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a b s t r a c t

In this study the effect of crack tip enrichment functions in the extended finite element analysis of shells
is investigated. Utilization of crack tip enrichments leads to reduction of the required number of ele-
ments, mesh independency and increased accuracy in computation of fracture mechanics parameters
such as the stress intensity factor, the crack tip opening displacement and the crack tip opening angle.
The procedure is verified by modeling various shell and plate problems and available benchmark tests.
Also, effects of enrichments of in-plane, out-of-plane and rotational degrees of freedom and high order
out-of-plane enrichments on different fracture modes are studied. Moreover, reduction of the depen-
dency of crack tip opening angle on the element size in crack propagation problems is discussed.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

A large number of industrial and engineering structures, such as
aircraft fuselage, storage tanks, ship hulls and pipes are made of
plates and shells. Existence of defects and cracks in such structures
may lead to substantial decrease in load capacity, fatigue crack
propagation, leak before breakage and even structural collapse.
These events possess safety concerns and show the necessity for
very accurate structural analysis. Analysis of elastic plates and
shells to obtain crack tip stress fields, stress intensity factors and
other fracture parameters can be performed by three dimensional
elasticity, Reissner plate theory, or Kirchhoff plate formulation
[1–3]. Many numerical modelings of shell structures have been
based on the use of plate-based shell elements, if possible, in order
to decrease the required number of nodes and to facilitate geomet-
ric modeling while maintaining the accuracy of solution.

While three dimensional elasticity has been a basis for finite
element modeling of crack and fracture problems in many shell
structures [4–6], shell elements have also been adopted for analy-
sis of pressurized shells [7–11]. One of the difficulties of the finite
element method in modeling crack problems is the necessity of
matching of crack faces with finite element edges. This problem
is further amplified in 3-D simulations, particularly in modeling
cracks which are partially formed across the thickness. Another
major problem is the remeshing of geometry when a crack propa-
gates. Moreover, this method is unable to reproduce the stress sin-
gularity near the crack tip, which substantially reduces the quality

of the solution. A very fine mesh can improve the solution near the
crack tip, but it may not remove the possibility of mesh depen-
dency of the results.

Alternative numerical methods which have recently been used
to model fracture problems are element free methods [12–18],
SPH formulation [19], the generalized finite element method
[20], the extended finite element method (XFEM). Additionally,
the extended mesh free method [21], the smoothed extended finite
element method (SMXFEM) [22] and the smoothed a finite ele-
ment method (AaFEM) [23,24] have also been proposed. The diffi-
culties of conventional finite element method do not exist in
simulations modeled by the extended finite element. Because the
crack is not modeled as a geometric entity, it does not need to con-
form with element edges. Similarly, crack propagation can be mod-
eled without any remeshing. Applying the analytical crack tip
displacement field to the basic FE formulation allows for accurate
determination of stress singularity even at a crack tip. The basic
concept in the extended finite element method is to add a set of
particular enrichment functions to the formulation of standard fi-
nite element method to capture a specific singular or discontinu-
ous field.

This method was originally developed to enrich the displace-
ment field near a crack tip in the standard finite element method
[25], and later was extended to arbitrary crack problems [26,27].
Combination of the extended finite element method and level set
and fast marching methods was employed to model crack propaga-
tion in three dimensional problems [28–32]. Asadpoure et al.
[33–35] and Motamedi and Mohammadi [36,37] extended the
method to model crack in orthotropic media using new set of
enrichment functions in static and dynamic conditions, respec-
tively. Recently, new orthotropic bimaterial enrichment functions
have been proposed to model delamination in composite laminates
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[38]. Alternatively, the automatic enrichment technique, which
automatically computes, by a numerical approach, the required
enrichment functions for various extended finite element prob-
lems has been developed by Benson and co-workers [39–43], and
Menk and Bordas studied practical problems, such as fatigue, by
XFEM based on microstructural phenomena [44]. XFEM simulation
of Mindlin–Reissner plates was presented by Dolbow et al. [45] and
was extended to simulate cohesive non linear crack in shells with-
out the crack tip enrichments [46]. Substructuring method was
employed to couple FEM and XFEM domain by Bordas and Moran
[47], and adopted by Wyart et al. [48,49] to model crack in shells,
where the crack zone was modeled by XFEM and the rest of do-
main (safe zone) was simulated by FEM.

In this study, crack tip enrichments are included in the ex-
tended finite element simulation of cracked shells and their effects
are comprehensively studied for the first time. In order to accu-
rately compute the stress and displacement fields, particularly in
the 3rd fracture mode, the Mindlin–Reissner theory is employed
in combination with the linear elastic fracture mechanics. The
present formulation is for through-the-thickness cracks, but can
be extended to surface cracks, because the tip enrichments are
capable of representing the discontinuity in a tip element.

In Sections 2 And 3, formulations of FEM and XFEM are ex-
plained briefly, then crack tip enrichment functions are presented
in Section 4. Several numerical examples including out-of-plane
plates, cylindrical and spherical shells and a crack propagation
problem are investigated to verify the solution and to assess the
efficiency of the proposed approach.

2. Degenerated shell elements

One of the classical finite element formulations which avoid
locking and mesh distortion in plates and shells is the eight-node
shell element by reduced or selective integration. Alternative
methods such as the smoothed finite element method [50,51],
the alpha finite element method (AaFEM) [23] and the node-based
smoothed finite element method [52] are also available. Eight-
noded shell elements are used in the present study. The geometry
of shell element can be expressed in terms of

xðn;g; fÞ ¼
Xn

i¼1

Niðn;gÞ xi þMiðfÞV3
i

n o
ð1Þ

where N(n, g) are the two dimensional shape functions, M(f) is the
one dimensional shape function in f direction (thickness), n is the
number of nodes per element, and

xT ¼ fx1; x2; x3g ð2Þ

MiðfÞ ¼
fti

2
ð3Þ

where ti is the shell thickness at node i and V3
i is the unit vector at

this node

V3
i ¼

xtop � xbot

kxtop � xbotk ð4Þ

As shown in Fig. 1, the unit normal vector at node i is denoted by e3i

and its orthonormal vectors are denoted by e1i and e2i. Considering
the shear deformation effects, approximation of the displacement
field in terms of nodal displacement ûi and rotations âi; b̂i with re-
spect to e2i and e1i, respectively, can be expressed as,

