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A B S T R A C T

Fracture toughness, as a measure of resistance against crack instability and propagation, is one of the most
important parameters in fracture mechanics of rocks and other solid materials. Different methods have so far
been proposed in order to determine mode I fracture toughness. In practice, however, considerable differences
between their results have been reported. In this study, six conventional tests, including the Single Edge Round
Bar Bending test, the Chevron Bend test, the Semi-Circular Bend test, the Straight Notch Disk Bend test, the
Brazilian disk test, and the Flattened Brazilian Disk test have been performed on a uniform specimen of gabbro
rock for determination of mode I fracture toughness. A notable maximum difference of 42% is observed between
the results.

The tests are categorized into three groups in terms of their similarities. Several factors which affect the
prediction of fracture toughness are investigated by both the numerical and experimental evidences. Distribution
of the fracture process zone around the crack tip, is numerically computed using the 3D finite element analysis
and based on both the “normal tensile stress” and the “von-Mises” criteria. According to the investigated fea-
tures, the Chevron Bend test is the most reliable test for determination of the fracture toughness. Furthermore,
the distribution of fracture process zone around the crack tip in this test is non-uniform which leads to over
estimation of fracture toughness predicted by the effective crack theory.

1. Introduction

Fracture toughness or critical stress intensity factor represents the
material resistance against crack extension and is one of the most im-
portant parameters in fracture mechanics of solid materials [1]. For
instance, fracture toughness is used to study the rock fragmentation
process and classification of rocks [2].

It is generally accepted that an existing crack may behave either in
one of the three pure modes of fracture (opening, shearing, and tearing)
or in a mixed mode [1,3]. Due to the limitations of rock sample pre-
paration, several methods have been proposed to determine the mode I
fracture toughness. In terms of loading, these methods are divided into
three categories: tensile, bending and compressive loading conditions
[4].

The short rod (SR) test is an ISRM suggested method in which a
tensile load is used for determining the mode I fracture toughness [2].
The tests in which the three-point bending are applied to determine the
mode I fracture toughness of rocks include the single edge crack round
bar bending test (SECRBB) [5,6], the chevron notched short rod bend

(CNSRB) method [7], and the ISRM suggested methods of the chevron
bend test (CB) [2], and the semi-circular bend test (SCB) [8]. The
chevron notch semi-circular bend test (CNSCB) [9], and the straight
notch disk bend test (SNDB) [4] are also amongst the proposed
methods. The tests that use compressive loading to determine the mode
I fracture toughness of rocks are very diverse, but the most important
ones are the Brazilian disk test (BDT) [10], the flattened Brazilian disk
test (FBD) [11], the cracked straight through Brazilian disc (CSTBD)
[12], the modified ring test (MR) [13], and the cracked chevron not-
ched Brazilian disc (CCNBD), suggested by ISRM [14].

Since the fracture toughness is one of the inherent characteristics of
materials, fracture toughness values measured from different tests for
one type of rock should be in good agreement with each other.
Unfortunately, this is not the case in practice. Sun and Ouchterlony
based on studies on granite samples concluded that the fracture
toughness values of SR samples were more than those of SECRBB
samples and once SECRBB samples became pre-cracked, they could
provide results closer to SR samples [15]. Also, Khan and Al-Shayea
with studies on Saudi Arabia limestone showed that the fracture
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toughness values obtained from the CSTBD samples were less than
those of the CCNBD samples [16]. They also stated that among the
fracture toughness values in straight notch samples obtained from SCB,
SECRBB and CSTBD tests, the SCB and CSTBD tests reported the highest
and lowest values for fracture toughness, respectively [16].

