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a b s t r a c t

In the present study, the extended finite element method (XFEM) has been used for fracture analysis of
orthotropic functionally graded materials. Orthotropic crack tip enrichments have been used to repro-
duce the singular stress field near a crack tip. Moreover, the incompatible interaction integral method
has been employed to extract the stress intensity factor components. Accuracy and convergence of the
proposed method have been evaluated by numerical examples and quality results have been obtained
by far fewer DOFs. Also, crack propagation in isotropic and orthotropic FGMs in the presence of crack
tip enrichments has been investigated and various propagation criteria have been compared, and verified,
if available, by experimental and numerical data in the literature. Application of XFEM in combination of
the maximum circumferential tensile stress criterion for investigation of crack propagation in orthotropic
FGM problems is performed for the first time.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Composites are a combination of two or more materials to
achieve a better behavior in a particular engineering application.
Differences in constituent material properties lead to residual
stresses which way consequently cause delamination and/or lam-
inar microcracks [1–3]. Functionally graded materials (FGMs),
has been developed on the concept of smooth/continuous variation
of mechanical properties [4] to reduce the mentioned difficulties
and disadvantages of ordinary composites by improving a number
of desired properties (such as toughness and resilience to reduce
concentration of stress in the interface zone) and to increase resis-
tance of material against various types of mechanical, thermal and
chemical failures [5]. Thermal covers, piezoelectric and thermo
elastic applications, medical equipment and structures under
non-uniform loading are frequently built from FGMs.

It has been proved that the order of singularity of stress field
near a crack tip in non-homogeneous materials is the same as
homogeneous materials [6,7]. Delale and Erdogan [6] investigated
the crack problem in isotropic FGMs by exponential variation in
material properties. Also, surface cracks in the graded coating
bonded to a homogeneous subtrace were studied in the first mode
[8] and mixed mode [9]. Various methods have already been used
to compute the stress intensity factors in FGMs. Gu et al. [10] cal-
culated the crack tip field by a domain integral method and Anlas
et al. [11] considered the modified integral method to compute the

mode I stress intensity factor. The interaction integral method has
been frequently used to extract components of various SIF modes
in isotropic and orthotropic homogeneous materials [12]. It was
also extended to bimaterial interface cracks in 3D problems
[13,14]. Dolbow and Gosz [15] extended the interaction integral
method to extract modes I and II in isotropic FGM materials. They
used asymptotic stress and displacement fields near a crack tip in
an isotropic homogeneous material as an auxiliary field in the iso-
tropic FGM problem. The incompatibilities of FGM problem and
homogeneous auxiliary fields appear in the added incompatible
terms in the interaction integral. Moreover, Kim and Paulino [16]
investigated the path independent J�k-integral, the modified crack
closure method (MCC) and the displacement correlation technique.
Also, a number of recent studies have focused on 3D modeling of
isotropic FGMs [17–19].

Ozturk and Erdogan examined the early development of analyt-
ical orthotropic FGM in mode I and mixed mode [20,21] and Gu
and Asaro [22] studied the four point bending specimen problem.
Kim and Paulino [23] implemented the interaction integral method
for mixed mode orthotropic FGM problems in the FEM framework.
In addition, they investigated the path independent J�k-integral [24]
and the modified crack closure method [25] for orthotropic FGMs.
Also, Dag et al. [26] proposed a partition of unity finite element ap-
proach for mixed mode analysis of FGMs.

The extended finite element method (XFEM) is a powerful
numerical approach that has been successfully used to model
discontinuities. Its basic concept is to enrich the local solution by
applying the Partition of Unity (PU) framework to the standard
finite element method. For example, in crack modeling, by
employing the discontinues heaviside function, the displacement
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discontinuity around a crack can be modeled without considering
the crack surfaces, as a geometric boundary, to match element
edges. Also, the singular stress field near a crack tip can be repro-
duced by applying the asymptotic displacement functions. After
successful application of original idea of XFEM for modeling 2D
problems [27–29], it was soon extended to general 3D [30–36],
plate [37] and shell [38–40] problems.

Also, this method was used by Dolbow and Gosz [15] to model
crack in an isotropic FGM problem for the first time and later was
adapted to isotropic 3D FGM plate analysis [41]. In order to take
into account the effect of orthotropy, orthotropic crack tip enrich-
ments were developed for XFEM and successfully used in static
[42–44] and dynamic crack propagation problems [45,46] of ortho-
tropic media. Recently, the automatic enrichment technique has
also been developed to numerically determine the required enrich-
ment functions for each problem [47–51]. Moreover, new crack tip
enrichments have been presented by Esna Ashari and Mohammadi
[52] for interlaminar cracks in orthotropic bimaterial domains. To
the best knowledge of the authors, the few available FGM related
XFEM studies are limited to isotropic case and no investigation is
available for modeling orthotropic FGMs by XFEM. This is the main
focus of the present study on employing orthotropic XFEM for
modeling crack in orthotropic FGM problems. Here, orthotropic
crack tip enrichments are used to accurately estimate the crack
tip variable field. In addition, the interaction integral method is
adopted to extract the stress intensity factors in mixed mode prob-
lems. Also, an appropriate crack propagation criterion for orthotro-
pic media is used to study the crack propagation phenomena in
orthotropic FGMs.

In this paper, first the basic governing equations are briefly ex-
plained and the stress/displacement fields, auxiliary fields for com-
puting the J integral and the enrichment functions are presented.
Then, the basics of XFEM, blending elements and crack tip enrich-
ments are discussed in Section 3. Also, computation of the stress
intensity factors is explained in Section 4. For the sake of simplic-
ity, Sections 1–4 are expressed for a homogeneous medium and the
necessary changes for orthotropic FGMs are then presented in Sec-
tion 5. Numerical integration and crack propagation criteria are
discussed in Sections 6 and 7, respectively. Eventually, various
numerical examples are investigated in Section 8, followed by
the concluding remarks.

2. Governing equations

The Lekhnitskii form of Hook’s low for plane stress–strain rela-
tionship is written as [53]:

ea ¼ aabrb ða; b ¼ 1;2;6Þ ð1Þ

where

e1 ¼ e11; e2 ¼ e22; e6 ¼ 2e12 ð2Þ
r1 ¼ r11; r2 ¼ r22; r6 ¼ r12 ð3Þ

For a plane strain case, aab are replaced by,

aij �
ai3aj3

a33

� �
! aij ð4Þ

Coefficients aab are related to components of the material com-
pliance tensor sijkl,

a11 a12 a16

a12 a22 a26

a16 a26 a66

264
375 ¼ s1111 s1122 2s1112

s2211 s2222 2s2212

2s1211 2s1222 4s1212

264
375 ð5Þ

where

eij ¼ sijklrkl ði; j; k; l ¼ 1;2;3Þ ð6Þ

Using the basic theories of elasticity and applying the stress
function / = /(x + ly) in an anisotropic case, the following charac-
teristic equation is obtained

a11l4 � 2a16l3 þ ð2a12 þ a66Þl2 � 2a26lþ a22 ¼ 0 ð7Þ

It can be shown that the roots of this equation are in the com-
plex form [53]. These roots are always conjugate pairs, l1; �l1 and
l2; �l2, with the general forms of either

l1 ¼ a1 þ ib1

l2 ¼ a2 þ ib2
ð8Þ

or

l1 ¼ l2 ¼ aþ ib ð9Þ

For an orthotropic case in the plane problems, the characteristic
equation is reduced to the following simplified equation [54]:

a11l4 þ ð2a12 þ a66Þl2 þ a22 ¼ 0 ð10Þ

Roots li of this equation are purely imaginary, and can be writ-
ten as lj = icj, j = 1, 2, [54]

c2
1;2 ¼ �

1
2a12

�ð2a12 þ a66Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2a12 þ a66Þ2 � 4a11a22

q� �
ð11Þ

For an isotropic case, these roots reduce to c1 = c2 = 1.