uFEðxÞ ¼
Xn

i¼1

Niðn;gÞ ûi �Mâie1i þMb̂ie2i

n o
uT ¼ fu1;u2;u3g; eT

j ¼ fej1; ej2; ej3g; j ¼ 1;2;3

ð5Þ

The relation between the displacement and stress fields in local and
global coordinates is defined as

r0 ¼ D0
�

B
�

di; r ¼ D
�

B
�

di ð6Þ

where

fdig ¼ fû1; û2; û3; â; b̂gi ð7Þ
D
�
¼ DT

e
�

D0
�

Te
�

ð8Þ

Te is the local to global transformation matrix in Gauss points. The
local coordinate is a Cartesian coordinate system which is assumed
to coincide (n, g, f) directions (Fig. 1), defined at Gauss points. The
element stiffness matrix can then be computed as,

ke ¼
Z

Xe
BT

�
D
�

B
�

dX ð9Þ

where B is defined in terms of derivatives of shape functions (Eq.
(6)).

3. XFEM formulation

In the XFEM approximation, the displacement field at any point
x is divided into two parts,

u ¼ uFE þ uENR ð10Þ

where uFE and uENR are the conventional and enriched parts of the
displacement approximation, respectively. The enriched part uENR

comprises the Heaviside uhe and the tip utip parts to include the ef-
fects of discontinuity across the crack length and near the crack tip
singular stress field, respectively.

The Heaviside part of approximation can be expressed as:

uheðxÞ ¼
Xn

i¼1

n
Niðn;gÞ½Hð/ðxÞÞ � Hð/ðxiÞÞ�

h
ai �Maa

i � e1i

þMab
i � e2i

io
ð11Þ

where

aT
i ¼ au

i ; a
v
i ; a

w
i

� �
; eT

j ¼ fej1; ej2; ej3g; j ¼ 1;2;3 ð12Þ

Hð/Þ ¼ signð/Þ ¼
1 8/ > 0
�1 8/ < 0

�
ð13Þ

ai is the vector of enriched displacement degrees of freedom at the
mid-surface of shell and aa

i and ab
i are rotations with respect to e2

and e1, respectively. It should be mentioned that, while aa
i and ab

i

are rotational DOFs with respect to local vectors at node i, they do
not represent any physical or real rotations at that node. In other

Fig. 1. Defination of unit vectors in node i and the system of n, g, f vectors.
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words, aa
i and ab

i can be regarded as rotations with respect to
vectors parallel to e2 and e1 in an unspecified point. Also, /(x) is de-
fined as:

/ðxÞ ¼minðkx� xXkÞsignðn � ðx� xXÞÞ ð14Þ

where the crack is defined by the interface X, xX is the normal pro-
jection of x onto X and n is the unit normal vector, as depicted in
Fig. 2.

In order to define the local crack tip coordinate system, as de-
picted in Fig. 3, consider a plane C tangent to the shell at the crack
tip. Its unit normal vector at the crack tip is defined by ntip

3 and its
ortho normals vectors, located in plane C, are denoted as ntip

1 and
ntip

2 . Vector ntip
1 is tangent to the crack tip interface on plane C.

ntip
1 ; ntip

2 ; ntip
3 are defined in terms of global coordinate system.

Now, considering n3 to coincide with ntip
3 , n1 and n2 can be defined

similar to e1 and e2, respectively, as depicted in Fig. 3. n1, n2, n3 are
defined in the global coordinate system and n01; n02;n

0
3 are the

same vectors in terms of the local crack tip coordinate system
ntip

1 ; ntip
2 ; ntip

3 . With these definitions, for a typical point x, the
tip-enriched XFEM part of the displacement vector can be ex-
pressed in the local crack tip coordinate system (see Fig. 3),

utip
1

utip
2

( )0
¼
Xn

i¼1

Ni

Xni

l¼1

ðFl � FlðxiÞÞ
blu

1

blu
2

( )0
i

( )
þ
Xn

i¼1

NiM
Xnr

l¼1

ðRl

"

�RlðxiÞÞ � bla
i

n1
2

n2
2

( )0
þ blb

i

n1
1

n2
1

( )0#
ð15Þ

ðutip
3 Þ
0 ¼
Xn

i¼1

Ni

Xno

l¼1

ðGl � GlðxiÞÞðblu
3 Þ
0
i

( )

þ
Xn

i¼1

NiM
Xnr

l¼1

ðRl � RlðxiÞÞ � bla
i ðn3

2Þ
0 þ blb

i ðn3
1Þ
0

" #
ð16Þ

n0Tj ¼ fn01j ;n02j ;n03j g; j ¼ 1;2;3 ð17Þ

F, G and R are in plane, out of plane and rotational tip enrichment func-
tions, respectively, which are defined in Section 4. ni, no and nr are the
number of in plane, out of plane and rotational tip enrichment func-
tions, respectively. blk

j is the jth component (j = 1, 2, 3) of the enriched
degree of freedom k (k = u, a, b) and corresponds to the lth enrich-
ment function (l = 1, 2, . . .) at the mid-surface of shell. Combining
Eqs. (15) and (16), the displacement field can be written as:

futipg0 ¼
Xn

i¼1

Ni

Xite
l¼1

ðFl � FlðxiÞÞ
blu

1

blu
2

0

8><
>:

9>=
>;
0

i

8>><
>>:

9>>=
>>;þ

Xn

i¼1

Ni

Xote

l¼1

ðGl � GlðxiÞÞ

8><
>:

�
0
0

blu
3

8><
>:

9>=
>;

0
B@

1
CA
0

i

9>=
>;þ

Xn

i¼1

NiM
Xrte

l¼1

ðRl � RlðxiÞÞð�bla
i n02

2
64

þblb
i n01Þ

3
75 futipg0T ¼ futip

1 ;u
tip
2 ;u

tip
3 g

0 ð18Þ

Using a transformation matrix T
�

to relate the displacements in local
crack tip coordinates to global coordinates, leads to:

uXFE ¼ T
�
fuXFEg0; n1 ¼ T

�
n01; n2 ¼ T

�
n02 ð19Þ

and then Eq. (18) is transformed into

utip ¼ T
�
futipg0 ¼

Xn

i¼1

Ni

Xni

l¼1

ðFl � FlðxiÞÞT�

blu
1

blu
2

0

8><
>:

