ½Kij� depend on the material
properties of block i, with ½Kij�iaj being defined by the contacts
between blocks i and j.

The solution to the system of Eq. (2) is constrained by a system
of inequalities associated with block kinematics (e.g. no penetra-
tion and no tension between blocks) and Coulomb’s friction for
sliding along block interface. Application of the DDA requires as
input the assumed maximum displacement ratio ðg2Þ where
ðg2ÞðH=2Þ is the assumed maximum displacement per time step
and where H is the height of the analysis domain measured in the
vertical direction [29]. The actual displacement computed by DDA
within a time step is limited to the assumed maximum
displacement which is defined by the user. Similarly, the
maximum displacement per time step is limited by the upper
limit of time interval (g1) used in each time step.
3. Dynamic 3-D DDA analysis validation using
analytical solutions

Before applying dynamic DDA to a full-scale problem of a
jointed rock excavation, it is necessary to check whether dynamic
DDA displacements are in agreement with analytical solutions.
Yeung [30], MacLaughlin [31] and Doolin and Sitar [32] tested the
accuracy of DDA using analytical solutions for the problem of a
block on an incline. Hatzor and Feintuch [29] demonstrated the
validity of 2-D DDA results for fully dynamic analysis of a single
block on an incline subjected to dynamic loading. They investi-
gated three different sinusoidal functions of increasing complex-
ity for the dynamic load input function, and checked the
agreement between 2-D DDA and an analytical solution for
down-slope sliding on a plane. Very good agreement between
simple form of analytical solution and 2-D DDA was observed in
all cases, with errors between 5% and 15%. In the analytical
solution published by Hatzor and Feintuch [29], the resisting force
during sliding was neglected in the double integration. Dynamic
displacement problem of a block on an incline was studied by
Tsesarsky et al. [33,34] using 2-D DDA analytical solution and
shaking table experiments. The results of the validation study
showed that DDA solution of an idealized system for which an
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Fig. 2. Displacement versus time for a single block on an inclined plane.
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analytical solution exists is accurate. Using these investigations,
dynamic 2-D DDA was applied to stability analysis of jointed rock
slopes [35].

In this section, the ability of 3-D DDA to predict displacements
of a single block on inclined planes subjected to gravitational and
dynamic loading is studied and the results are compared with
analytic solutions.

3.1. Sliding block displacement

An important aspect of numerical simulation is verification
using simple geometries for which analytic solutions exist. Such
investigations are also important for validating the implementa-
tion of the method in a specific computer program. The ease with
which 3-D DDA and other discrete element methods model
dynamic motion of a single block on an incline is one of the
features that set these methods apart from the continuum-based
finite element and finite difference methods.

The general form of the equations of motion for a rigid block on
an inclined plane subject to Coulomb frictional resistance may be
expressed as a one degree-of-freedom system taking the coordi-
nate system parallel to the incline. Under the downhill assump-
tion, the analytic solution for the displacement d at time t of a
rigid block starting from rest (Fig. 1) is

d ¼ 1
2gðsin a� tan j cos aÞt2 (3)

where g is the gravitational acceleration and j is the friction angle
along the interface.

Consider the centroid displacement d of a 2�2�1 m block on
a plane inclined 251 to the horizontal. Young’s modulus is taken to
be E ¼ 5� 107 kPa, and the penalty spring stiffness is
P ¼ 5� 109 kPa. Six friction angle values, {01, 51, 101, 151, 201,
241}, are used in the study. The accumulated displacements are
calculated up to 2 s. A comparison between the analytical
solutions from Eq. (3) and 3-D DDA solutions is shown in Fig. 2.
It is seen that the 3-D DDA results show a satisfactory agreement
with the time-dependent displacement functions predicted using
the analytical solutions. Clearly, 3-D DDA is capturing the
essential aspects of the displacement over the sliding distance.