2.1. Stress and displacement field

Considering (X, Y) as the global coordinate system and (x, y) as
the local crack tip system, as depicted in Fig. 1, which defines the
local crack tip polar coordinate system (r, h) by x + iy = reih, the
asymptotic stress and displacement crack tip field have been de-
rived by Sih et al. [55]. The displacement fields are,

u1 ¼ KI

ffiffiffiffiffi
2r
p

r
Re

1
l1 � l2

½l1p2g2ðhÞ � l2p1g1ðhÞ�
� �

þ KII

�
ffiffiffiffiffi
2r
p

r
Re

1
l1 � l2

p2g2ðhÞ � p1g1ðhÞ½ �
� �

ð12Þ

u2 ¼ KI

ffiffiffiffiffi
2r
p

r
Re

1
l1 � l2

½l1q2g2ðhÞ � l2q1g1ðhÞ�
� �

þ KII

�
ffiffiffiffiffi
2r
p

r
Re

1
l1 � l2

½q2g2ðhÞ � q1g1ðhÞ�
� �

ð13Þ

Fig. 1. Global and local crack tip coordinate systems in Cartesian and polar forms
for an arbitrary orthotropic body.
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where u1 and u2 are the displacement components in x and y direc-
tions, respectively. Re denotes the real part of complex functions
and

giðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðhÞ þ li sinðhÞ

q
ði ¼ 1;2Þ ð14Þ

pk ¼ a11l2
k þ a12 � a16lk ðk ¼ 1;2Þ ð15Þ

qk ¼ a12lk þ
a22

lk
� a26 ðk ¼ 1;2Þ ð16Þ

Also, the asymptotic stress components are written as

r11 ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p Re

l1l2

l1 � l2

l2

g2ðhÞ
� l1

g1ðhÞ

� �� �
þ KIIffiffiffiffiffiffiffiffiffi

2pr
p Re

1
l1 � l2

l2
2

g2ðhÞ
� l2

1

g1ðhÞ

� �� �
ð17Þ

r22 ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p Re

1
l1 � l2

l1

g2ðhÞ
� l2

g1ðhÞ

� �� �
þ KIIffiffiffiffiffiffiffiffiffi

2pr
p Re

1
l1 � l2

1
g2ðhÞ

� 1
g1ðhÞ

� �� �
ð18Þ

r12 ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p Re

l1l2

l1 � l2

1
g1ðhÞ

� 1
g2ðhÞ

� �� �
þ KIIffiffiffiffiffiffiffiffiffi

2pr
p Re

1
l1 � l2

l1

g1ðhÞ
� l2

g2ðhÞ

� �� �
ð19Þ

It should be noted that in FGM materials aij are different from
one point to another, which leads to different values of pk, qk and
lk at different points. For this reason, material properties for the
auxiliary field (in contour integral) and crack tip enrichment func-
tions are calculated at the crack tip. Consequently, the following
replacement is adopted in Eqs. (12)–(19) for FGM materials

vk ! vtip
k ð20Þ

where vk denotes the aij, pk, qk and lk, and vtip
k denotes the same

parameters at the crack tip.

3. Extended finite element method

The extended finite element method (XFEM) somehow uses of
the concepts of meshless methods within the standard finite

element to efficiently model crack problems that involve displace-
ment discontinuity and singular stress field. Reproduction of
desired stress and displacement fields in XFEM is obtained by the
concept of Partition of Unity (PU) [56,57]. According to the PU
property, any function gk which satisfiesXm

k¼1

gkðxÞ ¼ 1 ðx 2 XPUÞ ð21Þ

can be easily proved to possess the reproducing property for an
arbitrary function w in domain XPUXm

k¼1

gkðxÞwðxÞ ¼ wðxÞ ðx 2 XPUÞ ð22Þ

Since the set of FEM shape functions satisfy Eq. (21), w can be
used as a local enrichment basis function for variable fields in
the domain Xenr

/enr ¼
X

i2Nenr

NiðxÞwðxÞai ðx 2 XenrÞ ð23Þ

where Nenr is the set of enriched nodes, Ni is the ith shape function
and ai are additional DOFs. Assuming the enrichment basis func-
tions wm belong to the set M

M ¼ fw1;w2; . . . ;wmg ð24Þ

Eq. (23) is modified to

/enr ¼
X

i2Nenr

NiðxÞ
X
m2M

wmðxÞaim

 !
ðx 2 XenrÞ ð25Þ

XFEM can be used to simulate a discontinuous field, avoiding
remeshing in crack propagation problems, and/or reproducing sin-
gular stress field at a crack tip using high order enrichment func-
tions. To overcome the incompatibility between enriched and
non-enriched domains, a transition zone is defined between them.
Consequently, four types of subdomains are considered to model a
general crack problem: the standard FEM domain, elements cut by
a crack and enriched by the Heaviside function, crack tip enrich-
ment domain and the transition (blending) region, as depicted in
Fig. 2. The displacement field in XFEM can then be written as

u ¼ uFEM þ uXFEM ð26Þ

with

Fig. 2. Definition of various elements in XFEM modeling of crack.
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uXFEM ¼ utip þ uHe þ uBlend ð27Þ

where utip, uHe and uBlend are defined in the following sections. It
should be noted that the geometry of domain in XFEM is discretized
similar to conventional finite element method,

x ¼
X
i2X

Niðn;gÞx̂i ð28Þ

3.1. Standard finite element method

In the isoparametric finite element method, the displacement
field uT = {ux, uy} in an element is obtained from

uT ¼
X
i2X

Niðn;gÞûi ð29Þ

where ûi is the displacement vector at node i.

3.2. Strong discontinuity enrichment

The heaviside function is used as the enrichment for modeling
the strong discontinuity in XFEM,

HðnÞ ¼
1 8n > 0
�1 8n < 0

�
ð30Þ

where the sign distance function is used to compute n(x), as de-
picted in Fig. 3. For a point x in the Heaviside enriched domain,
and xC as the projection of point x on the crack, n(x) is defined as

nðxÞ ¼ d � nC
x ð31Þ

where

d ¼ x� xC ð32Þ

and the unit normal vector of crack line at xC is denoted by nC
x . If the

set of nodes enriched by the heaviside functions are represented by
S, uHe is then approximated by

uHe ¼
X
i2S

NiðxÞHðnÞâi ð33Þ

3.3. Crack tip enrichments

The nature of stress and displacement fields near the crack tip is
strongly nonlinear and therefore the standard polynomial shape
functions are unable to approximate them accurately. These fields
can be estimated with higher accuracy if the enrichment approxi-
mation is similar to the analytical nature of the fields. If the set of
crack tip enrichments is defined by

F ¼ ff1; f2; . . . ; fmg ð34Þ

the crack tip displacement field is approximated by

uTip ¼
X
i2T

NiðxÞ
X
k2F

fkðxÞb̂ik

 !
ð35Þ

where T is the set of nodes enriched by crack tip enrichment func-
tions and bik are the added virtual DOFs. For a crack tip in an isotro-
pic homogeneous material, the tip enrichment functions are

F ¼
ffiffiffi
r
p

sin
h
2

� �
;

ffiffiffi
r
p

cos
h
2

� �
;

ffiffiffi
r
p

sin
h
2

� �
sinðhÞ;

ffiffiffi
r
p

cos
h
2

� �
sinðhÞ

� �
ð36Þ

Selection of crack tip enrichment in orthotropic FGM is ex-
plained in Section 3.6.