9>=
>;
0

i

8>><
>>:

9>>=
>>;

þ
Xn

i¼1

Ni

Xno

l¼1

ðGl � GlðxiÞÞT�

0
0

blx
3

8><
>:

9>=
>;
0

i

8><
>:

9>=
>;þ

Xn

i¼1

NiM
Xnr

l¼1

ðRl

2
64

�RlðxiÞÞ � bla
i T
�

n02 þ blb
i T
�

n01

3
75 ð20Þ

The final displacement field is obtained by combining Eqs. 5, 10, 11,
19, 20

u¼
Xn

i¼1

Niðn;gÞ
�
½ûi�Mâie1iþMb̂ie2i�þ

�
ðHð/ðxÞÞ�Hð/ðxiÞÞÞ

�ðai�Maa
i �e1iþMab

i �e2iÞ
�
þ
Xite
l¼1

½ðFl�FlðxiÞÞðFblu
i Þ�

þ
Xote

l¼1

½ðGl�GlðxiÞÞðGblu
i Þ�þM

Xrte

l¼1

½ðRl�RlðxiÞÞð�bla
i n2þblb

i n1Þ�
�
ð21Þ

Fig. 2. Definition of the signed distance function /.

Fig. 3. Crack tip coordinate system.
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where

Fblu
i ¼ T

�
fblu

1 ; b
lu
2 ;0g

T
i ;

Gblu
i ¼ T

�
f0; 0; blu

3 g
T
i ð22Þ

It should be noted that the local crack tip coordinate system can be
defined as n1, n2, n3 (for which T

�
is defined in terms of n1, n2, n3,

instead of ntip
1 ; ntip

2 ; ntip
3 ), or the vectors n1, n2 can be assumed to

coincide with ntip
2 ; ntip

3 . In both cases, n01; n02; n03 are obtained as

n01 ¼ f1;0;0g
T
; n02 ¼ f0;1; 0g

T
; n03 ¼ f0;0;1g

T

4. Crack tip enrichment functions for plates and shells

Copley and Sanders [53], Erdogan and Kibler [54] and Folias
[55–59] have theoretically investigated pressurized spherical and
cylindrical shells that contain a crack and have derived asymptotic
stress fields near the crack tip. Folias’ asymptotic stress field [57] is
presented in Appendix A. Folias has illustrated that a correlation
function, independent of angle or distance from the crack tip, exists
between plates and shells:

rshell � rplate 1þ c1 þ c2 ln
cffiffiffiffiffiffi
Rh
p

	 

þ O

1
R2

	 
� �� �
; c1; c2

¼ constant: ð23Þ

According to this equation, the stress components in a shell are pro-
portional to 1ffiffi

r
p and with the same angular distribution as that of a

flat plate, while the stress intensity factors remain functions of
the shell radius. Similarly, Zehender and Viz [1]have stated that:
‘‘Near the crack tip, the stress distribution in shells is the same as
that of plates. The shape of the shell or plate will come in only
through the stress intensity factors, or constants that describe the
strength of the crack tip stress singularities’’. To the best knowledge
of the authors, analytical asymptotic displacement fields for shear
deformable shells are yet to be derived. Nevertheless, the available
asymptotic displacement field near a crack tip in a plate under both
in plane loading and out of plane bending can be adopted to derive
tip enrichment functions.

4.1. In-plane enrichments

The solution for displacements around a finite line crack in an
infinite plate subjected to in-plane tension and shear can be ex-
pressed in the crack tip polar coordinates (r, h) as [1]

u1

u2

( )tip

¼ Km1

2l

ffiffiffiffiffiffiffi
r

2p

r cos h
2

� �
2 1�m

1þm

 �
þ 2 sin2 h

2

� �h i
sin h

2

� �
4

1þt� 2 cos2 h
2

� �h i
8><
>:

9>=
>;

þ Km2

2l

ffiffiffiffiffiffiffi
r

2p

r sin h
2

� �
4

1þtþ 2 cos2 h
2

� �h i
� cos h

2

� �
2 1�m

1þm

 �
� 2 sin2 h

2

� �h i
8><
>:

9>=
>; ð24Þ

where Km1 and Km2 are mode I and mode II membrane stress inten-
sity factors (SIF),

Km1 ¼ lim
r!0

ffiffiffiffiffiffiffiffiffi
2pr
p

ðrhhðr;0ÞÞ

Km2 ¼ lim
r!1

ffiffiffiffiffiffiffiffiffi
2pr
p

ðrrhðr;0ÞÞ
ð25Þ

Accordingly, the in-plane tip enrichments are derived as

Fðr;hÞ ¼
ffiffiffi
r
p

sin
h
2

	 

;
ffiffiffi
r
p

cos
h
2

	 

;
ffiffiffi
r
p

sin
h
2

	 

sinðhÞ;

ffiffiffi
r
p

cos
h
2

	 

sinðhÞ

� �
ð26Þ

4.2. Out of plane enrichments

According to the Mindlin–Reissner theory for a shear-deform-
able plate under out of plane loading, displacements are defined as

u1 ¼ x3u1ðx1; x2Þ; u2 ¼ x3u2ðx1; x2Þ; u3 ¼ wðx1; x2Þ ð27Þ

where u1 and u2 are section rotations, as depicted in Fig. 3. Sosa
and Eischen [60] and Hui and Zehnder [3] have presented the ana-
lytical near crack tip displacement fields for out of plate bending.
According to Dolbow et al. [45], asymptotic displacement and rota-
tions are:

utip
3 ¼

6
ffiffiffiffiffi
2r
p

5lt
Kb3 sin

h
2

	 


þ 6
ffiffiffi
2
p

r
3
2Kb1

Et3

1
3
ð7þ tÞ cos

3h
2

	 

� ð1� tÞ cos

h
2

	 
� �

þ 6
ffiffiffi
2
p

r
3
2Kb2

Et3 �1
3
ð5þ 3tÞ sin

3h
2

	 