The study of Chang et al. on granite and marble samples showed
that there was a good agreement in fracture toughness values of
CCNBD, CNSCB and BDT tests, all were clearly more than the SCB
value. The reason was believed to be due to non-pre cracking of SCB
samples [17]. Iqbal and Mohanty, who were studying on three types of
granite, noted that using

R
1 instead of

D
1 in the ISRM suggested

equation in the CCNBD test, determined a better fracture toughness
value [18,19]. Later, however, Wang et al. discussed that the experi-
mental equation of Iqbal and Mohanty [18,19] could not be confirmed
theoretically [20,21]. Study on sandstone samples by Cui et al. showed
that the fracture toughness value of CCNBD samples was 8–27% less
than the fracture toughness in SR samples with the same diameter of
CCNBD samples [22]. They used the suggested equation of Iqbal and
Mohanty [18,19] to calculate the fracture toughness and noted that,
better agreement would be achieved for larger diameters [22]. The
numerical investigation of Dai et al., which simulated progressive
fracturing during the CCNBD test, manifested that the straight-through
assumption would not be achieved during the test, affecting the accu-
racy of fracture toughness [23]. Recently, Wei et al. clarified the con-
troversial issue about the conservative fracture toughness of the CCNBD
method [24 and 25]. They used the distribution of acoustic emission to
show the existence of a large FPZ [24]. Furthermore, by recalculation of
the dimensionless stress intensity factor in three standard chevron-
notched tests (i.e. the CB, SR, and CCNBD) and numerical estimation of
the length of FPZs, they demonstrated that underestimation of the
minimum dimensionless stress intensity factor in the ISRM-suggested
method and the large fracture process zone were the two major reasons
of lower fracture toughness values in the CCNBD test [25]. In another
research, Tutluoglu and Keles demonstrated that the fracture toughness
values of SCB samples of andesite and marble were less than those of
the CCNBD samples [4]. They also stated that the fracture toughness of
SNDB samples with ratio of thickness to radius equal to 1, was

approximately equal to fracture toughness of SCB samples [4]. More-
over, fracture toughness of SNDB samples with ratio of thickness to
radius more than 2, was similar to that of CCNBD samples [4]. They
also applied the equation of Iqbal and Mohanty [18,19] to calculate the
fracture toughness [4]. Recently, Funatsu et al. also noted that in the
sandstone samples the fracture toughness of the SCB test was less than
the value of the CB test [26]. They stated that using the K-resistance
curve for determining fracture toughness of the SCB samples would lead
to results close to the second level values of fracture toughness in CB
samples [26]. While Wei et al. showed that the straight-through as-
sumption in the chevron notch might cause some errors due to the
curved crack front in CNSCB samples [27], Wei et al. used the same
assumption to present a wide range of fracture toughness values in this
test [28].

In this paper, six tests i.e. CB, SECRBB, BDT, FBD, SCB, SNDB are
performed on a uniform gabbro rock to investigate the range of dif-
ferences obtained in mode I test results by these methods. Then, the
tests are modeled numerically after sufficient verifications. The tests are
categorized into similar groups and the experimental and numerical
results are investigated to determine the influencing factors and their
effects. Finally, general comparisons are conducted to better determine
the reliability of each test. The process is typically shown in Fig. 1.

2. Fracture toughness determination tests

2.1. Single Edge crack round bar bending test (SECRBB)

Ouchterlony used this method to determine the fracture toughness
of Marble. The main feature of this method is to use core samples of
rocks in which a straight notch is cut (Fig. 2). The equation proposed to
determine the fracture toughness is [6]:

= ⎛
⎝

⎞
⎠

K S
D

Y P
D

0.25IC
max
1.5 (1)

where Pmax is the maximum load, S D( / ) is the ratio of span to diameter,
Y is the dimensionless stress intensity factor, D is the sample diameter
and KIC is the mode I fracture toughness. The Y factor clearly varies

Nomenclature

SR short rod
ISRM international society of rock mechanics
SECRBB single edge crack round bar bending
CB chevron bend
SCB semi-circular bend
CNSCB chevron notch semi-circular bend
SNDB straight notch disk bend
BDT Brazilian disk
FBD flattened Brazilian disk
CSTBD crack straight through Brazilian disc
MR modified ring
CCNBD crack chevron notched Brazilian disc
KIC mode I fracture toughness
P load
Pmax maximum load
S distance between supports
D sample diameter
d average grain size
Y dimensionless stress intensity factor of straight notch

samples
a crack length
∗Y dimensionless stress intensity factor of chevron notch

samples
∗Ymin minimum dimensionless stress intensity factor of chevron

notch samples
a0 initial notch length
R sample radius
B sample thickness
B1 crack front
σcr P

