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Linear eigenvalue buckling analysis for cracked uni-layer composite plates is performed in the framework
of the extended finite element method (XFEM). The geometry of the problem is discretized using the
8-noded degenerated shell element, which includes transverse shear deformation effects. The effects of
several parameters such as crack lengths and angles, fiber directions and boundary conditions on the
buckling behavior of cracked composite plates are comprehensively investigated for different loading
conditions including compressive, tensile and shear loadings. Also, the accuracy and efficiency of the pro-
posed method are discussed and compared with the available results.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Composite materials have been widely used in aerospace, mar-
ine and civil engineering in the form of thin plate structures due to
their advantages such as the high ratio of strength to weight.
Among several different failure modes for thin composite plates,
the buckling failure can jeopardize the overall safety of the struc-
ture due to sudden and large deformations that occur. In general,
structural components, especially thin plates are highly suscepti-
ble to buckling when they are subjected to compressive loadings.
Nevertheless, the presence of flaws such as cracks in plates can
cause local and even global buckling even in tensile loadings. As
a result, the presence of imperfections, such as cracks, voids and
etc, during manufacturing, installation and performance not only
reduces the stiffness and strength of plate, they highly increase
the risk of buckling even in tensile loadings by creating local
multi-axial and compressive stress states around the crack.

A number of studies are available on buckling analysis of com-
posite and orthotropic plates without cracks. Thai and Kim [1] pre-
sented the closed-form solution for buckling of rectangular
orthotropic plates. They assumed a quadratic variation for trans-
verse shear strains across the thickness. Lopatin and Morozof [2]
studied the buckling of rectangular orthotropic composite plates
subjected to a linearly distributed in-plane loading using the
two-variable refined theory. They investigated the effect of aspect
ratio and direction of fibers on the buckling behavior and deter-
mined the optimum angle of fibers. Similar studies [3–6] were per-
formed on the buckling analysis of orthotropic composite plates.
Also, several studies have been performed for the analysis of com-
posite plates in the framework of the isogeometric analysis, which
is capable of modeling complex geometries [7–9].

On the other hand, many researchers have studied the buckling
of cracked isotropic plates. For instance, Markström and Stoakers
[10] performed a finite element analysis to study buckling of
cracked members under tension, and concluded that the critical
buckling stress was proportional to the square of the crack length,
inversely. A similar study was performed in [11] using singular tip
elements. Riks et al. [12] demonstrated that the stress intensity
factors increased around the crack tips dramatically when buckling
occurred. The integral equation method was applied by Vafai et al.
[13] to study the edge cracked plates under in-plane compressive
periodic loading. Experimental and numerical buckling analysis
of isotropic cracked rectangular plates under compressive and ten-
sile loading were performed by Seifi and Kabiri [14] and Seifi and
Khoda-yari [15], while shear buckling and post-buckling analysis
of cracked panels were studied by Alinia et al. [16] using the finite
element method. They showed that the accuracy of the results
were highly sensitive to mesh density at crack tips. Other works
on isotropic plates can be found in [17–20]. Natarajan et al. [21]
developed an XFEM model to solve the buckling problem of isotro-
pic cracked plates using a plate element with smooth curvatures.
Free vibration analysis of cracked functionally graded plates was
performed by Natarajan et al. based on XFEM and using a
4-noded quadrilateral plate element [22]. They investigated the
effect of crack length, crack location, crack orientation, gradient
index of material and the thickness of plate on the natural frequen-
cies and mode shapes of the plate. Recently, Nguyen-Thoi et al. [23]
studied the problem of free vibration analysis of cracked Mindlin
plates using the extended cell-based smoothed discrete shear gap
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Fig. 1. Geometry of the 8 noded shell element.
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method (XCS-DSG3). They concluded that the proposed method
had a high accuracy in comparison to other conventional plate ele-
ments. Another study about extended discrete shear gap method
can be found in [24].