þ ð1� tÞ sin

h
2

	 
� �
ð28Þ

u1 ¼
6
ffiffiffiffiffi
2r
p

Kb1

Et3 cos
h
2

	 

½4� ð1þ tÞð1þ cosðhÞÞ� þ 6

ffiffiffiffiffi
2r
p

Kb2

Et3

� sin
h
2

	 

½4þ ð1þ tÞð1þ cosðhÞÞ� þ 6

ffiffiffi
2
p

r
3
2Kb3

Et3

� 8
15
� sin

h
2
� ð1þ 3tÞ cos

h
2

	 

sinðhÞ

� �
ð29Þ

u2 ¼
6
ffiffiffiffiffi
2r
p

Kb1

Et3 sin
h
2

	 

�4þ 2ð1þ tÞ cos2 h

2

	 
� �
þ 6

ffiffiffiffiffi
2r
p

Kb2

Et3

� cos
h
2

	 

� ð1� tÞ þ ð1þ tÞ sin2 h

2

	 
� �
þ 6

ffiffiffi
2
p

r
3
2Kb3

Et3

� 8
15

cos
h
2

	 

½1þ ð1þ 3tÞ cosðhÞ�

ð30Þ

where Kb1, Kb2, Kb3 are the bending stress intensity factors,

Kb1 ¼ lim
r!1

ffiffiffiffiffi
2r
p

rhh r;0;
t
2

	 
	 


Kb2 ¼ lim
r!1

ffiffiffiffiffi
2r
p

rrh r;0;
t
2

	 
	 


Kb3 ¼ lim
r!1

ffiffiffiffiffi
2r
p

rh3ðr;0;0Þ
 �

ð31Þ

The out of plane and rotational enrichments can be derived from
Eqs. (28)–(30),

Gðr; hÞ ¼
ffiffiffi
r
p

sin
h
2

	 

; r3=2sin

h
2

	 

; r3=2cos

h
2

	 

; r3=2sin

3h
2

	 

;

�

�r3=2cos
3h
2

	 
�
ð32Þ

Rðr;hÞ¼
ffiffiffi
r
p

sin
h
2

	 

;
ffiffiffi
r
p

cos
h
2

	 

;
ffiffiffi
r
p

sin
h
2

	 

sinðhÞ;

ffiffiffi
r
p

cos
h
2

	 

sinðhÞ

� �
ð33Þ

Interestingly, these rotational enrichments are similar to in-plane
enrichment functions.

By considering only the terms those are proportional to
ffiffiffi
r
p

for
u3, the out of plane enrichments are simplified to:

Gðr; hÞ ¼
ffiffiffi
r
p

sin
h
2

	 
� �
ð34Þ
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4.3. Numerical integration

Among the recently proposed techniques for integration of the
governing equations [63–67], the Gauss quadrature rule is em-
ployed for numerical integration. It is well known that the number
of Gauss points in enriched area should be increased. The main in-
crease, however, is only limited to the elements with crack tip
enrichments which are very limited and do not largely change
the overall number of Gauss points.

The adopted numerical integration is based on the five different
element types, as depicted in Fig. 4. For the elements cut by a crack
and enriched by the Heaviside function (case 2), the sub-triangula-
tion method is used so that each side of the crack is divided into
one, two or three triangles, as depicted in Fig. 5a. Seven Gauss points
are then employed in each triangle. Due to the singular nature of
stress fields near the crack tip, more sub-domains and more Gauss
points per sub-triangle are used for the tip element, as depicted in
Fig. 5b. In each triangle, 13 Gauss points are then employed. For
the elements which are not cut by any discontinuity but they are par-
tially enriched by crack tip enrichments (case 4 in Fig. 4) a uniform
7 � 7 Gauss quadrature rule (without any sub-triangulation) is used.

5. Numerical examples

In this section, the effects of crack tip enrichment functions on
the number of required elements, accurate approximation of

stress and displacement fields and mesh independency of XFEM
are presented. Also the effects of tip enrichment functions corre-
sponding to different degrees of freedom and order of tip enrich-
ment functions in different fracture modes are investigated. The
problems are classified into four categories: Plate with out-of-
plane loading, cylindrical shell, spherical shell and crack
propagation.

Eight-noded degenerated shell elements are used to discretize
the model, and the reduced integration technique is adopted to re-
duce the effects of shear locking.

J integral has been extensively used in 2D and 3D finite element
methods for calculating stress intensity factors. Sosa and Eischen
[60] developed a contour integral formulation for out of plate
bending and many others have modeled pressurized shells using
3D solid elements and employed J integral to calculate SIFs for ele-
ments located across the thickness [4–6,48]. However, this method
has major disadvantages in estimation of SIFs at free surfaces, as it
is the case in shells. In addition, some difficulties exist in separat-
ing SIF values in Mindlin–Reissner plates [45]. An alternative
method, the displacement extrapolation technique, is generally
less accurate than the J integral in 2D or 3D solid elements, but
avoids those theoretical ambiguities in shells. A spline extrapola-
tion technique is used to compute the stress intensity factors at
the crack tip (r = 0) from the asymptotic analytical solutions of
(21) and (25)–(27).

Fig. 4. Various element types.

Fig. 5. Various types of (a) sub-domain in split elements without any tip enrichments and (b) sub domains in a tip element.
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5.1. Fracture in plates with out-of-plane bending

A cracked square plate subjected to a uniform lateral pressure
has been solved by Sosa and Eischen[60] using the finite element
method and the J integral for calculating stress intensity factors.
All edges of plate are simply supported as depicted in Fig. 6, and
the elastic material properties are v = .3 and E = 1000. Areias and
Belytschko [46] have also solved the same example using XFEM
with 51 � 51 regular finite elements, but without crack tip enrich-
ment functions. Fig. 7 compares the results of present XFEM simu-
lation with the reference results, which shows a very good
agreement. Due to the presence of tip enrichments, the present
XFEM required only 225 elements with 3680 DOFs (for a

b ¼ :8), few-
er elements compared with 2601 four-node elements with 7803
DOFs of Areias and Belytschko [46]. Similar conclusions can be
made from Table 1, which compares the calculated values of Kb1

for different crack lengths and meshes for the present XFEM (with
tip enrichments), reference XFEM (without tip enrichments) and
reference finite element method.