3.4. Transition domain

Many researchers have studied the transition between the en-
riched and non-enriched domains. Here, the method presented in
[58] has been employed. According to this approach, virtual hierar-
chical nodes are added to edges that connect the tip enrichment
nodes to other cases. Consequently, two types of hierarchical nodes
exist: Hierarchical nodes that correspond to edges connecting non-
enriched and tip enriched nodes (defined by Bst), and those edges
that connect tip and Heaviside enriched nodes (defined by BHe).
The displacement field associated with the added hierarchical
nodes can be approximated by [58]:

uBlend ¼
X
i2Bst

bNiðxÞd̂i þ
X
j2BHe

bNjðxÞHðxÞêj ð37Þ

where d̂i and êj are added DOFs which correspond to hierarchical
nodes in the sets Bst and BHe, respectively. Also, bN are the hierarchi-
cal shape functions explained in [58]. For example, for nodes p1 and
p2 in Fig. 4, the hierarchical shape functions are defined as

bNp1ðn;gÞ ¼
1� g

2
/2n

bNp2ðn;gÞ ¼
1� n

2
/2g

ð38Þ

where n and g are the isoparametric coordinates and /j(n) is a poly-
nomial of degree j, usually defined in terms of the Legendre polyno-
mial. For j = 2,

/2ðnÞ ¼ �
1
2

ffiffiffi
3
2

r
ð1� n2Þ ð39Þ

Further details of these functions and triangular elements can
be found in [58,59].

3.5. XFEM displacement field

Combining Eqs. (26), (27), (29), (33), (35) and (37), the displace-
ment field can be generally approximated by:

uðxÞ ¼
X
i2I

NiðxÞûi

" #
þ

X
s2S

NsðxÞHðnðxÞÞâs

" #

þ
X
t2T

NtðxÞ
X
k2F

fkðxÞb̂kt

 !" #

þ
X
j2Bst

bNjðxÞd̂j þ
X
l2BHe

bNlðxÞHðxÞêl

24 35 ð40Þ

where the four brackets [ ] represent the linear, discontinuous, tip
enrichment, and transition parts of approximation, respectively.Fig. 3. Definition of function n(x).
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3.6. Orthotropic enrichment functions

Asadpoure et al. [42–44] investigated various types of crack tip
enrichment functions in orthotropic media. In the most general
case, presented in [44], the orthotropic crack tip enrichment func-
tions in the crack tip local polar coordinate system (r, h) are defined
as

Fðr; hÞ ¼
ffiffiffi
r
p

cos
h1

2

� � ffiffiffiffiffiffiffiffiffiffiffi
g1ðhÞ

p
;
ffiffiffi
r
p

cos
h2

2

� � ffiffiffiffiffiffiffiffiffiffiffi
g2ðhÞ

p
;
ffiffiffi
r
p

sin
h1

2

� ��
ffiffiffiffiffiffiffiffiffiffiffi
g1ðhÞ

p
;
ffiffiffi
r
p

sin
h2

2

� � ffiffiffiffiffiffiffiffiffiffiffi
g2ðhÞ

p �
ð41Þ

where

gjðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcosðhÞ þ aj sinðhÞÞ2 þ ðbj sinðhÞÞ2

q
ðj ¼ 1;2Þ ð42Þ

hkðhÞ ¼ tan�1 bk sinðhÞ
cosðhÞ þ ak sinðhÞ

� �
ðk ¼ 1;2Þ ð43Þ

and ai and bi have been defined in (9). According to discussions of
Dolbow and Gosz [15] for isotropic FGMs and Kim and Paulino
[23] for orthotropic FGMs, the asymptotic crack tip fields can be
used as the auxiliary fields for computation of SIFs in orthotropic
FGM problems.

4. Stress intensity factor

4.1. J integral

The J integral has been used in this study to compute the stress
intensity factor. Three different formulations have been proposed
in the literature: non-equilibrium, incompatibility, and constant-
constitutive-tensor [60]. The first one only satisfies the constitutive
and compatibility equations

rij ¼ cijklðxÞekl; eij ¼
1
2
ðui;j þ uj;iÞ; rij;j – 0 ð44Þ

The second approach satisfies only equilibrium and the consti-
tutive equations

rij ¼ cijklðxÞekl; eij –
1
2
ðui;j þ uj;iÞ; rij;j ¼ 0 ð45Þ

and the constant-constitutive-tensor only satisfies equilibrium and
compatibility

rij – cijklðxÞekl; eij ¼
1
2
ðui;j þ uj;iÞ; rij;j ¼ 0 ð46Þ

where cijkl is the material modulus. For detailed formulation of each
case refer to [60]. While the constant-constitutive-tensor formula-
tion needs derivatives of stress and strain in actual fields which
leads to inaccuracies in C0 finite element formulation, the two other
cases have the same accuracy [60]; hence the incompatibility for-
mulation, which requires less complicated derivatives, is considered
here. The strain tensor is calculated from

eij ¼ sijklðxÞrkl ð47Þ

where s = c�1.The general form of path independent j integral is
written as [61]

J ¼
Z

C

1
2

w� rij
@uj

@x1

� �
njdC ð48Þ

where C is an arbitrary contour surrounding the crack tip, nj is the
jth component of the outward unit normal to C, dij is the Kronecker
delta and the Cartesian coordinate system whose x axis is parallel to
the crack surface is considered. w is the strain energy density,

w ¼ 1
2
rijeij ¼

1
2

cijklekleij ð49Þ

Using the equivalent domain integral (Fig. 5), Eq. (48) is trans-
formed to

J ¼
Z

A
ðrijui;1 �wd1jÞq;jdAþ

Z
A
ðrijui;1 �wd1jÞ;jqdA ð50Þ

where q is a smooth function from q = 1 on interior boundary of A
and q = 0 on the outer one, as depicted in Fig. 5.