Fig. 3 shows the magnitudes of absolute errors of the 3-D DDA
for j ¼ 151, the assumed maximum displacement ratio g2 ¼ 0:01,
and the upper limit of time interval varying from g1 ¼ 0:05 s,
g1 ¼ 0:005 s, and g1 ¼ 0:001 s. As can be seen in the figure, the
computed solution grows away from the analytic solution for
different values of the upper limit of time interval, evidently at a
linear rate, that is, the 3-D DDA computation gets farther from the
analytic solution as the system evolves through time. Normalizing
the residual (absolute error) with the analytic solution produces
the relative error. Fig. 4 shows the relative error decreasing as the
system evolves independent of the time step size. It can be
Fig. 1. A block sliding on inclined plane.
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concluded that reducing the perturbation of the system during the
first few time steps will improve the accuracy of the solution.
Similar results have been obtained by Doolin and Sitar [32] in 2-D
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analysis. As can be seen in Fig. 5, the obtained results are more
accurate for g1 ¼ 0:05. Like 2-D [29], displacement per time step
computed by DDA should be close to the assumed maximum
displacement per time step to get great accuracy.

It can be seen from Figs. 2–4 that the obtained results are
more than accurate enough for most practical geomechanical
simulations.
3.2. Validation of dynamic 3-D DDA

Newmark [36] presented solution for displacement of a mass
along planar sliding surface under earthquake loading. He
assumes that relative slope movement is initiated when inertial
forces on the potential sliding mass overcome the shear resistance
along the sliding plane, the corresponding level of horizontal
acceleration known as ‘‘yield acceleration’’. The analysis assumes
that the mass will come to rest when it attains zero velocity. The
permanent displacement of the sliding mass can then be
calculated by integrating the relative velocity of the block during
sliding over time. It should be reminded that the solution is only
valid for a single, rigid, block undergoing sliding deformation.
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for €uðtÞ ¼ a0g sinðtÞ.
3.2.1. The simplest form of a sinusoidal function

In this case, acceleration would have the form

€uðtÞ ¼ a0g sinðtÞ (4)

where €u is the acceleration, t is time, a0 is a constant coefficient,
and g is gravitational acceleration. In order to find the velocity and
displacement gravity by this acceleration function, the accelera-
tion has to be integrated twice over a range from t0 to t, where t0 is
the time at which

€uðt0Þ ¼ ay (5)

where ay is defined as the yield acceleration. Goodman and Seed
[37] showed that for frictional sliding only, where cohesion along
the sliding surface is zero, the down slope, horizontal, yields
acceleration for a block resting on a plane with inclination a and
friction angle j is given by

ay ¼ tanðjeq � aÞg (6)

where jeq is a displacement dependent friction angle, which for
all practical purposes in rock mechanics could be replaced by j.
The corresponding analytical solution for the acceleration a(t),
velocity v(t) and displacement d(t) taking into account the
frictional resistance offered by the inclined slope are given by

aðtÞ ¼ gðsin a� cos a tan fÞ þ a0gðcos aþ sin a tan fÞ sinðtÞ (7)
vðtÞ ¼

Z t

t0

aðtÞdt

¼ gðsin a� cos a tan fÞðt � t0Þ

þ a0gðcos aþ sin a tan fÞ½cosðt0Þ � cosðtÞ� (8)

and

dðtÞ ¼

Z t

t0

vðtÞdt

¼ ½12gðsin a� cos a tan fÞðt � t0Þ

þ a0gðcos aþ sin a tan fÞ cosðt0Þ�ðt � t0Þ

þ a0gðcos aþ sin a tan fÞ½sinðt0Þ � sinðtÞ� (9)