The effect of crack tip enrichments on the condition number of
the stiffness matrix has been compared in Fig. 8. While clearly an
increase is observed in the case of full tip enrichments (which is
also an indirect indication of correct representation of singular
stress field at the tip of crack), such an increase is well lower than
the ill-conditioning limits and so conventional solution procedures
can be followed without any major loss of accuracy or extra com-
putational costs. The case of (No Crack) has been given to show the

order of condition number in the standard un-cracked finite ele-
ment method. While for all enrichment cases, the condition num-
bers increase by a low slope, only the full enrichment converges to
a constant horizontal limit. Table 2 compares the condition num-
ber for different number of elements and DOFs. All obtained condi-
tion numbers are within the stable and reliable range and no extra
treatment is necessary.

Table 3 illustrates the run times of this problem for various
number of DOFs based on the presence/absence of crack tip enrich-
ments. It is clearly observed that the runtime differences remain
relatively low, especially for larger number of DOFs.

Also, the convergence study of this problem has been presented
in Fig. 9 for various enrichment types. Clearly lower errors and bet-
ter rate of convergence are achieved if tip enrichments are
employed.

The effect of various tip enrichments is now investigated. First,
all enrichment functions are applied and SIFs are computed (state
1). Then, out-of-plane enrichments are removed and SIFs are com-
puted only in the presence of rotational enrichments (state 2). Fi-
nally, rotational enrichments are removed and SIFs are computed
in the presence of out-of-plane enrichments with the same number
of elements (state 3). The results are shown in Table 4. It is clearly
observed that only a small difference exists between states 1 and 2,
which can be attributed to the fact that in an out-of-plane bending,
stress intensity factors of modes 1 and 2 are mostly affected by
rotational degrees of freedom, while the SIF of mode 3 is directly
affected by out-of-plane displacements. In this example, the effect
of the first mode of fracture is much more than the second one, and
the existing small difference between states 1 and 2 is a result of
indirect effect of rotational tip enrichments on out-of-plane
displacements.

Convergence of SIF in three cases of full enrichment, without
out-of-plane enrichment and without rotational enrichments are

Fig. 6. Geometry and boundary conditions of a cracked square plate subjected to
uniform pressure.

Fig. 7. Normalized stress intensity factor for a cracked square plate (b/t = 6).

Table 1
Normalized SIF for the square plate.

a/b Type of
mesh

Present XFEM Stress Intensity Factor
(Kb1)

Number
of
nodes

Number
of
element

Degrees
of
freedom

Present
XFEM

XFEM
[32]

FEM
[44]

0.80 Structured 736 225 3680 0.06 0.06 0.06
0.77 Structured 560 169 2800 0.06 0.06 0.07
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depicted in the Log–Log plot of Fig. 9 for the out of plane plate. It is
clearly observed that the best convergence and accuracy are ob-
tained by the full enrichment solution. When only rotational
enrichments (without out-of-plane enrichments) are used, more
or less the same convergence rate is obtained but with lower level
of accuracy. When rotational enrichments are omitted and only
out-of-plane enrichments are adopted (which is similar to no tip

Fig. 8. Condition number of global stiffness matrix versus number of DOFs.

Table 2
Condition number of global stiffness matrix.

State Number of elements Number of DOFs Condition number

Full Enr. 441 7570 2.83E+09
No. Enr. 7250 1.99E+06
No. Crack 7040 1.18E+06
Full Enr. 2601 40,970 1.33E+10
No. Enr. 40,650 1.21E+07
No. Crack 40,040 6.71E+06
Full Enr. 10,201 156,570 1.57E+10
No. Enr. 156,250 4.67E+07

Table 3
Run time of the cracked plate for two cases.

Number of elements Number of DOFs Run time (s)

Full Enr. 441 7570 10.9
No. Enr. 7250 7.9
Full Enr. 2601 40,970 92.2
No. Enr. 40,650 87.4
Full Enr. 10,201 156,570 1103.2
No. Enr. 156,250 1088.4

Fig. 9. Convergence of stress intensity factor for various types of tip enrichments.

Table 4
SIF for different types of enrichments.

a/b Enriched DOFs

All Rotations Out-of-plane
State 1 State 2 State 3

0.80 0.058 0.053 0.870
0.77 0.062 0.055 0.662
0.67 0.078 0.070 0.417
0.59 0.088 0.081 0.696
0.71 0.074 0.068 0.873
0.63 0.085 0.079 0.926
0.57 0.093 0.087 0.187
0.52 0.099 0.094 0.131
0.48 0.104 0.099 0.233
0.44 0.108 0.104 1.104
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enrichment), both the convergence and accuracy are substantially
reduced. It should be emphasized that a similar mesh is used to ob-
tain the results for all enrichment types for a specific number of
nodes.

In order to better observe the effect of tip enrichments on the
solution, a plate in fracture mode 3 is considered and the stress/
displacement fields around the crack tip are examined. A clamped
plate which contains an edge crack is subjected to two point loads
in opposite directions, as depicted in Fig. 10. In this test, rotational
tip enrichments are always included and the effects of presence of
out-of-plane tip enrichments are investigated. The material prop-
erties are the same as previous example and 406 elements are em-
ployed for modeling. The dimensions of plate are 2b = 1 and 2w = 2.

Deformed shape of the plate, as depicted in Fig. 11, clearly
shows the governing mode-3 out-of-plane deformation. Variations
of r23 and r12 along the crack orientation are shown in Figs. 12 and
13. Fig. 12 clearly indicates the substantial effect of out-of plane
enrichments, where the order of singularity becomes much higher
than other enrichments as a result of direct effect of out-of-plane
displacements on e23 (and r23).

e23 ¼
@u3

@x2
þ @u2

@x3
ð35Þ

In contrary, r12 remains almost identical in both cases, as depicted
in Fig. 13. To verify the results, it is noted that e12 is computed from

e12 ¼
@u1

@x2
þ @u2

@x1
ð36Þ

where

u1 ¼ x3w1ðx1; x2Þ
u2 ¼ x3w2ðx1; x2Þ

ð37Þ

The strain component e12 (and r12) is computed from displace-
ments u1 and u2 which depend directly only to rotations and out-
of-plane degrees of freedom do not directly affect r12. Therefore,
different tip enrichment functions have various levels of effect on
stress components. As a result, different effects on the stress inten-
sity factors Kb1, Kb2 and Kb3 are expected from different tip enrich-
ments. For example, here, stress intensity factor Kb3 is
substantially affected by out of plane enrichments. The same dis-
cussion is applied to variations of r13. This stress component is also
derived from out-of-plane displacements. However, because of

symmetry of the problem, out-of-plane displacement gradient is
low and the differences remain negligible.