4.2. Separation of stress intensity factors

The interaction integral is employed to compute modes I and II
stress intensity factors. It is based on superimposition of auxiliary
and actual fields,

Js ¼ J þ Jaux þMl ð51Þ

where J and Jaux are the J-integrals corresponding to actual and aux-
iliary fields, respectively. Jaux is defined by

Jaux ¼
Z

A
raux

ij uaux
i;1 �wauxd1j

	 

q;jdA

þ
Z

A
raux

ij uaux
i;1 �wauxd1j

	 

;j
qdA ð52Þ

and Ml is the local interaction integral calculated by

Fig. 4. Added hierarchical nodes in the blending elements and polynomial order of their shape functions [58].
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Ml ¼
Z

A
rijuaux

i;1 þ raux
ij ui;1 �

1
2

rikeaux
ik þ raux

ik eik

� �
d1j

� �
q;jdA

þ
Z

A
rijuaux

i;1 þ raux
ij ui;1 �

1
2

rikeaux
ik þ raux

ik eik

� �
d1j

� �
;j

qdA ð53Þ

Considering

raux
ij ui;1j ¼ raux

ik eij;1; rijeaux
ij ¼ raux

ij eij; cijkl;1eaux
ij ekl

¼ cijkl;1eijeaux
kl ð54Þ

the global interaction integral MG will be now

MG
m ¼

Z
A

rijuaux
i;m þ raux

ij ui;m �
1
2

rikeaux
ik þ raux

ik eik

� �
dmj

� �
q;jdA

þ
Z

A
rij uaux

i;mj � eaux
ij;m

	 

� cijkl;meijeaux

kl

n o
qdA ðm

¼ 1;2Þ ð55Þ

The local Ml is calculated by the flowing transformation

Ml ¼ MG
1 cosðhÞ þMG

2 sinðhÞ ð56Þ

The energy release rate in elastic media is calculated as

G ¼ J ¼ c11K2
I þ c12KIKII þ c22K2

II ð57Þ

where

c11 ¼ �
a22

2
Im

l1 þ l2

l1l2

� �
ð58Þ

c12 ¼ �
a22

2
Im

1
l1l2

� �
þ a11

2
Imðl1l2Þ ð59Þ

c22 ¼
a11

2
Imðl1 þ l2Þ ð60Þ

It has been proved that for the two superimposed fields [62]

Js ¼ c11 Kaux
I þ KI

� �2 þ c12 Kaux
I þ KI

� �
Kaux

II þ KII
� �

þ c22 Kaux
II þ KII

� �2

¼ J þ Jaux þMl ð61Þ

where

Jaux ¼ c11 Kaux
I

� �2 þ c12Kaux
I Kaux

II þ c22 Kaux
II

� �2 ð62Þ
Ml ¼ 2c11Kaux

I KI þ c12 Kaux
I KII þ Kaux

II KI
� �

þ 2c22Kaux
II KII ð63Þ

Setting Kaux
I ¼ 1;Kaux

II ¼ 0 and Kaux
I ¼ 0;Kaux

II ¼ 1, leads to the fol-
lowing linear algebraic equations to calculate actual modes I and II
stress intensity factors,

Ml
1 ¼ 2c11KI þ c12KII Kaux

I ¼ 1 and Kaux
II ¼ 0

� �
Ml

2 ¼ c12KI þ 2c22KII Kaux
I ¼ 0 and Kaux

II ¼ 1
� �(

ð64Þ

Evaluation of rijeaux
ij;1 in Ml (Eq. (53)) can be simplified by the

method proposed in [63],

rijeaux
ij;1 ¼ rij sijkl;1ðxÞraux

kl þ sijklðxÞraux
kl;1

n o
¼ rijsijkl;1ðxÞraux

kl þ rij sijklðxÞ � stip
ijkl

	 

raux

kl;1 þ rij stip
ijklr

aux
kl;1|fflfflfflffl{zfflfflfflffl}

etip
ij;1

¼ rijsijkl;1ðxÞraux
kl þ rij sijklðxÞ � stip

ijkl

	 

raux

kl;1 þ rijuaux
i;1j ð65Þ

Therefore,

rij uaux
i;1j � eaux

ij;1

	 

¼ �rijsijkl;1ðxÞraux

kl � rij sijklðxÞ � stip
ijkl

	 

raux

kl;1 ð66Þ

while r ? 0, the term rijsijkl;1ðxÞraux
kl vanishes and can be written [63]

rij uaux
i;1j � eaux

ij;1

	 

�

r!0
�rij sijklðxÞ � stip

ijkl

	 

raux

kl;1 ð67Þ

5. FGM considerations

In FGM problems, any material properties P, such as modules of
elasticity E11, E22, shear modules G12 and Poisson’s ratio m12, m21

vary at different points of the domain,

Pðx; yÞ ¼ uðx; yÞ ð68Þ

where u(x, y) is a predefined function, usually exponential or linear.
Such variable properties lead to variation of constitutive tensor in
different points. While in the standard FGM modeling, the material
properties (68) are defined on each Gauss point, in the isoparamet-
ric graded finite element method [64], material properties are inter-
polated from nodal values by FEM shape functions,

Pðx; yÞ ¼
Xne

i¼1

Niðx; yÞbPi ð69Þ

where bPi is the nodal value of property P. In the interaction integral
(55), cijkl or sijkl can be considered as a P and their derivatives can be
calculated accordingly,

@Pðx; yÞ
@x

¼
Xne

i¼1

@Niðx; yÞ
@x

bPi

@Pðx; yÞ
@y

¼
Xne

i¼1

@Niðx; yÞ
@y

bPi

ð70Þ

Also, the roots of Eq. (7), to be used in auxiliary fields, should be
calculated at the crack tip, as described in relation (20). Values of ai

and bi in Eqs. (42) and (43) can also be calculated at the crack tip,
but if a large area is to be enriched, ai and bi should be calculated at
enriched nodes and interpolated by FEM shape functions (69) and

Fig. 5. Equivalent domain integral and function of q(x, y).
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(70). In an orthotropic medium, the roots of characteristic equation
are obtained in closed form (11), where ai = 0 and derivatives of b
can be directly calculated from Eq. (11).

6. Numerical integration

The Gauss quadrature rule has been employed for numerical
integration. Four Gauss points are used in standard four-node ele-
ments and one Gauss point for three-node elements. The seventh
order Gauss integration is used for non-cracked enriched elements.
The sub-triangulation method is used to integrate cracked ele-
ments, in such a way that none of sub-triangles include the crack,
as depicted in Fig. 6 for three and four node elements. Then, 7
Gauss points are used for each sub-triangle.

7. Crack propagation

7.1. Isotropic criteria

In isotropic materials, various crack propagation criteria are
available in the literature such as maximum hoop stress [65], max-
imum strain energy release rate [66] and minimum strain energy
density [67]. Here, maximum hoop stress and maximum energy re-
lease rate criteria are used.