DB2
max

KI stress intensity factor
c half of crack length
α half of loading angle
B' in case of Brazilian disk is equal to 920m−3/2

Φ dimensionless stress intensity factor of BDT and FBD
samples

Φmax maximum dimensionless stress intensity factor of BDT and
FBD samples

Pmin local minimum point in the recorded load-displacement
curve

MTS material testing systems
SENB single edge notched beam
W sample width
a1 maximum depth of chevron flanks
FPZ fracture process zone
ft tensile stress of rock
S Mises Von-Mises stress
S normal the stress normal to the crack plane
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Performing tests on gabbro samples 

Determining failure loads for CB, SECRBB, 
SCB and SNDB tests  

Determining local minimum loads for BDT and 
FBD tests 

Calculating the fracture toughness based on 
available equations for each test 

Creating 3D finite element models of all tests and 
determining the fracture toughness using the J integral  

Comparing experimental and numerical results 

Choosing the best test for determining mode I 
fracture toughness of rock 

Fig. 1. Procedure for choosing the best test for determining the fracture toughness.

Fig. 2. Single Edge Crack Round Bar Bending (SECRBB) test specimen.
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with the ratio of S D( / ). For =S D( / ) 3.33, this parameter is defined as
Eq. (2):

=
⎡
⎣

+ ⎤
⎦

⎡⎣ − ⎤⎦

( ) ( )
Y

12.7527 1 19.646

1

a
D

a
D

a
D

0.5 4.5 0.5

0.25

(2)

where a is the length of notch.

2.2. Chevron bend test (CB)

This test is one of the ISRM suggested methods for determining the
fracture toughness [2]. In this test, a notch is created in the center of
core and in the beam span. The created notch is in the form of a V
shape, called the chevron notch (Fig. 3). Dimensions of the notch are
obtained from the ISRM-suggested method [2].

This test is carried out in two levels. In the first level, only the
failure load is recorded while in the second level, the full load-dis-
placement curve is recorded with the help of a stiff loading frame. The
second level of the test is used only if the sample shows a significant
non-linear behavior. Therefore, the first level of the test is sufficient for
the present study. The rock fracture toughness is determined by the
following equation [2].

=
∗

K
Y P
DIC

min max
1.5 (3)

where Pmax is the maximum load, D is the diameter of the sample, and
∗Yminis the minimum dimensionless stress intensity factor, defined by

[2]:

= ⎡
⎣⎢

+ + ⎛
⎝

⎞
⎠
⎤
⎦⎥

∗Y a
D

a
D

S
D

1.835 7.15 9.85min
0 0

2

(4)

where S is the distance between supports and a0 is the length of initial
notch.

2.3. Semi circular bend test (SCB)

This test was designated in 2014 as an ISRM method for de-
termining the mode I fracture toughness. In this test, the core is divided
into 2 halves (Fig. 4). Eq. (5) is used to determine mode I fracture
toughness [8].

=K Y P πa
RB2IC

max
(5)

where Pmax is the maximum load, a is the notch length, R is the radius of
semicircle, B is the sample thickness and Y is the dimensionless stress
intensity factor [8]:
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(6)

Here, β is the ratio of notch length to the disk radius, and S is the
support span.

2.4. Straight notch disk bend test (SNDB)

This is one of the newest tests proposed by Totluoglu and Keles to
determine the fracture toughness of rock samples [4]. The test includes
a cylindrical disk sample whose center is notched along the sample
length, as depicted in Fig. 5. Eq. (7) is used to determine the fracture
toughness of sample [4].

=K Yσ πaIC cr (7)

where =σcr
P
DB2
max is the critical stress, a is the notch length, D is the

diameter of the sample, Pmax is the maximum load, B is the sample
thickness and Y is the dimensionless stress intensity factor which
should be calculated numerically by Eq. (8),

=Y K
σ πa

I

cr (8)

and KI is numerically evaluated from the J-integral.

2.5. Brazilian disk test (BDT)

In 1993, Guo et al. presented the Brazilian test for determining the
fracture toughness of rock samples. No initial notch is required in this
test (Fig. 6) [10].