Fig. 10. Geometry and boundary conditions of a plate in fracture mode 3.

Fig. 11. Deformed shape of the plate subjected to two point loads in opposite
directions.

Fig. 12. Variations of normalized ryz along the crack orientation AB in the crack tip element.
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e13 ¼
@u3

@x1
þ @u1

@x3
ð38Þ

To study the effect of order of out-of-plane enrichments, the same
plate with b = 1 and w = 1is analyzed by two different orders of
enrichments. Various stress components and SIFs for different crack
lengths in both cases are compared. Near tip in-plane and rotational
enrichment functions, defined in Eqs. (26) and (33), are functions offfiffiffi

r
p

, which provide the order of singularity 1ffiffi
r
p for stresses and strains.

It is important to note that only the enrichment (33) allows for dis-
continuity of the displacement field. Out-of-plane near tip enrich-
ment functions are defined in (31) and (33) in terms of

ffiffiffi
r
p

and r
3
2.

Variations of ryz and rxy are shown in Fig. 14. Expectedly, al-
most similar results are obtained from the two types of enrich-
ments for the stress component rxy, whereas, because the stress
component ryz is directly derived from out of plane displacements,
significant differences are observed. The higher order enrichment
predicts higher values for the stress ryz near the tip of crack (note
to the logarithmic axis).

It should be noted that the main effect of order of enrichments
is on the corresponding stress component, whereas it has almost

no effect on global values, such as displacement, away from the
crack tip. For instance, values of .0388 and .0387 are obtained for
the displacement of the position of point load in the two enrich-
ments, respectively.

Table 5 compares the obtained values of stress intensity factor
Kb3. It clearly indicates that higher order enrichments capture the
high strength of singularity, whereas low order enrichments pro-
vide far lower accuracies. This is an indirect indication of signifi-
cant effect of order of enrichment on near tip displacements, as a
mean of computing SIFs by extrapolation of displacements of the
crack surfaces.

5.2. Fracture in cylindrical shells

5.2.1. Cylindrical shell with a longitudinal crack
A closed-ends cylindrical shell under internal pressure, with

length of 100 mm and radius of 20 mm is considered, as depicted
in Fig. 15a. The crack length is normalized as,

q ¼¼ affiffiffiffiffiffiffiffi
Rmt
p ð39Þ

Fig. 13. Variations of normalized rxy along the crack orientation AB in the crack tip element.

Fig. 14. Variations of ryz and rxy along the crack orientation AB using various orders of out of plane tip enrichments.
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where Rm, t and a are mean radius, shell thickness and half crack
length, respectively.

First, the special case of Rm
t ¼ 15; q ¼ :9 and Poisson’s ratio of 1

3
is considered. In order to simulate the closed ends, one end is con-
strained, while the other one is subjected to a longitudinal load
corresponding to the internal pressure. 1950 elements are used
to model the whole cylinder. In Fig. 16 normalized stress perpen-
dicular to crack line along the crack orientation AB is plotted and
compared with the reference analytical solution, showing a close
agreement. The stress contours for the upper half of cylinder are
shown in Fig. 17, while the contours of various stress components
in the tip element are depicted in Fig. 18 and are compared with

the Folios’ analytical solution [57] (Appendix A). Considering the
nature of stress singularity in the crack tip, maximum existing er-
rors of about one percent are absolutely negligible.

In Fig. 19, variations of the normal stress along the crack line for
different number of Gauss points are illustrated. The tip element
with six sub-domains (each contains 13 Gauss points) (78 Gauss
points in the tip element) best matches the analytical solutions.
This optimal rule has been used for all simulations.

To show the accuracy of the present method, the crack opening
displacement (COD) in the middle of the crack is computed. For
this purpose, the closed cylindrical shell with four different nor-
malized crack lengths q = .5, 1, 2, 3 and four different values of
Rm
t ¼ ð15;10;20;30 and Poisson’s ratio of 0.3 are considered. COD

can be determined as:

COD ¼ 4
E
r1aV ; r1 ¼ pR

2t
ð40Þ

where E, a, R, p, t and V are modulus of elasticity, half of the crack
length, mean radius, internal pressure, thickness and dimensionless
COD, respectively. The computed values of V are compared with the
reference values presented by France et al. [4] and Huh et al. [4]
(Fig. 20).

Table 5
Stress intensity factor Kb3 based on different order of out of plane tip enrichments.

a/b Number of
elements

Kb3 one
enrichment
(Eq. (34))

Kb3 five enrichments (Eq.
(32))

0.60 35 � 35 6.92 10.14
1.00 35 � 35 11.66 17.08
1.40 35 � 35 14.23 20.81

Fig. 15. Geometry and boundary conditions of a pressurized cylindrical shell. (a) Longitudinal crack and (b) circumferential crack.

Fig. 16. Normal stress along the crack orientation AB.
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Results of Huh et al. [4]were obtained by the general-purpose
FE program, ABAQUS, using 28,800 elements (C3D20R in ABAQUS)
and 125,981 nodes to model one quarter of this cylinder. In con-
trast, in the present method the whole cylinder is modeled by
2501 shell elements with 7585 nodes, an indication of high effi-
ciency of the present approach. Fig. 21 illustrates the displacement

contours for different crack lengths for Rm
t ¼ 5, all obtained on a

fixed mesh.
Finally, Fig. 22 compares the variations of normal stress around

the crack tip for different finite element meshes, which clearly
indicates the mesh independency of present XFEM formulation in
the presence of crack tip enrichment functions.

Fig. 17. Stress contours for the upper half of cylinder with the longitudinal crack.