There is, however, only a very limited literature on the buckling
analysis of cracked orthotropic plates. Barut et al. [25] presented a
numerical study on buckling and post-buckling of laminated com-
posite plates with an inclined crack subjected to tension using a geo-
metrical nonlinear finite element method. The effect of layer
sequence on the critical buckling stress was also studied. In their
proposed method, elements should conform to crack faces, prevent-
ing simulation of arbitrary crack propagations. Recently, Rad and
Panahandeh-Shahraki [26] studied the buckling of functionally
graded plates subjected to uni-axial and bi-axial tensile loads by
means of the finite element method. They concluded that the buck-
ling load decreased by the increase of gradient index of material and
this attitude was more sensitive for bi-axial loadings. Similarly, a
parametric study was performed, using partition of unity method,
to investigate the effect of discontinuities in the functionally graded
material plates [27], showing that with increasing material gradient
index and crack length, the buckling load would decrease. It should
be noted that they used isotropic tip enrichment functions for tip
elements. None of the existing works has studied the problem of
buckling of cracked orthotropic plates subjected to general loading
conditions with the extended finite element method. In this study,
XFEM is adopted for buckling analysis of several mixed-mode
cracked composite plates for the first time. The orthotropic crack
tip enrichment functions [28] are considered to model the stress sin-
gularity in a more accurate manner.

XFEM has been developed in the past decade to alleviate the
shortcomings of the finite element method in discontinuous prob-
lems, by avoiding the need of conforming the discontinuity to the
mesh edges and also adopting singular elements for reproducing
the stress singularity at crack tips. This method has successfully
been extended to several static and dynamic isotropic and ortho-
tropic problems, as well as modeling inter laminar cracks in
bi-materials [22,28–38]. Recently, Nguyen-Thanh et al. [39] devel-
oped an extended isogeometric shell formulation based on the
Kirchhoff–Love theory. More advanced methods related to the
problem of cracked shells can be found in [40,41]. Also, For a com-
prehensive review of XFEM developments, see [42,43].

The structure of the paper is as follows: the fundamental equa-
tions of the shell element and the buckling eigenvalue equations
are discussed in the framework of XFEM formulation with an
emphasize on isotropic and orthotropic crack tip enrichment func-
tions. Several numerical examples are presented and discussed in
Section 3, beginning with verifications and then extension to ortho-
tropic composite plates. The last part of the paper presents the
results for the buckling analysis of various cracked composite plates.

2. Basic formulation

In the present study, eight noded shell elements based on the
Mindlin–Reissner theory are used to discretize the model. These
elements have many advantages such as avoiding mesh distortion
and shear locking in thin plates and shells. The geometry of the
shell element is interpolated using
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where t is the thickness of the shell element, Niðn;gÞ are the conven-
tional shape functions in the natural coordinate system, n ¼ 8 is the
number of nodes in the element, V3

i is the unit normal vector at
node i and f is perpendicular to the mid-surface in the natural coor-
dinate system (Fig. 1).

Taking into account the shear deformation effects, approxima-
tion of the displacement field can be expressed in terms of nodal
displacements and rotations,
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where exi and eyi are the orthonormal vectors of unit normal vector
at node i, as depicted in Fig. 1, ai and bi are rotations with respect to
x and y directions, respectively, and

uT ¼ u;v ;wf g ð3Þ

u; v and w are the displacement components in x; y and z direc-
tions, respectively. The standard vector of unknowns d

�
is defined as,

d
�
¼ u; v;w;a;bf gT ð4Þ

Now, let us consider a crack in an orthotropic uni-layer compos-
ite plate, as shown in Fig. 2. The general form of XFEM approxima-
tion for the displacement field of any point x is defined as:

u
�
¼ ufem þ uenrich ð5Þ

On the right hand side of this equation, the first part is the con-
ventional finite element approximation and the second part is
added in order to consider the crack face discontinuity and the
stress singularity at crack tips

uenrich ¼ ucrack-face þ ucrack-tip ð6Þ

where ucrack-face enriches the displacement field with the Heaviside
function so that the discontinuity along the crack edges is modeled
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It should be noted that ai; aai and abi are the additional enrich-
ment degrees of freedom. The enrichment vector of degrees of free-
dom h can be written as,
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i ; a

v
i ; a

w
i ; aai; abi

� �T ð9Þ

The Heaviside function for a point x is defined as [42]

HðxÞ ¼
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�1 x under the crack

�
ð10Þ

The term ucrack-tip in Eq. (5) is added to enrich the displacement
field to capture the stress singularity at the crack tip,
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Fig. 2. A cracked orthotropic medium.
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where m is the number of tip enrichment functions and nt is the

number of nodes enriched by the crack tip functions, while b j
i ; b

j
ai

and b j
bi are additional degrees of freedom, presented as

t ¼ bu
i ; b

v
i ; b

w
i ; bai; bbi

� �T ð12Þ

In Eq. (11), F;G and R are the in-plane, out of plane and rota-
tional tip enrichment functions, respectively [32]. Isotropic and
orthotropic in-plane tip enrichment functions are considered for
isotropic and composite problems, respectively.