7.1.1. Maximum hoop stress criterion
The maximum hoop stress (maximum circumferential tensile

stress) criterion is based on the assumption that the crack propa-
gates in radial direction, perpendicular to the maximum hoop
stress (rhmax) direction. The crack propagation angle h0 with re-
spect to local crack tip coordinatex, is obtained from

KI

KIcr
cos3ðh0=2Þ � 3

2
KII

KIcr
cosðh0=2Þ sinðh0Þ ¼ 1 ð71Þ

7.1.2. Maximum energy release rate criterion
Hussain et al. [66] expressed SIF values in terms of crack prop-

agation angle h as

KIðhÞ ¼ gðhÞ KI cosðhÞ þ 3
2

KII sinðhÞ
� �

ð72Þ

KIIðhÞ ¼ gðhÞ KII cosðhÞ � 3
2

KI sinðhÞ
� �

ð73Þ

where

gðhÞ ¼ 4
3þ cos2ðhÞ

1� h=p
1þ h=p

� �h=2p

ð74Þ

Knowing

GðhÞ ¼ K2
I þ K2

II

E0tip
ð75Þ

results in

GðhÞ ¼ 1
4E0tip

g2ðhÞ ð1þ 3 cos2ðhÞÞK2
I þ 8 sinðhÞ cosðhÞKIKII

n
þ 9� 5 cos2ðhÞÞK2

II

	 o
ð76Þ

where E0tip ¼ Etip for the plane stress and E0tip ¼ Etip=1� mtip for plane
strain problems. Crack propagation angle is then obtain by
minimizing

@GðhÞ
@h

¼ 0;
@2GðhÞ
@h2 < 0; GðhÞ ¼ GcrðhÞ ð77Þ

where Gcr(h) is the critical energy release rate

GcrðhÞ ¼
K2

Icr

E0tip
ð78Þ

7.2. Orthotropic criterion

Various orthotropic mixed mode crack propagation criteria are
available such as maximum circumferential stress [68], minimum
strain energy density [69] and maximum circumferential strain cri-
teria [70]. In this study, the maximum circumferential stress pre-
sented by Saouma et al. [68] is adapted for orthotropic crack
propagation criterion. According to this method, the first mode of
critical stress intensity factor in each direction is defined as

Kb
Icr ¼ Kx

Icr cos2ðbÞ þ Ky
Icr sin2ðbÞ ð79Þ

where Kx
Icr and Ky

Icr are the critical stress intensity factors of mode I
along x and y directions respectively. Also, (b = h + x) where h and x

Fig. 6. Configuration of sub-triangulation for numerical integration in 4-node and
3-node enriched elements.

Fig. 7. Plate with a center crack parallel to material gradient under constant strain
loading.
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have been defined in Fig. 1. The direction of crack propagation is
calculated by maximizing the following relation

F ¼
Re Aðl1B2 � l2B1Þ
� �

þmRefAðB2 � B1Þg
C

ð80Þ

where m ¼ KII=KI;n ¼ Ky
Icr=Kx

Icr ¼ E1=E2 and

A ¼ 1
l1 � l2

Bi ¼ ðli sinðhÞ þ cosðhÞÞ1:5

C ¼ cos2ðhþxÞ þ n sin2ðhþxÞ

ð81Þ

Finally, the crack starts to propagate whenever the following
equation is satisfied

rh

rmax
h

¼ KIRefAðl1B1 � l2B2Þg þ KIIRefAðB1 � B2Þg
Kx

Icr cos2ðhþxÞ þ Ky
Icr sin2ðhþxÞ

¼ 1 ð82Þ

8. Numerical examples

8.1. Plate with a center crack parallel to material gradient

A square plate containing a center crack is considered, as de-
picted in Fig. 7. The crack is parallel to material gradient and a con-
stant strain loading which corresponds to uncracked plate is
applied to the top edge of plate. The boundary conditions are
shown in Fig. 7. In order to apply the constant strain, a normal
stress equal to r22ðx;10Þ ¼ �eEðx;10Þ is applied on the top edge.
Here, the effective Young’s modules E, the effective Poisson’s ratio
m, the stiffness ratio d4 and shear parameter j0 are defined as

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22

p
; t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t12t21
p

; d4 ¼ E11

E22
¼ t12

t21
; j0

¼ E
2G12

� t ð83Þ

A mesh of 1369 four-node elements and 1444 nodes are used, as
depicted in Fig. 8. The exponential material properties along the x
direction is assumed as

E11ðxÞ ¼ E0
11ebx; E22ðxÞ ¼ E0

22ebx; G12ðxÞ ¼ G0
12ebx ð84Þ

t ¼ ð:1; :2; :3; :4; :5; :7; :9Þ; j0 ¼ :5 ð85Þ
ba ¼ ð0; :1; :25; :5; :75;1Þ ð86Þ

and geometrical properties are

a=W ¼ :1; L=W ¼ 1 ð87Þ

As will be shown later, the effect of variation of Poisson’s ratio
on the results is negligible. Therefore, the problem is solved for dif-
ferent constant effective Poisson’s ratio in plane stress state (t = .3
for verification purpose). The normalized stress intensity factors at
the right crack tip for various material gradations have been shown
in Table 1 and compared with those values presented by Kim and
Paulino with the MCC method [25] and the interaction integral
method [23]. The normalized stress intensity factor is defined as

�k ¼ K
K0

ð88Þ

where

K0 ¼ �eE0
ffiffiffiffiffiffi
pa
p

; E0 ¼ E0

d2 ; E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0

11E0
22

q
ð89Þ

and K is the stress intensity factor. The reference results were ob-
tained by 8-node elements and 5851 nodes, almost four times more
than the present analysis. Comparisons have also been made by
Asadpoure and Mohammadi [44] who solved this problem for the
case of homogeneous orthotropic media (ba = 0) by orthotropic
crack tip enrichments. The same accuracy has been obtained by
lower number of nodes and elements.

Also, the normalized stress intensity factor for various Poisson’s
ratio and ba = .5 are shown in Table 2 and compared with those
values presented in Refs. [23,20]. Fig. 9 depicts the variations of
normalized stress intensity factor with respect to ba, as explained
in Table 1.

In order to investigate the effect of radius of contour integral on
stress intensity factors, values of the normalized J integral for var-
ious radii are depicted in Fig. 10. It is clearly observed that J is less
sensitive to the selection of radius of contour integral.

Fig. 8. Adaptively structured mesh of 1369 4-node elements and 1444 nodes.

Table 1
The effect of material gradation on normalized stress intensity factor under constant
strain loading.

ba K1/K0

Present XFEM Ref. [23] Ref. [25] Ref. [44]

0 1.0033 0.9969 0.9986 1.02
0.1 1.0762 1.075 1.0791 –
0.25 1.2013 1.2043 1.2101 –
0.5 1.4381 1.4371 1.4484 –
0.75 1.713 1.7055 1.7255 –
1 2.0361 2.0318 2.0639 –

Table 2
The effect of Poisson’s ratio on normalized stress intensity factor under constant
strain loading.

t KI/K0

Present XFEM Ref. [23] Ref. [20]

0.1 1.3996 1.43 1.4183
0.2 1.4398 1.4334 1.4233
0.3 1.4381 1.4371 1.428
0.4 1.4475 1.4405 1.4325
0.5 1.4435 1.4438 1.4368
0.7 1.4581 1.4505 1.4449
0.9 1.4568 1.4563 1.4524
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Convergence of error of normalized stress intensity factor for
ba = .5 is depicted in Fig. 11 in a logarithmic scale. To this propose,
constant enriched area with radius r = .15a has been considered.
According to Table 1, values of �k presented by Refs. [25,23] differ
each other and to the knowledge of authors, there is no available
exact solution for this problem in the literature. Therefore, the
average value of normalized stress intensity factor presented in
those references, which is almost equal to the value calculated

by a fine mesh, has been considered as the exact value. The vertical
axis expresses the error of �k by

error ¼
�k� �kexact

�kexact
� 100 ð90Þ

Clearly a good convergence rate is observed for the present
method.

Also, variation of condition number of stiffness matrix, as an
indirect index of numerical accuracy, versus the number of DOFs

Fig. 9. Normalized stress intensity factor versus various material gradation.