Fig. 18. Contours of stress distribution on the tip element.
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5.2.2. Cylindrical shell containing circumferential crack
In this example the same cylindrical shell with Rm

t ¼ 10 is con-
sidered with a circumferential crack, with a half crack angle
h = 0.15 rad and Poisson’s ratio of 1

3 (Fig. 15b). Variations of the nor-
mal stress along the crack orientation are compared with Folias’
analytical solutions, as shown in Fig. 23. Also, the stress contours

for the upper half cylinder are shown in Fig. 24, with a detailed
comparison of stress distribution at the tip element with the ana-
lytical solution in Fig. 25.

The level of error shows a close agreement between analytical
and XFEM results with a maximum error of %1.25 near the crack
tip.

Fig. 19. Normal stress along the crack line for different number of Gauss points.

Fig. 20. Comparison of crack opening displacement V obtained by XFEM with the existing reference solutions.
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To illustrate the effect of crack tip enrichments on the accuracy
of stresses, variations of the normal stress along the crack orienta-
tion AB is investigated with and without tip enrichments and com-
pared with Folias’ analytical solutions. In both cases, a similar
mesh is used with the crack tip located close to the edge of the
tip element to minimize the error of neglecting geometric discon-
tinuity in the tip element. As a result, a small error is expected even
when the enrichments are included, whereas a non-singular very
low accuracy stress is predicted without the enrichments, as
clearly observed in Fig. 26.

It is already mentioned that one of the main features that effects
the mesh independency of XFEM near the crack tip is the presence

of tip enrichments. In addition, in the absence of tip enrichments,
error depends on the crack tip location. Fig. 27 illustrates
different positions of the crack tip within the tip element
(hatched). For instance, in the absence of tip enrichments for case
C1, part of the crack located within the tip element (curve CD) is
practically removed from the numerical model, which can be a ma-
jor source of error, especially in local crack tip criteria such as
CTOD (crack tip opening displacement), CTOA (crack tip opening
angle), etc. On the other hand, discontinuity of the crack C2 can
be fully modeled using the Heaviside function. In the absence of
tip enrichment the solution for C2 is expected to be more accurate
than C1, whereas, in the presence of tip enrichments both cases

Fig. 21. Displacements for different crack lengths (Rm
t ¼ 5) on a fixed mesh.

Fig. 22. Comparison of normal stress along the crack orientation AB for two different meshes.
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become almost similar. In this example, the position of crack tip
has been set to be similar to the crack C2 in Fig. 27 to avoid unre-
lated loss of accuracy. It should be re-emphasized that one of the
main advantages of XFEM is that it does not require any remeshing
in the process of crack propagation, where the location of crack tip
is not a priori known within the tip element. As a result, the loca-
tion of crack tip can be a significant source of error if no tip enrich-
ment is used.

5.3. Fracture in a spherical shell

A pressurized semi-sphere which contains a crack along X
direction in its apex, and is subjected to unit internal pressure is
considered. Radius R and thickness t are 20 mm and 1.33 mm,
respectively, and half of the crack angle is 10�, as depicted in
Fig. 28. 2145 elements are used to model this shell. All DOFs of
the boundary of semi-sphere are restrained. Poisons ratio and
module of elasticity are 1/3 and 2 � 105, respectively.

Stress contours on the shell and its tip element are depicted in
Figs. 29 and 30, respectively. Also, the normal stress along the
crack orientation is shown in Fig. 31. The maximum errors of stress
components rxx and ryy are 1.25% and 0.6%, respectively, which are
quite satisfactory compared with the stress singularity at the crack
tip. The crack opening displacement (COD) for a crack in a spherical
shell can be determined from

COD ¼ 4
E
r1ðRhÞV ; r1 ¼ pR

2t
ð41Þ

where E, h, R, p, t and V are modulus of elasticity, half of the crack
angle, mean radius of semi-sphere, internal pressure, thickness
and dimensionless COD, respectively. Values of V for different thick-
nesses and crack angles are illustrated in Table 6.

Finally, contours of displacement on deformed configurations of
semi-sphere for two crack angles are depicted in Fig. 32. Having

Fig. 23. Normal stress along the crack orientation AB for a cylindrical shell with a circumferential crack.

Fig. 24. Stress contours for the upper half of cylinder including a circumferential crack.

2806 H. Bayesteh, S. Mohammadi / Computational Materials Science 50 (2011) 2793–2813



Author's personal copy

obtained different patterns of displacements for the two cases on a
same mesh indicates the efficiency of present XFEM.

5.4. Crack propagation

An internally pressurized, aluminum cylindrical shell, rein-
forced with two tear straps around its circumference is considered,
as depicted in Fig. 33. The shell contains a longitudinal crack

centered between the straps. Dimensions of the cylinder and tear
straps and elastic material properties are given in Table 7.

The main objective of this example is to assess the proposed ap-
proach for modeling the turning of a crack during its propagation,
difficult to perform in a classical finite element method, because
the crack path and element boundaries must match. While this
procedure can be performed by expensive adaptive algorithms, it
is easily done by XFEM. The crack tip opening angle (CTOA) with

Fig. 25. Contours of stress distribution on the tip element for the cylindrical shell with a circumferential crack.

Fig. 26. Comparison of normal stress along the crack orientation AB.
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a critical value of 5� (according to Keesecker et al. [61]) is consid-
ered as the crack propagation criterion (see Fig. 34a). CTOA in
the finite element method is defined as

CTOA ¼ 2 tan�1 dc

2da

	 

ð42Þ

and for XFEM

CTOA ¼ 2 tan�1 dc

2da

	 

ð43Þ

where da, dc are defined in Fig. 34b. Here, the crack propagation is
modeled as a quasi-static phenomenon based on reaching a critical
CTOA value (CTOAc) as the pressure increases.

In this example, the crack initially propagates self similarly until
the crack tip reaches near the tear strap. At this point, the crack
turns into circumferential direction, running parallel to the strap.
The maximum principal stress criterion is employed to determine
where the crack turning occurs.

Variations of pressure as a function of half crack length is de-
picted in Fig. 35, which compares the present results with the re-
sults of Keesecker et al. [61], Areias and Belytschko [46] and
experimental data [62].

It should be emphasized that the present linear elastic solution
can be compared only with the linear part of the reference results,
as they have performed full nonlinear analysis. This is achieved by
comparing the envelop of peak values of reference nonlinear re-
sults with the present linear elastic XFEM propagation.