According to [28], the following in-plane orthotropic tip enrich-
ment functions are considered
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where cj and bj are obtained from the roots of the following charac-
teristic equation [44]
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and pij are the components of the compliance tensor p which is
computed from the tensor of material properties C,

C ¼

C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
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0 0 0 0 0 C66
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p ¼ C�1 ð19Þ
In the case of isotropic problems, the classical in-plane isotropic
tip enrichment functions are employed [42]
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Out of plane and rotational enrichment functions are [32]
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According to [32], without the loss of accuracy, the out plane
enrichment functions can be further simplified to
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The total potential energy P is used to derive the final form of
the governing equation,
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where C is the tensor of material properties, eL and eNL are the linear
and nonlinear parts of Green–Lagrange strain,
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where the indices 1, 2 and 3 are related to x, y and z directions,
respectively. r0 is the stress state computed from the linear static
analysis,

r0 ¼ rx0;ry0;rz0; sxy0; syz0; sxz0
� �T ð28Þ

r0 is then used to evaluate the geometric stiffness matrix, associ-
ated with the second part of P.

Satisfying the principle of minimum potential energy requires
the variation of P to vanish (dP ¼ 0 ). After some manipulation,
the stability equation is obtained as

Kþ kKGð Þ Df g ¼ 0 ð29Þ

Eq. (29) is an eigenvalue equation, where k represents the
eigenvalue and D is the corresponding eigenvector; the buckling
mode shapes,
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The smallest value of k determines the critical buckling stress. K
and KG are the standard and geometric stiffness matrices,
respectively,
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and S0 is the matrix of stress components of r0 , computed from the
static analysis
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Bd can be obtained from [45]

Bd
i ¼

@Ni
@x 0 0 @

@x �
ft
2 ex1Ni

� 	
@
@x

ft
2 ey1Ni
� 	

0 @Ni
@y 0 @

@y �
ft
2 ex2Ni

� 	
@
@y

ft
2 ey2Ni
� 	

0 0 @Ni
@z

@
@z �

ft
2 ex3Ni

� 	
@
@z

ft
2 ey3Ni
� 	

@Ni
@y

@Ni
@x 0

@
@y �

ft
2 ex1Ni

� 	
þ @

@y
ft
2 ey1Ni
� 	

þ
@
@x �

ft
2 ex2Ni

� 	
@
@x

ft
2 ey2Ni
� 	

0 @Ni
@z

@Ni
@y

@
@z �

ft
2 ex2Ni

� 	
þ @

@z
ft
2 ey2Ni
� 	

þ
@
@y �

ft
2 ex3Ni

� 	
@
@y

ft
2 ey3Ni
� 	

@Ni
@z 0 @Ni

@x

@
@z �

ft
2 ex1Ni

� 	
þ @

@z
ft
2 ey1Ni
� 	

þ
@
@x �

ft
2 ex3Ni

� 	
@
@x

ft
2 ey3Ni
� 	

2
66666666666666666664

3
77777777777777777775

ð34Þ

To obtain the components of Bh
i ;Ni should be replaced with

Ni HðxÞ � HðxiÞð Þ in Eq. (34).
Bt is composed of four components,
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i , which is related to one of the specific tip

enrichment functions, is computed as
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where /;u and j are
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The geometric matrix Bd
Gi can be written as [45],
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Bh
Gi is determined by replacing Ni with Ni HðxÞ � HðxiÞð Þ in Eq. (40),
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Evaluation of standard and geometric stiffness matrices, K and
KG, requires accurate integration of Eqs. (30) and (31). Among
several methods for numerical evaluation of these integrals
[16,46–50], the sub-triangulation technique along with the Gauss
quadrature rule is adopted in this study [43]. For elements enriched
with the Heaviside function, 7 Gauss points are used in each trian-
gle. In the tip elements, due to the presence of stress singularity in
the vicinity of crack tip, 13 Gauss points are employed per triangle.
For other elements, an ordinary 2� 2 Gaussian quadrature rule is
considered. The two different type of tip and split elements and their
corresponding enriched nodes are shown in Fig. 3.

3. Numerical examples

In this section, linear eigenvalue buckling analyses are per-
formed for five different problems in two cases of isotropic and
orthotropic uni-layer composite plates. The effects of different
parameters such as the aspect ratio, boundary conditions, crack
length, crack angle and orthotropic angle on the buckling load
and mode shapes are investigated. The problems include a cracked
rectangular plate under uniform compressive, tensile and shear
loading conditions, circular cracked plate with two concentrated
tensile point loads and a square plate with two parallel cracks
under tensile loading. Due to the fact that there is no documented
information on the buckling of cracked fiber composite plates, the
method is first verified for the isotropic cases available in the liter-
ature and then comprehensively examined for orthotropic
problems.