Fig. 10. The effect of radius of contour integral on stress intensity factor.

Fig. 11. Convergence of error in normalized stress intensity factors.

Fig. 12. Condition number of global stiffness matrix.

Fig. 13. Geometry and the finite element mesh of a tensile plate with an inclined central crack.
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has been depicted in Fig. 12. In this figure, the values of condition
number of un-cracked plate have also been depicted by a dash line.
It clearly shows that the differences between the condition num-
bers in the presence of crack and without it are negligible, partic-
ularly in the lower DOFs. Even in higher DOFs, the condition
number of the stiffness matrix remains well within the acceptable
range of numerical implementation.

8.2. Plate with an inclined center crack

In this example, a mixed mode fracture problem is investigated.
Geometry of this problem and the finite element mesh are depicted
in Fig. 13. Here, the plane stress plate under a constant strain
which corresponds to the un-cracked plate is considered. This is
achieved by applying the stress r22ðx;10Þ ¼ �eEðx;10Þ on the top
edge. A structured mesh of 961 four-node elements (1024 nodes)
for the isotropic case and 1369 four-node elements and 1444 nodes
(same as previous example) for the orthotropic one have been em-
ployed in this model. An exponential variation of material proper-
ties similar to previous problem is considered. The material
properties for the isotropic case are:

E0 ¼ 1; tðxÞ ¼ :3 ð91Þ

and for the orthotropic case

Table 3
Comparison of normalized stress intensity factors for isotropic case.

h Present XFEM Singular FEM Kim and Paulino [60] Isotropic XFEM Dolbow and Gosz [15] Semi-analytical Konda and Erdogan [71]

KI/K0 KII/K0 KI/K0 KII/K0 KI/K0 KII/K0 KI/K0 KII/K0

0 1.4288 �0.0009 1.4234 0.0000 1.4450 0.0000 1.4240 0.0000
18 1.2851 0.3436 1.2835 0.3454 1.3030 0.3530 1.2850 0.3440
36 0.9232 0.5469 0.9224 0.5502 0.9300 0.5600 0.9250 0.5480
54 0.4845 0.5435 0.4880 0.5338 0.4880 0.5400 0.4900 0.5320
72 0.1359 0.3252 0.1451 0.3147 0.1420 0.3160 0.1460 0.3140

Fig. 14. Variation of J for various crack angles. Table 4
Comparison of normalized stress intensity factor for orthotropic case.

h Present XFEM Kim and Paulino [60]

KI/K0 KII/K0 KI/K0 KII/K0

0 1.429 0 1.4285 0
18 1.329 0.246 1.3224 0.2194
36 1.010 0.411 1.0177 0.4111
54 0.587 0.443 0.6008 0.4480
72 0.216 0.3050 0.2158 0.2906

Fig. 15. Variation of normalized J values for various radius of contour integral.

Table 5
Comparison of stress intensity factor in proportional and non-proportional variation of material properties.

a b c Present XFEM Ref. [24] Error (%)

KI KII G wo KI KII KI KII

0.2 0.25 0.15 1.341 �0.951 2.248 �35.338 1.340 �1.014 0.096 6.213
0 0 0 1.171 �0.872 2.106 �36.663 – – – –
0.2 0.2 0.2 1.330 �0.940 2.223 �35.252 – – – –
0.4 0.4 0.4 1.497 �0.994 2.291 �33.592 – – – –
0.6 0.6 0.6 1.669 �1.040 2.322 �31.928 – – – –
0.8 0.8 0.8 1.861 �1.091 2.365 �30.378 – – – –
1 1 1 2.077 �1.151 2.426 �28.994 – – – –

Fig. 16. Energy release rate versus radius of contour of J integral.
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E0
11 ¼ 104; E0

22 ¼ 103; G0
12 ¼ 1216; t12 ¼ :3 ð92Þ

The isotropic case was previously studied by Konda and Erdogn
[71] using a semi-analytical method, Dolbow and Gosz [15] by the
extended finite element method and Kim and Paulino [60] by sin-
gular finite element methodas a mesh of 5336. Table 3 shows the
normalized stress intensity factors of the isotropic case at the right

crack tip for the present method and compares them by the
mentioned references which shows a very close agreement. In this
table, the normalized SIF is defined similar to the previous exam-
ple. Fig. 14 depicts the variation of J (Eq. (57)) versus the crack an-
gle which shows a decrease in J by increasing angle (h).

Results for the orthotropic case have been shown in Table 4. A
good agreement can be seen between mode I of SIFs even by fewer
number of nodes but, the estimation of the present method for
mode II of SIF are slightly more different than the values presented
by Ref. [60].

Fig. 17. Geometry and boundary condition of the four point bending specimen.

Fig. 18. The finite element mesh for modeling the four point bending specimen.

Table 6
Norm of complex SIF and phase angle for k = .1.

b jKj w = tan�1(KII/KI)

Ref. [22] Present XFEM Error (%) Ref. [22] Present XFEM Error (%)

0 1.33 1.34 0.82 57.19 55.78 2.46
0.4 1.53 1.52 0.55 58.02 60.21 3.78
0.8 1.68 1.64 2.49 58.71 58.28 0.73
1.2 1.90 1.92 1.18 59.39 59.05 0.57
1.6 2.16 2.12 1.60 59.94 59.57 0.63
2 2.42 2.42 0.17 60.22 61.24 1.69
2.4 2.68 2.64 1.71 60.50 61.49 1.64

Fig. 19. Normalized norm of complex mixed mode SIF for the four point bending
specimen.

Fig. 20. Phase angle of complex mixed mode SIF for the four point bending
specimen.
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Also, Fig. 15 shows variations of the normalized J values for var-
ious radii of contour integrals, clearly indicating the insensitivity of
J for different integral domains.

In a different case, a non-proportional mixed mode crack
(h = �36�) in an FGM square plate is investigated. Material func-
tions are [24]

E11ðxÞ ¼ E0
11eax; E22ðxÞ ¼ E0

22ebx; G12ðxÞ ¼ G0
12ecx ð93Þ

where

E0
11 ¼ 0:75; E0

22 ¼ 1; G0
12 ¼ 0:5; t12 ¼ 0:3 ð94Þ

2a ¼ 2; L=W ¼ 1; a=W ¼ 1 ð95Þ

The non-proportional constant is considered as (aa, ba,
ca) = (0.2,0.25,0.15) [24]. Table 5 compares the results of non-pro-
portional and various proportional modelings. As it can be clearly
observed, for the non-proportional case almost the same values
have been obtained for modes I and II with acceptable level of er-
ror: 0.096% and 6.213%, respectively. It should be noted that the
reference results were obtained by 2392 nodes, almost twice the
present simulation.