The test terminates after the maximum load where a local minimum
drop is observed in the loading. There is no need to record the full load-
displacement curve in this test. The fracture toughness of the samples is
determined from Eq. (9) [10]:

= ⎛
⎝

⎞
⎠

K BP c
R

ΦI
'

(9)

where c is the half of final crack length, P is the applied load, R is
the radius of disc and α is the half of the loading angle. ( )Φ c

R is the
dimensionless stress intensity factor and is equal to 0.112 for = ± °α 5 .
The value of B' is equal to 920m−3/2. In case of different dimensions,
values ofΦ and B' can be determined from [10]. KI is the stress intensity
factor which represents the fracture toughness if the local minimum
point is reached. For the case of above stated dimensions, Eq. (9) can be
simplified to Eq. (10):

=K P104.1IC min (10)

Fig. 3. Chevron bend (CB) test specimen.
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Fig. 4. Semi Circular Bend (SCB) test specimen.

Fig. 5. Straight Notch Disk Bend (SNDB) test specimen.

Fig. 6. Brazilian Disk (BDT) test specimen.

Fig. 7. Flattened Brazilian (FBD) test specimen.
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where Pmin is the local minimum point in the recorded load-displace-
ment curve.

2.6. Flattened Brazilian test (FBD)

This test was proposed by Wang and Xing to improve the Brazilian
test for determining the fracture toughness. In this method, the
Brazilian test sample is flattened at both ends to simplify the application
of loading (Fig. 7). The crack initiation occurs at the center of the disk,
which depends on the angle of loading [11].

In this test, it is only required to record the local minimum point of
the load-displacement curve. Eq. (11) is used to evaluate the fracture
toughness:

=K P
RB

ΦIC
min

max (11)

where R is the radius of disc, Φ is the dimensionless stress intensity
factor with the maximum value of Φmax, B is the sample thickness and
Pmin is the local minimum point of the load-displacement curve. Φmax is
determined numerically for each angle of loading. Wang et al. used the
finite element and boundary element methods to obtain =Φ 0.58max for
flattened Brazilian disk samples for the loading angle = °α2 30 [11,29].
Also, Keles and Tutluoglu calculated the maximum dimensionless stress
intensity factor as 0.445 for = °α2 30 by using the two-dimensional fi-
nite element analysis [30].

3. Experiments

Gabbro samples were chosen for performing fracture toughness tests
in the Rock Mechanics Laboratory of University of Tehran.
Mineralogical and mechanical properties of the gabbro samples are
mentioned in Tables 1 and 2, respectively.

Higher values of notch thickness can increase fracture toughness
values [31]. However, Justo et al. performed 216 fracture toughness
tests on four rock types with different notch radii from 0.15mm to
15mm under 4-point bending conditions, and demonstrated that for
notch radii less than a critical distance, usually a few mm in rocks,
variation of the notch thickness does not change the fracture toughness
significantly [31]. The critical distance in rocks is usually surrounded
by the grain size and ten times of this parameter [32]. In addition, the
ISRM suggested method states the saw thickness for straight notch tests
should be less than the average size of the grains [8]. Accordingly, the
saw thickness in this study was chosen 1.58mm.

Servo-controlled material testing machine, MTS 815, was used to
load the samples. All experiments were performed at a speed of
0.002mm/s in order to avoid the effects of loading rate and dynamic
effects on fracture toughness. A load cell with capacity of 5 ton was
used to record the test loading. In each test type, three tests were
performed to determine the fracture toughness accurately.

Samples with 54mm diameter, 216mm length and 180mm support
distance (S/D=3.33) and straight notch with 11.7 mm length were
used to determine the fracture toughness in SECRBB test. Samples with
54mm diameter, 216mm length and 180mm support distance (S/
D=3.33) were used in the CB test. The chevron notch angle was 90°
and the initial length of notch was 11mm. In SCB test, semicircle
samples were used with 74mm diameter, 37.5mm thickness and
50mm span length and straight notch with 15mm length. In the SNDB
test, cylindrical samples were used with 74mm diameter, 37.5 mm
thickness and 50mm span length and straight notch with 18mm

length. For the BDT test, samples with 54mm diameter, 27mm thick-
ness and the contact angle of jaws with samples about 10° (α=5°),
were tested to determine fracture toughness. Finally, same samples
were used in the FBD test with 54mm diameter and 27mm thickness,
flattened at both ends with an angle of 30° (2α=30°).