For discretizing the model, eight-noded degenerated shell ele-
ments are considered and the reduced integration technique is
adopted to avoid potential shear locking. Two sets of in-plane tip
enrichment functions, Eqs. (13) and (20), are used for the orthotro-
pic and isotropic problems, respectively.

The adopted mechanical properties for all orthotropic compos-
ite problems considered in this study are presented in Table 1. In
Fig. 3. Different element types and enriched nodes.



Table 1
Mechanical properties of composite material.

E1ðMPaÞ E2ðMPaÞ E3ðMPaÞ G12ðMPaÞ G13ðMPaÞ G23ðMPaÞ m12 m13 m23

206842 20684.2 20684.2 6894.7 6894.7 4136.8 0.3 0.25 0.25

Fig. 4. Geometry and mesh of the plate.

Table 2
Critical buckling loads for the isotropic plate subjected to compressive loading.

c a BC h� Mode I buckling load (N) Error %

EXP. [12] FEM. [12] XFEM FEM XFEM

1 0.1 CC 0 1627 1765.8 1682.3 8.5 3.4
1 0.3 CC 0 1531 1602.5 1560.8 4.7 2
1 0.3 CC 30 1551 1669.7 1630.1 7.7 5.1
1 0.5 CC 60 1636 1701.3 1694.9 4 3.6
1 0.5 CC 90 1665 1765.8 1738.3 6.1 4.4
1.33 0.3 CC 0 1158 1217.7 1191.6 5.2 2.9
2 0.5 CC 30 725 792.7 754 9.3 4
1 0.3 SC 0 815 835.7 833.8 2.5 2.3
1 0.3 SS 0 404 384.9 406.3 �4.7 0.6
1 0.5 SS 30 387 359.2 390.5 �7.2 0.9

Fig. 5. Effect of the crack angle on the buckling stress.

Fig. 6. The first four buckling mode shapes for the horizontally (a) and vertically (b)
cracked composite plates.
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the case of isotropic problems, the mechanical properties are
defined separately for each problem.

3.1. Cracked rectangular plate under compression

3.1.1. Isotropic plate
A cracked rectangular plate subjected to a uniform in-plane

compressive load was tested experimentally by Seifi and
Khoda-yari [15] and then numerically simulated by the classical
finite element method. The geometry of plate and loading condi-
tion as well as the typical structured finite element mesh (1225
elements) are shown in Fig. 4. Thickness of the plate is
t ¼ 1:2 mm;E ¼ 70 GPa and m ¼ 0:3. The extended finite element
method with isotropic crack tip enrichment functions is adopted
to perform the numerical simulations.

Four different boundary conditions are considered for plate
edges. In all cases, the right and left edges of rectangular plates
are free, whereas the other edges are either clamped (C) or simply
supported (S), as depicted in Fig. 4.



Fig. 7. Effect of orthotropic angle on the buckling stresses.
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Table 2 compares the predicted critical stresses associated with
the first mode of buckling for different cases of crack lengths and
angles, aspect ratios and boundary conditions.

Clearly, the buckling loads predicted by XFEM are in better
agreement with the experimental results. All simulations have
been performed on a fixed mesh of 1225 elements and 3816 nodes,
showing the efficiency of the present extended finite element mod-
eling in comparison with the classical finite element method. It
should be noted that Ref. [15] used 2157 elements and 6603 nodes
to model the case of c ¼ 1 , a ¼ 0:3; h ¼ 0� and CC boundary condi-
tions; almost two times the number of DOFs of present XFEM.

3.1.2. Orthotropic composite plate
In this section, buckling stresses for cracked orthotropic plates

subjected to uniform compression are computed using a linear
eigenvalue buckling analysis. Similarly, the effects of crack length
and angle, direction of fibers and the aspect ratio of plate on the
buckling stresses and mode shapes are studied and discussed in
detail. It should be mentioned that the in-plane orthotropic enrich-
ment functions are applied for modeling the stress singularity at
the crack tip.

Effect of crack angle
First, the major orthotropic direction is assumed in the x direc-

tion and then the crack angle is changed. The plate dimensions are
W ¼ L ¼ 240 mm, the thickness is t ¼ 1 mm and the boundary
condition is SC.