Table 7
Norm of complex SIF for different types of crack tip enrichments k = .1.

b Ref. [22] Type of enrichment

Orthotropic enr. Isotropic enr. No enr.

jKj jKj Error (%) jKj Error (%) jKj Error (%)

0 1.33 1.34 0.82 1.69 27.31 1.03 22.75
0.4 1.53 1.52 0.55 1.97 28.90 1.16 23.66
0.8 1.68 1.64 2.49 2.22 32.19 1.29 23.27
1.2 1.90 1.92 1.18 2.50 31.73 1.46 22.94
1.6 2.16 2.12 1.60 2.90 34.33 1.67 22.77
2 2.42 2.42 0.17 3.29 36.04 1.83 24.29
2.4 2.68 2.64 1.71 3.64 35.80 1.92 28.50

Table 8
Phase angle w = tan�1 (KII/KI) for different types of crack tip enrichments k = .1.

b Ref. [22] Type of enrichment

Orthotropic enr. Isotropic enr. No enr.

w w Error (%) w Error (%) w Error (%)

0 57.19 55.78 2.46 61.44 7.43 46.25 19.13
0.4 58.02 60.21 3.78 65.30 12.55 52.40 9.69
0.8 58.71 58.28 0.73 64.96 10.65 51.02 13.09
1.2 59.39 59.05 0.57 59.91 0.87 42.95 27.69
1.6 59.94 59.57 0.63 63.56 6.03 50.42 15.89
2 60.22 61.24 1.69 64.37 6.90 50.44 16.24
2.4 60.50 61.49 1.64 64.51 6.64 49.20 18.67

Fig. 21. Normalized norm of complex mixed mode SIF for various types of crack tip
enrichments.

Fig. 22. Geometry and finite element mesh of rectangular FGM plate.

Table 9
Stress intensity factor for mixed mode crack in a rectangular plate.

Material properties Stress intensity factor Reference

a b c KI KII

0 0 0 1.0539 1.0539 Sih et al. [55]
1.0195 1.0795 Atluri et al. [72]
1.0230 1.0490 Wang et al. [62]
1.0670 1.0440 Kim and Paulino (MCC) [25]
1.0770 1.0350 Kim and Paulino (DCT) [25]
1.0101 0.9326 Present XFEM

0.2 0.2 0.2 1.7620 1.4390 Kim and Paulino (MCC) [25]
1.7690 1.4190 Kim and Paulino (DCT) [25]
1.4075 1.1723 Present XFEM

0.5 0.4 0.3 2.3840 1.5810 Kim and Paulino (MCC) [25]
2.3870 1.5530 Kim and Paulino (DCT) [25]
2.3554 1.4482 Present XFEM
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Fig. 16 shows the variation of energy release rate (Eq. (57)) for
different radius of contour of J integral. For r > .5 contours, an al-
most constant G is obtained.

8.3. Four-point bending specimen

Gu and Asaro [22] investigated the mixed mode stress intensity
factor in a four-point FGM bending specimen, considering expo-
nential variation of material properties: modulus of elasticity,
shear modulus and Poisson’s ratio in y direction as

E11ðyÞ ¼ E0
11eby; E22ðyÞ ¼ E0

22eby; k ¼ E22ðyÞ
E11ðyÞ

ð96Þ

t12ðyÞ ¼ t0
12ð1þ �yÞeby; t21ðyÞ ¼ t0

21ð1þ vyÞeby ð97Þ

G12ðyÞ ¼
E22ðyÞ

2ð
ffiffiffi
k
p
þ t21ðyÞÞ

ð98Þ

t ¼ :3; v ¼ �0:9; P ¼ 1 ð99Þ

where t is the effective Poisson ratio, as defined by Eq. (83). Geom-
etry and boundary conditions of the problem are depicted in Fig. 17.

According to the discussion by Gu and Asaro [22], the complex
stress intensity factor is defined as K = KI + iKII, and the norm of
SIF and phase angle of complex stress intensity factor can be ex-
pressed as

K ¼ jKjeiw; jKj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

I þ K2
II

q
ð100Þ

w ¼ tan�1 KII

KI

� �
ð101Þ

Considering the symmetry of specimen with respect to y axis,
only one half of the specimen has been modeled by 751 three-node
elements and 422 nodes (1008 DOFs). The configuration of mesh is
depicted in Fig. 18.

The calculated norm of complex stress intensity factor for k = .1
has been compared with the reference results [22] in Table 6. Also,
Kim and Paulino [23] modeled the whole of specimen by singular
elements and 2319 nodes (4638 DOFs). They obtained similar
results to Gu and Asaro [22]. It is observed that singular FEM
required about 2.75 (2.3) times more nodes (DOFs) than XFEM
for a more or less similar level of accuracy, which shows the

Fig. 23. Geometry and boundary conditions of glass-filled epoxy beams [73].

Fig. 24. Mesh configuration for glass-filled epoxy beam.

Fig. 25. Comparison of crack trajectory for n = 0.17 (a) with experimental trajectory
[73] and (b) with Kim and Paulino [74].

Fig. 26. Comparison of crack trajectory for n = 0.58 (a) with experimental trajectory
[73] and (b) with Kim and Paulino [74].
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superiority of XFEM. Normalized values of norm of complex SIF are
depicted in Fig. 19, which show a good agreement between the
present method and references results.

Here, the effect of various types of crack tip enrichments is con-
sidered. Generally, three cases are considered: orthotropic crack tip
enrichments, isotropic one and no crack tip enrichment. In the first
two cases, the radius of tip enriched area remains equal to r = 0.1a
(a = 3). Tables 7 and 8 compare the norm of complex SIF and phase
angle of SIFs for different enrichment strategies.

Also, variations of normalized values of complex SIFs and their
phase angles have been depicted in Figs. 20 and 21, respectively.
The maximum errors of norm of complex SIF for various types of
tip enrichments are 2.49%, 36.04% and 28.5% for orthotropic
enrichment, isotropic one and no crack tip enrichment, respec-
tively, while the maximum errors of phase angle of SIFs are
3.78%, 12.55% and 27.69% for the three enrichment strategies.
Clearly, the use of orthotropic enrichments is necessary to achieve
sufficient accuracy and even reasonable engineering results.

8.4. Rectangular plate with an inclined crack (non-proportional
distribution)

An orthotropic FGM rectangular plate with an inclined crack is
considered, as depicted in Fig. 22. This problem has already been
investigated by several Refs. [55,62,72] in homogeneous orthotro-
pic case (no variation in material properties), and by Kim and
Paulino [25] for various orthotropic FGM cases. Functions of mate-
rial properties distribution follow the exponential form,

E11ðxÞ ¼ E0
11eax; E22ðxÞ ¼ E0

22ebx; G12ðxÞ ¼ G0
12ecx ð102Þ

Three cases are considered for material distribution (as pre-
sented by [25]),

Case 1: Homogeneous orthotropic distribution: (a, b,
c) = (0,0,0).
Case 2: Orthotropic FGM with proportional material variation:
(a, b, c) = (0.2,0.2,0.2).
Case 3: Orthotropic FGM with non-proportional material varia-
tion: (a, b, c) = (0.5,0.4,0.3).

Material and geometric properties are

2a ¼ 2
ffiffiffi
2
p

; L=w ¼ 2 ð103Þ
E0

11 ¼ 3:5� 106; E0
22 ¼ 12� 106; G0

12 ¼ 3� 106;

t12 ¼ 0:204 ð104Þ

In this study, 2451 four-node elements and 2552 nodes have
been used to model the specimen, while 3694 nodes were used
in Ref. [25] and almost identical results were obtained, as
compared in Table 9 for different cases.

To investigate the mesh independency of the present method,
the non-proportional case is considered and the norm of complex
SIF and phase angle, as described in previous example, are
calculated and compared in Table 10 for different four-node and

three-node elements with different number of DOFs. It is clearly
observed that close results are obtained for both the norm and
the phase angle, which is an indication of mesh independency of
the proposed approach.