Table 3 summarizes the result of performed tests. The fracture
toughness in all tests is determined using the already available re-
ference equations, except in the SNDB test in which no analytical
equation is available and a numerical modeling is adopted. Fig. 8 shows
the fractured samples of different tests.

4. Numerical modelings

Three-dimensional finite element method based on singular ele-
ments for crack tip modeling is used to simulate the tests. The fracture
toughness is determined from the J integral. Only half of the sample in
SECRBB, CB, SCB, SNDB tests and a quarter of sample in BDT and FBD
tests are modeled due to symmetry to reduce the size of the model.
Experimentally obtained failure loads for CB, SECRBB, SCB, SNDB tests
and local minimum loads in BDT and FBD tests are used for determining
the fracture toughness in models. Also, fracture toughness and stress
intensity factors are determined with 10 contours around the crack tip.
In straight notch tests (i.e. SECRBB, SCB, and SNDB), the fracture
toughness is calculated around the notch crack tip. However, for re-
maining tests (i.e. CB, BDT, and FBD), the toughness is computed for
the critical stress induced crack length in which the dimensionless stress
intensity factor reaches its critical value. Reliability of this numerical
approach has been confirmed by several researches [4,7,25,28,30,33].
Mesh arrangement includes 15-node quadratic triangular prisms
around the crack tip and 20-node quadratic bricks elsewhere. In order
to verify the numerical modeling procedure, the one Single Edge Not-
ched Beam test (SENB) sample is modeled and the numerical results are
compared with the analytical solutions. After verifying the procedure,
the main tests are modeled and discussed.

4.1. Verification based on the Single Edge notched beam test (SENB)

A cubic block of 45 cm length, 10 cm width and 10 cm thickness is
used to model the SENB sample (Fig. 9). The length of cracks varies
from 20 to 80mm. Approximately, 7800 elements and 35,000 nodes are
used in the model. A dimensionless stress intensity factor, independent
of the applied load, is adopted. This method is only used for verification
of numerical models, and it is not included in the experimental tests of
Section 3. The numerically evaluated dimensionless stress intensity
factor (Eq. (12)), determined from 10 contour integrals around the
crack tip for a constant load, is compared with the analytical solution
(13) presented by [1]. The applied load is 1000 N (500 N for half of the
model because of symmetry).

=Y K BW
PS

I
1.5

(12)

=
⎡
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− − − + ⎤
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+ −

( )
( )

( )( ) ( ) ( )
( ) ( )

Y
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2 1 2 1

a
W

a
w

a
W

a
W

a
W

a
W

a
W

2

3/2

(13)

where a is the crack length, W is the sample width, KI is the stress
intensity factor, B is the sample thickness, P is the applied load and S is
the supports span.

Fig. 10 demonstrates the adopted finite element mesh for simulation

Table 1
Mineralogical information of gabbro samples.

Plagioclase (%) Amphibole (%) Biotite (%) Mafic minerals (%) Apatite (%) The average grain size (mm)

80–85 10–15 2–3 3–5 <1 2
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of the SENB test which is finer around the crack tip and coarser else-
where. Variation of the dimensionless stress intensity factor as a func-
tion of the ratio of crack length to sample width for the block samples is
shown in Fig. 11. It indicates that the difference between numerical and
analytical results is less than 2%, which proves the accuracy of nu-
merical modeling.

Fig. 11. Shows that the variation of dimensionless stress intensity
factor is ascending, a sign of unstable crack growth in the specimen.
During crack propagation, and according to Eq. (14) and Fig. 11, an
ascending trend is observed for variation of the dimensionless stress
intensity factor in terms of the crack length. As a result, lower load is
required for a specific critical stress intensity factor in longer crack
length during crack propagation; an indication of decreasing trend for
the required failure load during crack propagation, or an unstable crack
growth. A similar argument was provided by [28].