Considering a plane inclined at 251, a0 ¼ 1, and a friction angle
j ¼ 301, the parameters used in our simulation are: yield
acceleration ay ¼ 0.087488 m/s2, and the time (t0) at which a ¼

ay is taken to be 0.087600 s.
Comparison has been made between the analytical solution

and 3-D DDA results. The input acceleration record for 3-D DDA
was the horizontal component only and the other acceleration
components were set to zero. The results were sensitive to
numerical parameters which must be entered by the user, namely
the assumed maximum displacement per time step (g2) and
the maximum time step size (g1). In order to optimize the
numerical parameters the ratio between the assumed maximum
displacement per time step (A) and the actual calculated
displacement during a time step (R) [29] is checked at the end
of the analysis. Figs. 5, 6 and 7 show comparison between
analytical solution for displacement and 3-D DDA results, absolute
and relative errors of 3-D DDA computed displacement and
analytic solution, respectively. As can be seen in Figs. 6 and 7, the
displacement per time step computed by 3-D DDA should be close
to the assumed maximum displacement per time step to get
optimal accuracy.
3.2.2. A typical harmonic function

The function €uðtÞ ¼ a0g sin ot allows us to model different
ground motion frequencies by varying the parameter o. The
analytical solutions for the acceleration, velocity and displace-
ment with respect to the frictional resistance offered by the
inclined slope for downhill motion are given by

aðtÞ ¼ gðsin a� cos a tan fÞ þ a0gðcos aþ sin a tan fÞ sin ot

(10)
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vðtÞ ¼

Z t

t0

aðtÞdt

¼ gðsin a� cos a tan fÞðt � t0Þ

þ a0gðcos aþ sin a tan fÞ �
cos ot0 � cos ot

o

� �
(11)

and

dðtÞ ¼

Z t

t0

vðtÞdt

¼ 1
2gðsin a� cos a tan fÞðt � t0Þ

�

þ
a0gðcos aþ sin a tan fÞ cos ot0

o

�
� ðt � t0Þ

þ a0g ðcos aþ sin a tan fÞ
ðsin ot0 � sin otÞ

o2

� �
(12)

Considering a plane inclined at 251, j ¼ 30�, a0 ¼ 2, and o ¼ 2,
we have ay ¼ 0.087488 m/s2 and t0 ¼ 0.021879 s.

Comparison between analytical solution for displacement and
3-D DDA results, absolute and relative errors of 3-D DDA
computed displacement and analytic solution are shown in
Figs. 8–10, respectively.
3.2.3. A sum of two sine functions

A sum of two sine functions can be written as follows:

€uðtÞ ¼ a1g sin o1t þ a2g sin o2t (13)

The acceleration, velocity and displacement corresponding to this
function are given as follows:

aðtÞ ¼ gðsin a� cos a tan fÞ þ a1gðcos aþ sin a tanfÞ sin o1t

þ a2gðcos aþ sin a tan fÞ sin o2t (14)

vðtÞ ¼

Z t

t0

aðtÞdt

¼ gðsin a� cos a tan fÞðt � t0Þ

þ a1gðcos aþ sin a tan fÞ �
cos o1t0 � cos o1t

o1

� �

þ a2gðcos aþ sin a tan fÞ
cos o2t0 � cos o2t

o2

� �
(15)
and

dðtÞ ¼

Z t

t0

vðtÞdt

¼
1

2
gðsin a� cos a tan fÞðt � t0Þ

�

þ a1gðcos aþ sin a tan fÞ
cos o1t0

o1
þ a2g

� ðcos aþ sin a tan fÞ
cos o2t0

o2

�
ðt � t0Þ

þ a1g ðcos aþ sin a tanfÞ
ðsin o1t0 � sin o1tÞ

o2
1

" #

þ a2g ðcos aþ sin a tan fÞ
ðsin o2t0 � sin o2tÞ

o2
2

" #
(16)

Considering a plane inclined at 251, j ¼ 30�, a1 ¼ a2 ¼ 1, o1 ¼ 1
and o2 ¼ 2, we have ay ¼ 0.087488 m/s2 and t0 ¼ 0.029175 s.