In order to assess the efficiency of present XFEM, it is noted that
while Areias and Belytschko [46] modeled half of cylinder by 2793
elements using XFEM without tip enrichment functions, and a
quarter of cylinder was modeled by 4400 elements by Keesecker
et al. [61], the present simulation uses far lower number of

Fig. 27. Different positions of crack tip within the tip element.

Fig. 28. Geometry and boundary condition of pressurized semi-spherical shell.

Fig. 29. Stress contours on the semi-sphere with a crack (h = 10�).
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Fig. 31. Normal stress along the crack orientation AB for the spherical shell (h = 10�).

Fig. 32. Displacement contours on deformed configurations of semi-sphere for two crack angles (a) h = 15�, (b) h = 25�.

Fig. 30. Stress contours on the crack tip element (h = 10�).
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elements: only 1989 elements are employed to model the whole of
cylinder. Contours of displacement on deformed configurations of
cylinder in two different stages of crack propagation are depicted
in Figs. 36 and 37. The crack turning within the tip element is
clearly observed in Fig. 37. Although the crack has turned 90� in
the present simulation, however, the method is capable of captur-
ing the crack turns in arbitrary directions.

Fig. 33. Geometry of cylinder and tear straps (all dimensions are in mm).

Table 6
Normalized values of COD (V) for cracked semi-sphere.

R/t h V R/t h V

10 15 1.551 20 15 2.318
20 1.973 20 3.301
25 2.748 25 4.988

Table 7
Dimensions of the cylinder and tear straps and elastic material properties.

Cylindrical shell Tear strap

Inside radius 9 (in) – 22.86(cm) Inside radius 9 (in) – 22.86(cm)
Thickness .04(in) – 0.1016(cm) Thickness .156(in) – 0.396(cm)
Half length 19.5(in) – 49.53(cm) Width 2(in) – 5.08(cm)
Young’s module 10.359 � 106(psi) – 71,422(MPa)
Poisson’s ratio 0.3

Fig. 34. Definition of CTOA in (a) Finite element method and (b) extended finite element method.
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Fig. 35. Pressure versus half crack length in the pressurized stiffened cylinder.

Fig. 36. Deformed configuration of cylinder by a magnification factor 3 (a = 11.43 cm).

Fig. 37. Deformed configuration of cylinder after crack turning (magnification factor 1).
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Due to the presence of tip enrichment functions, crack disconti-
nuity within the tip element can be modeled easily. It should also
be noted that, one of the disadvantages of CTOA method is the
mesh dependency of this criterion in conventional FEM, whereas
applying the crack tip enrichments in XFEM greatly reduces this
dependency. For instance, the critical pressure for the half crack
length of 5.2 cm, are obtained 0.183 MPa, 0.180 MPa and
0.202 Mpa on meshes of 2665, 3927 and 1989 elements, respec-
tively, indicating the low mesh sensitivity of present XFEM.

6. Conclusion

A new implementation of XFEM for crack stability/propagation
analysis of general shells has been discussed in the present study
by inclusion of the crack tip enrichment functions for arbitrary
crack directions. The effects of tip enrichments on the required
number of elements, stress singularity, stress distribution near
the crack tip, and the displacements near and away from the crack
tip have been investigated. Also, enrichments corresponding to dif-
ferent DOFs in various fracture modes and order of enrichments
have been numerically discussed. Inclusion of crack tip enrich-
ments in fracture analysis of shells results in substantial reduction
in the required number of elements and nodes. A far more accurate
estimation of singular stress field near the crack tip is attainable in
the presence of crack tip enrichments. Also, while a more accurate
evaluation of displacement field near the crack tip is obtained, but
there is little effect on the displacements away from the crack tip.
In addition to better estimation of fracture parameter CTOA near
the crack tip, the dependency of CTOA on element size is largely re-
duced in the presence of crack tip enrichments. Moreover, higher
order out-of-plane enrichments lead to higher order of stress sin-
gularity in fracture mode 3. Finally, the approach is well fitted to
the simulation of complex fracture patterns such as turning the
crack orientation, even within an element.
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Appendix A

A.1. Analytical solution for cracked cylindrical and spherical shells

Based on the Folias’ solution [57], the basic stress distribution
around a crack tip for a symmetrical loading on a cylindrical or
spherical shell is defined as:

Bending stresses rðbÞx ;rðbÞy ; sðbÞxy

 �
on the ‘‘tension side’’ of the

shell

rðbÞx ¼ pðbÞs

ffiffiffiffiffi
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2r

r
�3� 3m

4
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h
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Stretching stresses rðeÞx ;rðeÞy ; sðeÞxy
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through the thickness:
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where r and h have been defined in Fig. 38.
Now consider a shallow cylindrical shell containing a crack of

length 2a is subjected to a uniform internal pressure p0 with an ax-
ial tension p0R

2 (equivalent to the internal pressure applied at the
end of the cylinder to simulate the closed end). For a longitudinal
crack,

pðbÞs ¼ �rðeÞ k2
ffiffiffi
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where c = .5768 is the Euler constant, and k is defined as

k4 ¼ 12ð1� v2Þa4

R2t2
ðA:10Þ

The applied stretching �rðeÞ and bending �rðbÞ stresses are,

�rðeÞ ¼ pR
t
; �rðbÞ ¼ 0 ðA:9Þ

The normal stress along the crack orientation for V ¼ 1
3 is then ob-

tained as,
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1
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r
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For a circumferential crack,
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where
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; �rðbÞ ¼ 0 ðA:13Þ

Fig. 38. A curved shell containing a finite line crack.
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Hence, the normal stress along the crack orientation for V ¼ 1
3 is

becomes:

rnðx;0Þjm ¼
1
3
�
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a
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r
f1þ ð:2� :15 ln kÞk2g pR

2t

	 

ðA:14Þ

For a shallow spherical shell, pðeÞs and pðbÞs are defined as
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with

�rðeÞ ¼ pR
2t
; �rðbÞ ¼ 0 ðA:17Þ

Therefore, the normal stress along the crack orientation for V ¼ 1
3 is

obtained as,
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1
3
�
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r
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