According to Fig. 5, increasing the crack length leads to reduc-
tion of buckling stress, e.g. the buckling stress for a=W ¼ 0:3 is
1.58 times greater than the case of a=W ¼ 0:8. In addition, increas-
ing the angle of crack increases the buckling stress up to h ¼ 60�

and then decreases.
To investigate the effect of crack angle on the buckling mode

shapes, the first four mode shapes corresponding to h ¼ 0� and
h ¼ 90� cracks (a ¼ 0:7Þ and their associated buckling stresses are
shown in Fig. 6. Clearly, the crack angle affects the buckling behav-
ior of the plate so that in higher modes, the plate buckles in a dra-
matically different pattern.
Table 3
Critical buckling stresses for different crack lengths, aspect ratios and several fiber
angles.

a c b

0� 15� 30� 45� 60� 90�

Mode I buckling stress (Mpa)

0.3 1 1.65 1.54 1.33 1.46 2.98 6.63
0.3 1.33 1.63 1.51 1.26 1.34 2.82 6.39
0.3 2 1.61 1.49 1.17 1.19 2.7 6.34
0.8 1 1.03 0.97 0.82 0.81 1.51 3.21
0.8 1.33 1.12 1.05 0.88 0.89 1.67 3.22
0.8 2 1.22 1.13 0.91 0.92 1.91 4
Effect of orthotropic angle and the aspect ratio of plate
In this case, the crack angle is kept constant (h ¼ 0�Þ, but the

fibers orientation varies between 0� 6 b 6 90�. According to
Fig. 7 the following conclusions can be made: for low fiber orienta-
tions, the buckling stresses are decreased with increasing the angle
of fibers so that the most critical case is achieved at b ¼ 45�.
Afterward, this attitude is reversed and with increasing the direc-
tion of fibers the buckling stresses are increased. Moreover, the
buckling behavior is more sensitive to the orientation of the fibers
after b ¼ 45�.

Table 3 compares the results of buckling stresses for two differ-
ent horizontal crack lengths.

Expectedly, for small crack lengths (a ¼ 0:3Þ, the buckling stress
decreases when the aspect ratio is increased, whereas for long
crack lengths (a ¼ 0:8Þ increasing the aspect ratio leads to the
increase of the buckling stress.

In order to study the mesh sensitivity of results, several meshes
with different number of elements are considered for the case of
b ¼ 90�; h ¼ 0� and a ¼ 0:8. The predicted buckling stresses, shown
in Fig. 8, clearly indicate that by increasing the number of ele-
ments, a converged solution of 3:15 Mpa is obtained for the buck-
ling stress.

3.2. Cracked rectangular plate under tension

A cracked rectangular plate subjected to tension can locally
buckle around the crack faces due to existing local compressive
stresses [12]. Seifi and Kabiri [14] evaluated the loads of isotropic
plates experimentally and numerically by the classical finite ele-
ment method. The geometry of the plate is shown in Fig. 4, and
the analysis is performed for both isotropic and composite cases
by a structured mesh of 1225 elements.

3.2.1. Isotropic plate
The mechanical material properties are similar to isotropic case

of problem 3.1.1. The boundary conditions on the top and bottom
edges are free and clamped (FC), respectively [14] and the thick-
ness of the plate is t ¼ 1 mm.

The critical buckling loads for different aspect ratios, crack
lengths and angles are determined and presented in Table 4.
Clearly, XFEM predicts more accurate results than the classical
FEM. In addition, the present approach is more efficient because
of using substantially less elements with a constant size of
6.8 mm, while, the reference was based on an extremely finer
mesh with the maximum size of 3 mm and the minimum size of
approximately 0.3 mm around the crack tip.

3.2.2. Orthotropic composite plate
Now, the same problem is solved for the orthotropic composite

plate. The dimensions of the plate are W ¼ L ¼ 240 mm and
Fig. 8. Variation of the buckling stress for different mesh refinement.