Figs. 11–13 show comparison between analytical solution for
displacement and 3-D DDA results, absolute and relative errors of 3-
D DDA computed displacement and analytic solution, respectively.
As can be seen in these figures, the agreement between analytical
solution and 3-D DDA is very good for all three different ratios R/A.

3.2.4. A sum of three sine functions

The influence of higher-order terms in a series of sine functions
is negligible, and therefore the validation effort beyond the sum of
three sine functions will not be carried on. For the case of three
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sine functions,

€uðtÞ ¼ a1g sin o1t þ a2g sin o2t þ a3g sin o3t (17)

The corresponding analytical solutions for the acceleration,
velocity and displacement with respect to the frictional resistance
offered by the inclined slope are given by

aðtÞ ¼ gðsin a� cos a tan fÞ þ a1gðcos aþ sin a tan fÞ sin o1t

þ a2gðcos aþ sin a tan fÞ sin o2t

þ a3gðcos aþ sin a tan fÞ sin o3t (18)

vðtÞ ¼

Z t

t0

aðtÞdt

¼ gðsin a� cos a tan fÞðt � t0Þ

þ a1gðcos aþ sin a tan fÞ �
cos o1t0 � cos o1t

o1

� �

þ a2gðcos aþ sin a tan fÞ
cos o2t0 � cos o2t

o2

� �

þ a3gðcos aþ sin a tan fÞ
cos o3t0 � cos o3t

o3

� �
(19)

dðtÞ ¼

Z t

t0

vðtÞdt

¼
1

2
gðsin a� cos a tan fÞðt � t0Þ

�

þ a1gðcos aþ sin a tan fÞ
cos o1t0

o1

þ a2gðcos aþ sin a tan fÞ
cos o2t0

o2

þa3gðcos aþ sin a tanfÞ
cos o3t0

o3

�
ðt � t0Þ

þ a1g ðcos aþ sin a tan fÞ
ðsin o1t0 � sin o1tÞ

o2
1

 !

þ a2g ðcosaþ sina tanfÞ
ðsino2 t0 � sino2 tÞ

o2
2

þ a3g ðcos aþ sin a tan fÞ
ðsin o3t0 � sin o3tÞ

o2
3

 !
(20)

Considering a plane inclined at 251, j ¼ 30�, a1 ¼ 0:5, a2 ¼ 0:75,
a3 ¼ 1, o1 ¼ 1, o2 ¼ 2, and o3 ¼ 3, we have ay ¼ 0.087488 m/s2,
and t0 ¼ 0.017504 s.

Comparison between the analytical solution for displacement
and 3-D DDA results are shown in Figs. 14–16. The results
computed by 3-D DDA agree well with the analytical solution, and
the analysis with ratio R/A closer to unity gives better results.
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4. Modification of edge-to-edge contact constraints

In the contact theory for DDA, the first step is to determine the
type of contact between any arbitrarily shaped polyhedra. The
type of contact is important because it determines the mechanical
response of the contact. In 2-D, the contact types include corner-
to-corner, corner-to-edge and edge-to-edge. In the DDA method,
contact sliding is allowed but not interpenetration. There are
many more types of contacts for 3-D blocks than for 2-D ones. In
3-D, contact types include vertex-to-vertex, vertex-to-edge,
vertex-to-face, edge-to-edge, edge-to-face and face-to-face. Shi
[9–11], Jiang and Yeung [16], and Wu et al. [12,19] developed some
models for vertex-to-face, edge-to-face and face-to-face contact
types. Wu [21] presented an algorithm for edge-to-edge contacts.