=K P S
BW

YIc
max

1.5 (14)

4.2. Numerical modeling of single edge crack round bar bending test
(SECRBB)

5600 elements and 25,000 nodes are used to model the SECRBB test.
Six different levels of increasing crack length are considered to re-
present the crack growth. The dimensionless stress intensity factor is
calculated for each constant load and the obtained values are compared
with the results of Eq. (2). In these samples, due to the ascending curve
of the dimensionless stress intensity factor, the crack growth is un-
stable. Fig. 12 shows a very good agreement between the numerical
modeling and analytical solution up to the ratio of crack length to
sample diameter equal to 0.65. The reason for this might be due to the
fact that the proposed equation by Ouchterlony is valid only for the
range of crack length to sample diameter ratios of 0 to 0.6. The fracture
toughness determined by the numerical modeling is 2.285 MPa m ,
with a difference of less than 1 percent (0.185%) with Eq. (1).

4.3. Numerical modeling of the Chevron bend test (CB)

The model for CB specimen for 6 different lengths of crack front (the
crack front is shown in Fig. 13) include approximately 7200 elements
and 31,200 nodes. The results of Fig. 14 show that there is a minimum
point on the curve of variations of the dimensionless stress intensity
factor in terms of the dimensionless crack length, which is an indication
of the critical crack length. Before this point, the crack extends in a
stable regime, and afterward the crack extension becomes unstable. The
crack front propagation is illustrated in Fig. 15. The fracture toughness
based on the minimum point is 2.5 mMPa , which shows 8% difference
with Eq. (3). A similar discrepancy between FEM models and the ISRM
suggested equation for determining the fracture toughness was also
reported in [25].

4.4. Numerical modeling of the semi circular bend test (SCB)

6 different levels of increasing crack length are modeled by 14,500
elements and 62,300 nodes. The dimensionless stress intensity factor is
calculated for one constant load and it is compared with the reference
ISRM values of Eq. (6). Due to the ascending form of Y factor, as shown
in Fig. 16, samples show unstable crack growth. According to Fig. 16,
the agreement of the results is good for the ratio of crack length to the
sample radius in the range of 0.4–0.6, but they have remarkable dif-
ferences for ratios greater than 0.6. This is expected as ISRM suggests
that Eq. (6) is only valid in the range of 0.4–0.6. The fracture toughness
calculated from the numerical modeling is 1.62MPa m , which has
2.4% difference with the ISRM value (Eq. (5)). The reason may be at-
tributed to the fact that the ISRM equation was derived for plane strain
condition, which is different from the present 3D model.

4.5. Numerical modeling of the disk sample test with straight notch (SNDB)

For modeling the crack growth, four different levels of increasing
crack length are used on a model of 9300 elements and 40,100 nodes.
The dimensionless stress intensity factor is calculated for one constant
load. The ascending shape of the Y curve indicates the unstable crack
growth (Fig. 17). Unfortunately, no analytical solution is available to
compare and verify the numerical results. The fracture toughness is
measured to be 1.97MPa m .

4.6. Numerical modeling of the Brazilian test (BDT)

A quarter of the disk is modeled with similar dimensions of the
experimental samples. A finite element mesh of 6200 elements and
27,300 nodes are generated for the modeling and 9 different levels of
increasing crack length are considered. The modeling begins from the
point of fracture initiation, which is considered at the center of the disk.
Fig. 18 shows the variation of dimensionless stress intensity factor with
the ratio of crack length to radius. Accordingly, the curve shows two
trends: before the maximum point (unstable crack growth) and after it
(stable crack growth). This maximum point is used for determination of
the fracture toughness.

According to Fig. 18, the numerical and analytical results are in a
good agreement for small crack lengths (less than 10mm or c/
R= 0.37). However, for larger crack lengths, a considerable difference
exists with the maximum values of 0.112 and 0.248 for the di-
mensionless stress intensity factor in the analytical solution and nu-
merical modeling, respectively. The analytical results for half crack
lengths (which are longer than 10mm (or c/R= 0.37)) are not reliable
due to the assumption of infinite plate, as noted earlier by Wang and
Xing [11]. Therefore, wherever the crack is too long (the half crack
length is longer than 10mm or c/R=0.37), the analytical solution (Eq.
(9)) can no longer be used. The maximum value of the dimensionless
stress intensity factor occurs at c/R=0.85, which is very close to the

Table 2
Properties of gabbro samples.