Table 4
Critical buckling loads for the tensile isotropic plate for different values of aspect
ratio, crack length and crack angle.

c a h Buckling load (N) Difference
with EXP (%)

EXP. [11] FEM. [11] XFEM FEM XFEM

1 0.5 0 6361 6820.3 6694.6 6.7 2.1
1 0.6 15 4614.7 5204.6 4748.5 11.3 2.9
1 0.7 30 5592 5765.3 5697.2 3 1.9
1.3 0.5 0 8208.4 7998.7 8495.7 �2.6 3.5
1.3 0.6 15 6207.9 5897.3 6350.7 �5.3 2.3
1.3 0.7 30 5700.3 6220.8 5797.3 8.4 1.7

A. Nasirmanesh, S. Mohammadi / Composite Structures 131 (2015) 333–343 339
t ¼ 1 mm. The mechanical properties are identical to Table 1. The
effects of various parameters such as the crack length and angle,
direction of fibers and different boundary conditions on the buck-
ling stresses and mode shapes are investigated. Three types of
boundary conditions are considered:

Type A: top and bottom edges are clamped, left and right edges
are free.
Type B: top and bottom edges are clamped, left and right edges
are restrained just for out of plane displacement and free for
in-plane displacements.
Type C: similar to Type B except that the displacements in the x
direction are restrained for the left and right edges.

Effect of crack length and orthotropic angle
Various crack lengths and orthotropic angles are considered in

this section and their effects on the buckling stress are investi-
gated, as shown in Fig. 9. Type A boundary condition is considered
for the analyses.

It is observed that with increasing the crack length, the critical
buckling stress is substantially decreased. Also, the buckling stress
first varies in a decreasing trend up to b ¼ 45� and then follows an
increasing path with further increase of the angle of fibers.

The buckling mode shapes related to fiber orientations of b ¼ 0�

and b ¼ 30� are presented in Fig. 10, which clearly shows that the
angle of fibers can significantly change the buckling behavior of
plate in different modes.

Effect of boundary condition and crack angle
Table 5 compares the buckling stresses for three different

boundary conditions in terms of different crack angles. The results
are obtained for a ¼ 0:8; t ¼ 1 mm and b ¼ 0�. According to the
results, no significance difference is observed between Type A
and B because in these cases the local buckling of crack edges
depends highly on the compressive in-plane stress distribution
around the crack faces and the restraint condition of out of plane
movements at edges of the plate does not largely affect the
Fig. 9. Effect of fiber directions on the buckling stresses.
in-plane stress distribution under this loading condition. On the
other hand, the effect of in-plane displacements at edges of the
plate (Type C) can crucially affect the stress distribution around
the crack faces and therefore, buckling stresses become totally dif-
ferent from the other types (Fig. 11).

In addition, the critical buckling stresses are dramatically
increased by increasing the crack angle, as depicted in Fig. 11.
Finally, it is noted that at h ¼ 90� no compressive stress is gener-
ated in the present tensile configuration and the plate does not
buckle, globally or locally.

From the presented results, it can be inferred that cracked com-
posite plates are highly susceptible to buckling. Among the studied
problems, the most vulnerable case is associated with the 45�

inclined fibers. Therefore, necessary measures need to be consid-
ered for practical engineering designs. On the other hand, presence
of appropriate supports at plate edges can significantly improve its
buckling behavior.

3.3. Edge cracked shear panel

The buckling analysis of a cracked shear panel, previously stud-
ied by Alinia et al. [16], is considered, as shown in Fig. 12. They
used denser adaptive mesh around the crack tip with the minimum
size of approximately 0:5 mm and the maximum size of 25 mm for
other regions, whereas here a uniform extended finite element
mesh with the size of 28:6 mm is used for modeling the edge
cracked shear panel. First, the isotropic case is studied and the lin-
ear eigenvalue buckling analysis is performed and the obtained
results are compared with the reference results. Then, the ortho-
tropic composite case is considered and the effects of different
orthotropic angles and crack lengths on the buckling behavior of
the plate are examined.

3.3.1. Isotropic plate
Similar to previous problems, a structured mesh with 1225 ele-

ments and 3816 nodes is adopted to discretize the model and to
compute the buckling shear stress. Material properties, boundary
Fig. 10. The first three buckling mode shapes for (a)b ¼ 0� and (b)b ¼ 30� .



Table 5
Buckling stresses for various crack angles and boundary conditions.

h� Buckling stress (Mpa)

Type A Type B Type C

0 8.3 10.0 61.2
15 8.5 9.1 96.2
30 14.0 14.3 130.4
45 20.6 21.3 159.6
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condition and the dimensions of the plate are identical with [16],
W ¼ L ¼ 1000 mm; t ¼ 3 mm;E ¼ 210 GPa and t ¼ 0:3.

Comparison of the predicted results with the reference data, as
illustrated in Fig. 13, shows a very good agreement. The reference
results [16] used substantially more elements than the present
method, showing the efficiency of the present XFEM.