The penalty method was originally used by Shi [9–11] and
above-mentioned researchers to enforce contact constrains at
block interface. The accuracy of the contact solution depends
highly on the choice of the penalty number and the optimal
number cannot be explicitly found beforehand. Obviously, the
penalty number should be very large to achieve zero interpene-
tration distance. However, a very high penalty number leads to
progressive ill-conditioning of the resulting system and thus high
accuracy solutions cannot hope to be achieved with this approach.
A well known method to overcome these problems for equality
constrained problems is the method of augmented Lagrangian
[38]. The augmented Lagrangian method has been advocated by
Lin et al. [39] in 2-D discontinuous deformation analysis. We have
now implemented this method into 3-D DDA, and some
illustrative examples are presented below.
4.1. Edge-to-edge contact constraints using the augmented

Lagrangian method

The essential concept behind the augmented Lagrangian
method is to use both a penalty number, p, and a Lagrange
multiplier, l*, for each block-to-block contact to iteratively
calculate the Lagrange multiplier until the distance, pen, of
penetration of one block into the other is below a minimum
specified tolerance and the residual forces between block contacts
are also below another minimum specified tolerance.

When an edge-to-edge contact occurs as shown in Fig. 17, the
normal contact spring with a stiffness of Kn is applied to the
formulation to push the penetrating edge back to the surface
along the penetrating depth pen. When using the augmented
Lagrangian method, the contact force at the contact point can be
accurately approximated by iteratively calculating the Lagrange
multiplier l*. A first-order updated value for l* can be written as

l � l�lþ1 ¼ l�l þ Knpen (21)
Fig. 17. Normal contact spring of an edge-to-edge contact [21].



ARTICLE IN PRESS

S.A.R. Beyabanaki et al. / International Journal of Rock Mechanics & Mining Sciences 46 (2009) 1223–12341230
where the penalty number, Kn, can be variable and does not have
to be a very large number, as it must in the penalty method. In Eq.
(21), l�l is the Lagrange multiplier at the lth iteration, l�lþ1 is the
updated Lagrange multiplier, and pen is the normal distance of the
mutual penetrating edges that can be calculated as follows [21]:

pen ¼
det

jAB� CDj
þ eðkÞ:dðiÞk þ gðkÞ:dðjÞk (22)

where AB and CD are the vectors from point A to B and point C to
D, respectively (Fig. 17), and

det ¼ xaybzc þ xaydzb þ xayczd þ xbydzc þ xbycza þ xbyazd þ xcybzd

þ xcyazb þ xcydza þ xdyczb þ xdyazc þ xdybza � xaybzd

� xaydzc � xayczb � xbydza � xbyczd � xbyazc � xcyazd

� xcybza � xcyazb � xdyazb � xdycza � xdybzc (23)

ek ¼ ½ybzc � ybzd � yazc � ydzc þ ydzb � yczb þ yczd þ yazc�

�
tðiÞ1kðxa; ya; zaÞ

jAB� CDj
þ ½xczb � xczd � xdzb þ xdzc þ xbzd � xbzc�

�
tðiÞ2kðxa; ya; zaÞ

jAB� CDj
þ ½xbyc � xbyd � xdyc þ xdyb � xcyb þ xcyd�

�
tðiÞ3kðxa; ya; zaÞ

jAB� CDj
þ ½ydzc � ydza þ ycza � yczd þ yazd � yazc�

�
tðiÞ1kðxb; yb; zbÞ

jAB� CDj
þ ½xczd � xazd þ xazc � xdzc þ xdza � xcza�

�
tðiÞ2kðxb; yb; zbÞ

jAB� CDj
þ ½xdyc � xdya þ xcya � xcyd þ xayd � xayc�

�
tðiÞ3kðxb; yb; zbÞ

jAB� CDj
(24)

gk ¼ ½ybzd � yazd þ yazb � ybza � ydzb þ ydza�
tðjÞ1kðxc; yc ; zcÞ

jAB� CDj

þ ½xbza þ xdzb � xdza � xazb � xbzd þ xazd�
tðjÞ2kðxc ; yc ; zcÞ

jAB� CDj

þ ½xayb þ xbyd � xayd � xdyb þ xdya � xbya�
tðjÞ3kðxc ; yc; zcÞ

jAB� CDj

þ ½yczb � yazb � ycza � ybzc þ yazc þ ybza�
tðjÞ1kðxd; yd; zdÞ

jAB� CDj

þ ½xbzc � xbza � xazc � xczb þ xazb þ xcza�
tðjÞ2kðxd; yd; zdÞ

jAB� CDj

þ ½xcyb � xcya � xayb � xbyc þ xbya þ xayc�
tðjÞ3kðxd; yd; zdÞ

jAB� CDj

k ¼ 1;2;3; . . . ;12 (25)