8.5. Crack propagation in FGM beam

Rousseau and Tippur [73] investigated mixed-mode crack tip
deformations and fracture parameters in glass-filled epoxy beams
with cracks perpendicular to material gradient. Fig. 23 shows
geometry and boundary conditions of the simply supported FGM
beam. The beam is subjected to two equal point loads at the top
edge. Rousseau and Tippur [73] have used dimensionless parame-
ter n which is zero at the left edge of graded portion and one at the
right one. Modulus of elasticity, Poisson’s ratio and critical SIFs in

Table 10
The effect of different finite element mesh for the non-proportional FGM by a, b, c = (0.5,0.4,0.3).

Element type Number of elements Number of nodes Number of DOFs jKj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

I þ K2
II

q
w = tan�1(KII/KI)

Three-node (T3) 928 499 1056 2.812 27.177
3618 1878 3842 2.827 29.264

14,302 7288 14,674 2.839 28.680

Four-node (Q4) 5628 5780 11,716 2.813 28.585
2451 2552 5232 2.888 27.475

11,817 12,036 24,276 2.870 27.526

Fig. 27. Comparison of crack trajectory predicted by the maximum hoop stress and
maximum energy release rate criteria.

Fig. 28. Comparison of Pcr versus crack length based on maximum hoop stress and
maximum energy release rate criteria.
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the graded domain are presented in Table 11. The two edge cracks
are emanated from the lower edge at n = 0.17 and n = 0.58. 4848
three-node elements and 2547 nodes have been used to model this
problem, as depicted in Fig. 24.

A fixed enriched area with radius r = 0.2a has been used for
crack tip enrichment in all propagation steps. Kim and Paulino in

[74] provided the critical load Pcr only in the initial step. Values
of Pcr, stress intensity factors and phase angle of SIFs at the initial
step are compared in Table 12, which shows almost the same re-
sults. Also, the initial angle of crack propagation based on the max-
imum energy release rate criterion has been obtained 7.009� and
3.988� for n = 0.17 and n = 0.58, respectively, which are identical
to the experimental values of 7� and 4�. These results have been
obtained by a constant crack increment Da = 2 mm in all propaga-
tion steps. The crack trajectory has been shown in Figs. 25 and 26
and compared with the experimental ones and those presented by
Kim and Paulino [74]. Again, excellent agreement is observed be-
tween the XFEM predictions and reference results.

Fig. 27 compares the almost identical results obtained from the
maximum hoop stress and maximum energy release rate propaga-
tion criteria on the crack trajectory. Also, critical values of Pcr ver-
sus crack length (Pcr in each increment) are depicted in Fig. 28.
Again, similar results are expectedly obtained by the two propaga-
tion criteria. In order to study the effect of length of crack incre-
ment on crack trajectory and Pcr two other crack propagation
increments equal to Da = 1 mm and Da = 3 mm are considered.

Figs. 29 and 30 show the effect of crack increment length on
crack trajectory in comparison with available experimental and
numerical results. The same results have been obtained for all
increment lengths. It may be attributed to the fact that after an ini-
tial kink, the effect of mixed mode fracture is largely reduces to a
single mode, which is less affected by crack increment length.
The effect of Da on critical load has been depicted in Fig. 31, which
shows identical critical loads for Da = 2 mm and Da = 3 mm but
there is about 10% difference for propagation increment
Da = 1 mm.

Also, comparison of the effect of crack increment length in dif-
ferent crack propagation criteria has been depicted in Fig. 29,
where identical results are observed.

Rousseau and Tippur [73] also modeled their specimen by
ANSYS using 10,000 ehight-noded elements and 30,000 nodes.

Table 11
Modulus of elasticity, Poisson’s ratio and critical SIF in graded domain of glass-filled
epoxy [73].

n E (MPa) t Kcr ðMPa
ffiffiffiffiffi
m
p
Þ

06 3000 0.35 1.2
0.17 3300 0.34 2.1
0.33 5300 0.33 2.7
0.58 7300 0.31 2.7
0.83 8300 0.3 2.6
1P 8600 0.29 2.6

Fig. 29. Comparison of the effect of crack increment length on crack trajectory for XFEM and experimental one [73].

Fig. 30. Comparison of the effect of crack increment length on crack trajectory for
XFEM and the finite element model by Kim and Paulino [74].

Fig. 31. Comparison of the effect of crack increment length on the critical load.
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Large differences in the number of nodes and elements show the
efficiency of present XFEM method. Also, Comi and Mariani [75]

modeled this problem by XFEM method without using crack tip
enrichments and obtained h = 7.22� for n = .17 and h = 4.07� for
n = .58. They employed 13,084 three-node elements and 6610
nodes that are much higher than the present XFEM with crack
tip enrichments (4848 elements and 2547 nodes).

To further investigate the crack propagation in orthotropic FGM
media, the equivalent material properties, such as Eq. (83), are con-
sidered; where j0 = .5, E and t vary according to Table 11, and
k = E2/E1. Also, Kx

Icr is assumed to follow Table 11 and
Ky

Icr ¼ Kx
IcrE1=E2. Crack trajectories for k = 5,1,0.2 and 0.01 are de-

picted in Fig. 32. It is clearly observed that by decreasing k (i.e.
strong x direction), crack has a tendency to propagate towards
the x direction.

Also, variations of load P versus the crack length, after
crack kinking, for different values of k are depicted in Fig. 33. It
is clearly observed that by decreasing k (increasing ratio of E1/
E2), the critical load P increases, which is caused by higher effect
of rxx than ryy in the present loading. It should be noted that for
each point on the total crack length axis a different load P is
obtained, which corresponds to a different crack path, as depicted
in Fig. 33.

Fig. 32. Crack trajectories. (a) overall pattern for k = 5, 1, 0.2 and (b) details for k = 0.2.

Fig. 33. Variations of load P versus crack length for different values of k (after crack
kinking).

Table 12
Comparison of Pcr, stress intensity factors and phase angle of SIFs.

n Pcr KI KII w = tan�1(KII/KI)

Ref. [74] Present XFEM Ref. [74] Present XFEM Ref. [74] Present XFEM Ref. [74] Present XFEM

0.17 249.3 250 2.088 2.087 �0.127 �0.117 �3.480 �3.197
0.58 298 300 2.695 2.694 �0.094 �0.085 �1.997 �1.810
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9. Conclusion

In this study, XFEM has been applied to orthotropic functionally
graded materials. Orthotropic enrichments have been employed to
accurately represent singular stress field near a crack tip. The stress
intensity factors have been calculated from the incompatible inter-
action integral. It has been illustrated that orthotropic XFEM needs
far fewer DOFs than conventional FEM to achieve the same level of
accuracy. In addition, high convergence rates are obtained by this
method. Three cases of tip enrichment (Isotropic enrichment,
orthotropic enrichment and no enrichment) have been compared
for orthotropic FGM problems and shown that for the same mesh
configuration and contour integral, orthotropic enrichments yield
far accurate results. Also, simulation of crack propagation in an iso-
tropic problem showed good agreement with the experimental re-
sults. It has also been extended and numerically discussed for
propagation in orthotropic FGM media.
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