Young’s modulus (Gpa) Poisson’s ratio Density (gr/cm3) Uniaxial compressive strength (MPa) Tensile strength (MPa) Porosity (%)

42.98 0.18 2.85 132.15 11.12 0.24

Table 3
Values of mode I fracture toughness obtained from the tests.

Test name Failure load (kN) Fracture toughness ( mMPa. ) Test name Local minimum load (kN) Fracture toughness ( mMPa. )

SECRBB 5.42 2.29 BDT 20.64 2.11
CB 2.77 2.72 FBD 21.61 Wang et al. [11,29] 2.71
SCB 4.69 1.58 Keles and Tutluoglu [30] 2.08
SNDB 8.92 1.97
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loading surfaces. The calculated fracture toughness is 4.75MPa m .

4.7. Numerical modeling of the flattened Brazilian test (FBD)

In both Brazilian and flattened Brazilian test models, an initial crack
exists in the model and the way it is extended is examined. Wang et al.
[11,29], and Keles and Tutluoglu [30] used the Griffith criterion to

indicate that in disks with 30° flattened angle, crack extension would
occur from the center of the sample. For modeling the crack growth, 9
different levels of increasing crack length are used on a model of ap-
proximately 7400 elements and 32,300 nodes. According to Fig. 19 and
similar to the Brazilian test, variation of the dimensionless stress in-
tensity factor shows two trends: before the maximum point (unstable
crack growth) and after the maximum point (stable crack growth). The

Fig. 8. Fractured samples. (a) SECRBB test (b) CB test (c) SCB test (d) SNDB test (e) BDT test and (f) FBD test.
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fracture toughness is calculated at the maximum point of the curve,
which is associated with 18mm crack length (c/R= 0.67). Therefore,
the corresponding position is close to the loading surfaces.

The maximum dimensionless stress intensity factor is 0.47, which is
close to 0.445, achieved by Keles and Tutluoglu [30]. The insignificant
differences are due to the differences in the three-dimensional solution
in this paper and two-dimensional plane strain solution of Keles and
Tutluoglu [30]. The maximum value occurs in the ratio of crack length
to radius (c/R) equal to 0.67. The fracture toughness is measured to be
2.2MPa m , with the difference of 5.3% with the value reported by

Fig. 9. Single Edge Notched Beam Test (SENB) test specimen.

Fig. 10. Finite element mesh of the SENB test.
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Fig. 11. Comparing the analytical and numerical values of the dimensionless
stress intensity factor in the SENB test.
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Fig. 12. Comparing the analytical and numerical values of dimensionless stress
intensity factor in the SECRBB test.

Fig. 13. Schematic view of the crack front B1 and the crack length a.
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Keles and Tutluoglu [30]. Again, there is no analytical solution for
comparison.

5. Discussion on experimental and numerical results

Comprehensive results and discussions in sections 3 and 4 clearly
indicate that the values of fracture toughness depend on various factors
such as shape and dimensions of sample, type of notch, sample thick-
ness, stability of crack extension, size of fracture process zone, loading
conditions, and so on. In order to better examine these effects, samples
are divided into 3 similar groups:

1. CB and SECRBB samples: The difference between these two samples
is just the type of notch.

2. SCB and SNDB samples: Only differ in their shapes.
3. BDT and FBD samples: Flattening is the only source of difference.

5.1. Comparison of CB and SECRBB samples

Despite the fact that the test failure load in samples with chevron
notch is lower than samples with straight notch, the values of fracture
toughness of CB samples are greater than values obtained by SECRBB
samples. Stable crack growth in CB samples is one of the most im-
portant advantages of this type of notch compared with SECRBB sam-
ples.