where ðxa; ya; zaÞ, ðxb; yb; zbÞ, ðxc ; yc; zcÞ and ðxd; yd; zdÞ are the
coordinates of points A, B, C and D, respectively, and
Tiðx; y; zÞ ¼

tðiÞ11 tðiÞ12 tðiÞ13 tðiÞ14 tðiÞ15 tðiÞ16 tðiÞ17 tðiÞ18 tðiÞ19 tðiÞ110 tðiÞ111 tðiÞ112

tðiÞ21 tðiÞ22 tðiÞ23 tðiÞ24 tðiÞ25 tðiÞ26 tðiÞ27 tðiÞ28 tðiÞ29 tðiÞ210 tðiÞ211 tðiÞ212

tðiÞ31 tðiÞ32 tðiÞ33 tðiÞ34 tðiÞ35 tðiÞ36 tðiÞ37 tðiÞ38 tðiÞ39 tðiÞ310 tðiÞ311 tðiÞ312

2
664

3
775

¼

1 0 0 0 z� z0 �ðy� y0Þ x� x0 0 0 0
z� z0

2

y� y0

2

0 1 0 �ðz� z0Þ 0 x� x0 0 y� y0 0
z� z0

2
0

x� x0

2

0 0 1 y� y0 �ðx� x0Þ 0 0 0 z� z0
y� y0

2

x� x0

2
0

2
6666664

3
7777775

(26)
where (x0,y0,z0) are the coordinates of the block centroid,
and (x,y,z) are the coordinates of an arbitrary point within the
block.

At the lth iteration, the potential energy resulting from the
contact force is calculated as follows:

p ¼ l�l penþ 1
2KnðpenÞ2 (27)
Eq. (27) consists of two components. The first component is the
strain energy resulting from the iteration Lagrange multiplier l�l ,
and the penalty constraint creates the second. The contribution of
the second component to the simultaneous equilibrium equations
was already derived by Wu [21].

The first component of Eq. (27) can be written as

p� ¼ l�l
det

jAB� CDj
þ eðkÞ:dðiÞk þ gðkÞ:dðjÞk

� �
(28)

The derivatives of p* at zero, i.e.,

f ki ¼ �
qp�ð0Þ
qdki

; k ¼ 1;2;3; . . . ;12 (29)

form a 12�1 submatrix:

f ki ¼ �l
�

l eðkÞ; k ¼ 1;2;3; . . . ;12 (30)

and the derivatives of p* at zero, i.e.,

f kj ¼ �
qp�ð0Þ
qdkj

; k ¼ 1;2;3; . . . ;12 (31)

form a 12�1 submatrix:

f kj ¼ �l
�

l gðkÞ; k ¼ 1;2;3; . . . ;12 (32)

For the augmented Lagrangian method, the combined contribu-
tion of the first and second components of Eq. (27) to the
simultaneous equilibrium equation can be summarized as
follows:

Kn

e1

e2

..

.

e12

8>>>><
>>>>:

9>>>>=
>>>>;
fe1 e2 . . . e12g ! ½Kii� (33)

is added to the submatrix [Kii] in Eq. (2);

Kn

e1

e2

..

.

e12

8>>>><
>>>>:

9>>>>=
>>>>;
fg1 g2 . . . g12g ! ½Kij� (34)

is added to the submatrix [Kij] in Eq. (2);

Kn

g1

g2

..