3.3.2. Orthotropic plate
The same plate of Fig. 12 with dimensions of L ¼W ¼ 1000 mm

and t ¼ 3 mm is considered. The material properties are according
to Table 1. Linear eigenvalue buckling analysis is performed for the
edge cracked panel and the effects of fiber orientation and crack
length on the buckling shear stresses and mode shapes are
investigated.

Variations of the buckling shear stress with respect to fiber
directions are shown in Fig. 14, which shows a decreasing trend
with the increasing angle up to b ¼ 45�. As a result, the buckling
shear stress for the case of a=W ¼ 0:4 and b ¼ 0� is about 3 times
greater than the case of a=W ¼ 0:7. Moreover, the most critical
fiber direction is related to b ¼ 45�, and when the fibers are parallel
to the crack (b ¼ 90�Þ, the buckling behavior is improved and the
biggest buckling stress is achieved.

In order to show the effect of fiber directions on the buckling
mode shapes, the first three buckling mode shapes for the case of
a=W ¼ 0:7 and angles of fibers b ¼ 0� and b ¼ 90� are presented
in Fig. 15.

3.4. Buckling analysis of cracked composite circular plate

The other example is dedicated to a simply supported cracked
composite circular plate subjected to two concentrated point loads.
Earlier, this problem was considered by Asadpoure and
Mohammadi [28] to calculate the static stress intensity factors
for different crack orientations. Now, the buckling analysis of this
problem is performed in the framework of extended finite element
method. The material properties are similar to Table 1 and the ratio
of the radius to the plate thickness is R=t ¼ 500. The geometry and
boundary conditions of the plate are shown in Fig. 16. An unstruc-
tured mesh composed of 2232 elements is adopted, as depicted in
Fig. 16(b). The local buckling in tensile loading may occur at crack
Fig. 11. Effect of crack angle and boundary conditions on the buckling stresses.
faces due to the generated local compressive stresses in these
regions. It is illustrated that fiber orientation can have a significant
effect on the buckling loads and mode shapes. Also, different angles
of crack are taken into account and the sensitivity of the results are
studied.

Fig. 17 illustrates the importance of fibers direction on the
buckling load. The crack is considered horizontal and the direction
of fibers varies from horizontal to vertical. Clearly, the buckling
loads are substantially sensitive to the orientation of the fibers;
for instance for the case of a=2R ¼ 0:6 , the critical buckling load
for b ¼ 0� is 3.8 times greater than the buckling load for b ¼ 90�.
The most vulnerable case occurs when the fibers are perpendicular
to the crack path (b ¼ 90�Þ.

Also, a comparison is made for different crack angles to investi-
gate the effect of crack orientation on the buckling load. For this
purpose, the crack length is assumed constant a=2R ¼ 0:7. The pre-
dicted buckling loads are shown in Fig. 18, which shows that the
crack angle can significantly change the buckling behavior. A
decrease of 52 % occurs in the buckling load for the case of
b ¼ 0�, as the crack angle is increased from h ¼ 30� to h ¼ 45�.

Finally, the buckling mode shapes for the case of a horizontal
crack with a=2R ¼ 0:7 and b ¼ 30� are depicted in Fig. 19.
Accordingly, the plate buckles locally only around the crack faces
where the compressive stresses are generated even in global con-
centrated tensile point loadings.

3.5. Composite square plate with two parallel cracks

Due to the fact that XFEM formulation can handle problems of
multiple cracks, the last example is dedicated to buckling analysis
of a composite square plate with two parallel cracks under tensile
loading, as shown in Fig. 20. The effects of crack length, distance
between two cracks and different isotropic and orthotropic tip
enrichment functions on the critical buckling stress are investi-
gated. The dimensions of the plate are W ¼ 240 mm and t
¼ 1 mm and a 35� 35 structured mesh is considered. The bound-
ary conditions of the plate is similar to Type-A in Section 3.2.2,
direction of the fibers are assumed parallel to the cracks and the
material properties are similar to other composite examples.

The critical buckling stresses for different crack lengths and dis-
tances between the cracks are presented in Table 6. It is observed
that increasing the crack length substantially affects the buckling
behavior of plate. For example, in all cases, the buckling stresses
for a=W ¼ 0:8 are approximately 6 times lower than the case of
a=W ¼ 0:5. Also, with increasing the distance of cracks, at first,
Fig. 12. Edge cracked plate subjected to shear loading.



Fig. 13. Critical shear force with respect to the normalized crack length.

Fig. 14. Buckling shear stresses of the edge cracked panel for different crack lengths
and fiber angles.