.

g12

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
fe1 e2 . . . e12g ! ½Kji� (35)
is added to the submatrix [Kji] in Eq. (2);

Kn

g1

g2

..

.

g12

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
fg1 g2 . . . g12g ! ½Kjj� (36)
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is added to the submatrix [Kjj] in Eq. (2);

� l�l þ pen
det

jAB� CDj

� � e1

e2

..

.

e12

8>>>><
>>>>:

9>>>>=
>>>>;
! ½Fi� (37)

is added to the submatrix [Fi] in Eq. (2);

� l�l þ pen
det

jAB� CDj

� � g1

g2

..

.

g12

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
! ½Fj� (38)

is added to the submatrix [Fj] in Eq. (2). The final exact contact
forces can always be obtained by the iterative method even with
small initial values of the penalty number.

The main features of the augmented Lagrangian method are
[40]: Firstly, no additional equations are required. Secondly, large
penalty values are not required; avoiding the ill-conditioning of
the stiffness matrices. Thirdly, the constraints are satisfied within
a user defined required tolerance. Finally, the algorithm can be
used effectively for applications where the contact pressures
become very large in comparison with the material elastic
parameters.

4.2. Residual forces in the augmented Lagrangian method

From physical point of view the Lagrange multiplier, l,
represents the force of the contact between two blocks and the
penalty number, P, represents the stiffness of the contact spring
and the final exact contact forces can always be obtained by the
iterative method. As is mentioned in [39], the precision of the
solution depends on residual forces that are produced during
the iterative calculations of contact forces. From a physical point
of view, the residual forces are the unbalanced forces between
external and internal forces. The criterion for convergence is based
on the L2 norm of the residual forces [39]:

jj½K�½Dk� � ½K�½Dk�1�jj

jj½K�½Dk�1�jj
pTol2

� �
(39)

The tolerance, Tol2, is a positive number that is specified by the
user. Lin et al. [39] reported that the Tol2 values ranging between 0
(corresponding to no contact) and 0.1 will give excellent results.
Algorithm 1 lists an algorithm for 3-D DDA using the augmented
Lagrangian method:

Algorithm 1. DDA algorithm using the augmented Lagrangian
method
1
 Initialize data
2
 Input block geometry
3
 Input material properties, loading and boundary conditions
4
 For each ti, i ¼ 1,y,n time steps do

5
 Find contact points
6
 Assemble total stiffness matrix and total loading matrix
7
 Integrate
8
 Repeat {open–close iteration}
9
 Initialize l1 ¼ 0
10
 For each kth iteration
11
 Solve for displacements ([K][D] ¼ [F])
12
 Compute penalty forces (fc
¼ Dl ¼ Kn� penmax)
13
 Check for convergence:
13.1
 If (DlpTol1) and

jj½K�½Dk� � ½K�½Dk�1�jj

jj½K�½Dk�1�jj
pTol2

� �

Then

13.2
 GOTO 16
Fig. 18. Initial configuration of a two-block system.
13.3
 End If
14
 update Lagrange multipliers (lk+1 ¼ lk+Dl)
15
 GOTO 10
16
 End For

17
 Until no-tension, no-penetration
18
 Update vertices positions
19
 Update blocks stresses
20
 End For
4.3. Illustrative examples

The algorithm described in the previous sections has been
programmed in VC++. To investigate it, two examples (which are
used to test the original developed edge-to-edge contact algo-
rithm [21]) are presented and the results are compared with the
results obtained by using the penalty method that is used in the
original formulation.

4.3.1. Single edge-to-edge contact

Fig. 18 shows a block falling due to gravity, and hitting an edge
of a fixed block. We assume that the density is 2.6�103 kg/m3 for
each block, Young’s modulus for the blocks is 5 GPa, and Poisson’s
ratio equals 0:2. In addition, the stiffness of the normal contact
spring is 50 MN/m. Figs. 19 and 20 show the simulation results of
this example using the augmented Lagrangian method and the
penalty method, respectively. Fig. 19 shows that when using the
augmented Lagrangian method, no block interpenetration occurs
even though the initial penalty number is low. On the other hand,
Fig. 20 shows that a small penalty number with the classical
penalty method is unable to enforce the interpenetration
constraint.