Fig. 15. The first three buckling mode shapes for the edge cracked plate subjected
to shear loading for two different fiber orientations, (a) b ¼ 0� and (b) b ¼ 90� .

Fig. 16. Cracked composite circular plate (a) and the FE mesh (b).

Fig. 17. Buckling loads versus fiber angles for different horizontal crack lengths.

Fig. 18. Effect of crack angle and fiber direction on the buckling load.
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the buckling stresses are increased up to d=W ¼ 0:1667, and then
decreased when the cracks approaching to the edges of the plate.
In order to evaluate the effect of different crack tip enrichment
functions on plate buckling response two sets of in-plane isotropic
and orthotropic tip enrichment functions are considered and the
results are presented in Table 7. It can be noted that with decreas-
ing the distance of the cracks the difference between buckling
stresses predicted by adopted isotropic and orthotropic tip enrich-
ment functions are increased. The reason can be attributed to the
fact that when two crack tips approach, they intensify the stress
concentration in the neighborhood of the crack tips. Such a com-
plex displacement field is better captured with the orthotropic
tip enrichment functions, as their analytical bases are closer to
the generated complex field.

The first four mode shapes of buckling for two different dis-
tances of cracks are depicted in Fig. 21. Clearly, it can be noted that



Fig. 19. Four buckling mode shapes of circular cracked composite plate.

Fig. 20. Geometry of composite square plate with two parallel cracks.

Table 6
Tensile critical buckling stresses for various crack lengths and distance between two
cracks.

d=W a=W

0.5 0.6 0.7 0.8

Mode I buckling stress (MPa)

0.0417 47.03 21.40 10.87 7.20
0.0833 55.22 23.98 11.91 7.97
0.1667 62.48 27.50 13.65 9.26
0.3333 53.67 19.61 12.50 8.46

Table 7
Tensile buckling stresses for isotropic and orthotropic tip enrichments for various
distance of cracks.

d=W Mode I buckling stress (MPa)

Orthotropic enrichment Isotropic enrichment Difference (%)

0.0417 10.87 11.67 7.36
0.0833 11.91 12.67 6.38
0.1667 13.65 14.46 5.93
0.3333 12.5 13.09 4.72

Fig. 21. The first four mode shapes of buckling composite plate with two parallel
cracks for two different crack distances (a) d/W = 0.33 and (b) d/W = 0.66.
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the distance of the cracks can significantly alter the modes of buck-
ling, so that when two cracks getting closer, two sides of cracks
buckle simultaneously, despite of the situation when the cracks
are near the edges. Also, as mentioned before, when cracks
approaching to the edges of the plate the buckling stresses
decrease. Unfortunately, no reference solution is available for this
complicated problem to be used for verification or comparison
purposes.

4. Conclusion

Numerical buckling analysis has been performed in this study
within the framework of the extended finite element method for
various cracked composite plates. The effects of different parame-
ters, such as crack length, crack angle and direction of the fiber on
the buckling behavior of several cracked uni-layer composite
plates have extensively been investigated. The following conclu-
sions have been made:

� It is clearly demonstrated that the present method is more
accurate and efficient than the classical finite element method.
Even with substantially fewer elements, in some cases two
times fewer, more accurate results are achieved.
� Generally, for all loading conditions, buckling stresses decrease

with increasing the crack length. For example, when the plate is
subjected to compressive loading, increasing the coefficient of
crack length from c ¼ 0:3 to c ¼ 0:8 leads to 58 % reduction in
the buckling stress. Also, the crack direction has a prominent
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effect on the buckling behavior of the plate. For instance, in the
tensile loading condition, when the crack is parallel to the direc-
tion of loading, the plate does not buckle.
� Fiber directions can significantly change the buckling behavior

of the plate. For example, in the case of rectangular plate sub-
jected to tensile loading, changing the fiber direction can alter
the response from the local buckling mode around the crack
faces to a global buckling mode. Also, according to the obtained
results for the first three examples, it can be observed that the
most vulnerable case occurs if the angle of fibers and crack path
is b ¼ 45�.
� The present formulation can handle problems of multiple cracks

without any additional difficulties.
� The effects of different isotropic and orthotropic tip enrichment

functions on the buckling stresses have been studied. It is
observed that when two crack tips approach, the difference
between the critical buckling stresses increases. The reason
can be attributed to the fact that when two crack tip approach,
they intensify the stress concentration in the neighborhood of
the crack tips. Such a complex displacement field is better cap-
tured with the orthotropic tip enrichment functions, as their
analytical bases are chosen to the generated complex field.
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