ARTICLE IN PRESS

Fig. 19. The deformation of the block system, using the augmented Lagrangian

method.

Fig. 20. The deformation of the block system, using the penalty method.
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4.3.2. Two edge-to-edge contacts from rectangular blocks

This example involves a system of two blocks as shown in
Fig. 21. In this figure, block B is fixed, and block A falls down due to
the gravity force. An example like this is solved in [22]. This
problem can be solved using edge-to-edge model, as well. In this
case, several edge-to-edge contacts occur simultaneously during
the calculations. The density, Young’s modulus and Poisson’s ratio
values for each block are r ¼ 2600 kg/m3, E ¼ 2 GPa, and n ¼ 0.20.
The deformation of the block system, using the augmented
Lagrangian method to enforce the contact interface, after 85 steps
with at-rest (i.e. zero initial velocity) condition for block A, for
Kn ¼ 20 MN/m is shown in Fig. 22. No block interpenetration
occurs here even though the penalty number is low. Fig. 23 shows
the deformation of the block system, using the classical penalty
method. The penalty method is unable to enforce the interpene-
tration constraints.
Fig. 21. Initial configuration of rectangular block falling example.
5. Conclusion

In the first part of this paper, sliding of a block under
gravitational and dynamic loading using 3-D DDA was investi-
gated. The displacement, residual (absolute error) and relative
error were examined and for a case, relative errors were inspected
for a variety of time step sizes. Four different sinusoidal functions
of increasing complexity for the dynamic load input function were
used. Several conclusions regarding 3-D DDA modeling emerge
from this study:
(a)
 The computed solution grows away from the analytic solution
for different values of the upper limit of time interval,
evidently at a linear rate, that is, the 3-D DDA computation
gets farther from the analytic solution as the system evolves
through time.
(b)
 The absolute value of the error for a sliding block increases at
every time step, but the relative error with respect to block
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Fig. 22. Results of 3-D DDA using the augmented Lagrangian method.

Fig. 23. Results of 3-D DDA using the penalty method.
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displacement decreases and the numerical solution ap-
proaches the analytical solution.
(c)
 Larger time step values show less initial perturbation.

(d)
 Reducing the perturbation of the system during the first few

time steps will improve the accuracy of the solution. Similar
results have been obtained by Doolin and Sitar [32] in 2-D
analysis.
(e)
 The results are sensitive to the assumed maximum displace-
ment ratio, and the size of the time step. The best results are
achieved when the actual calculated displacements during a
time step are approximately equal to the assumed maximum
displacements per time step at the end of the analysis.
(f)
 In this research which the formulation of the analytical
solution is obtained taking into account the frictional
resistance offered by the inclined slopes, the error was found
to be less than 2% at the end of the cycle, while previous
nearly 15% error was seen in 2-D DDA [29] (in 2-D, the
resisting force during sliding was neglected in the double
integration). Given the uncertain nature of geoengineering
material properties, even diverging results may be more than
adequate for engineering design work.
In the original 3-D DDA method, block contact constraints are
enforced using the penalty method. In this approach, the contact
solution depends highly on the choice of the penalty number and
the optimal number cannot be explicitly found beforehand, if the
penalty number is too low, the constraints are poorly satisfied,
while if it is too large, the simultaneous equilibrium matrix
becomes difficult to solve; therefore using the augmented
Lagrangian method is significant. As the second part of this paper,
edge-to-edge contact constraints are enforced using the augmen-
ted Lagrangian method and this contact model has been
programmed and two illustrative examples are presented to
demonstrate the new model. Using the augmented Lagrangian
method to enforce contact restraints retains the simplicity of the
penalty method and reduces the disadvantages of it.
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