In order to determine the fracture process zone in all tests, first, the
corresponding equivalent stress is evaluated based on the linear elastic
assumption. Then, the points with levels above the yield stress are

considered as part of fracture process zone.
Two criteria are used to estimate the fracture process zone: the

uniaxial normal tensile stress criterion, and the von-Mises multiaxial
criterion. According to the brittle behavior of rocks and assuming that
the tensile yield stress of rock is equal to the tensile strength, each part
of the sample with stresses greater than the tensile strength is assumed
to be part of the fracture process zone, which develops due to sub-
critical stable crack growth. The stress normal to the crack plane and
the equivalent von-Mises stress of the two criteria are compared with
the tensile strength of rock. The size of the fracture process zone is
determined along two axes at the center and corner of the samples. In
the SECRBB test, the center of the notch and 15.57mm out of the center
are chosen. In the CB test, similarly, two axes at the center of the crack
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Fig. 14. Variation of the dimensionless stress intensity factor of the CB spe-
cimen for different crack fronts.
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Fig. 15. Position of the crack front during crack propagation in the cross section of the chevron notch samples (the bold line shows the crack front length) a: B1= 0 b:
B1= 5.4mm c: B1=10.8mm d: B1=16.2mm e: B1= 21.6mm f: B1= 27mm.
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Fig. 16. Comparing the values of dimensionless stress intensity factor in the
SCB test.
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front inside the notch, and 26.38mm away from the center along the
crack front (which corresponds to the minimum dimensionless stress
intensity factor) are considered.

According to Figs. 20 and 21, the normal tensile stress criterion
predicts a similar 5mm fracture process zone length in the center of
both notch types, but in the corners of SECRBB sample, the length of the
fracture process zone is 4.6 mm, while it is zero in CB samples. Based on
the von-Mises criterion, the length of the fracture process zone is
2.5 mm at center of samples for both notches, but in the corners of
SECRBB samples, the FPZ length remains unchanged. In CB samples the
length of FPZ is reduced to 1.25mm and is eventually eliminated. The
length of the fracture process zone at the center of the CB sample
(5mm) is in a good agreement with the equation proposed in [25] for
estimation of the fracture process zone based on the normal tensile
stress criterion in the CB test (5 mm). Fig. 22 shows the fracture process
zone around the crack tip in SECRBB and CB samples.

It is also noted that a limited localized compressive stress zone can
be observed around the loading points and supports, as depicted in
Fig. 22c,d. It is, however, not considered as a fracture process zone.

The shape of fracture process zone is assumed to be circular (in
reality it is dumbbell shape). According to the normal tensile stress
criterion, the ratios of volume of fracture process zone to the total vo-
lume of SECRBB and CB samples are 0.71 and 0.38 percent, respec-
tively. The same ratios become 0.18 and 0.13 percent based on the von-
Mises criterion. Therefore, the size of fracture process zone in SECRBB
samples are greater than CB samples. Fig. 22c,d shows the extent of
fracture process zone in SECRBB and CB samples on the crack plane
based on the von-Mises criterion, which clearly predicts a dumbbell-
shape for both samples. Figs. 20, 21, and 22 show that while the dis-
tribution of the fracture process zone around the crack tip is approxi-
mately uniform in SECRBB samples, it does not remain uniform in the
chevron notch samples.

The CB test produces more accurate value for the fracture toughness
than the SECRBB test because of its stable crack growth, which results
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Fig. 18. Comparing the analytical and numerical values of dimensionless stress
intensity factor in the BDT test.
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Fig. 20. Profile of stress variation from the crack tip in the SECRBB test, (a)
Center of the sample and (b) Corner of the sample.
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in creation of a sharp and narrow crack on the top of notch and smaller
size of the fracture process zone, better matching of the linear elastic
assumption. Although the straight-through assumption may have some
limits in determining the fracture toughness in chevron notched sam-
ples [23,27], this assumption has been broadly used to determine

fracture toughness values [7,25,28,33].

5.2. Comparison of SCB and SNDB samples

Geometric characteristics of both SNDB and SCB samples are si-
milar. In both samples, the thickness and radius are the same and there

Fig. 22. Numerically predicted fracture process zones in the cylindrical samples, (a) SECRBB samples based on the normal tensile stress criterion (b) CB samples
based on the normal tensile stress criterion, (c) SECRBB samples based on the von-Mises criterion and (d) CB samples based on the von-Mises criterion (The red zone
around the crack tip is the FPZ). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 23. Profile of stress to distance from the crack tip in the SCB test, (a) Center
of sample and (b) Corners of sample.
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may only be an insignificant difference between the notch lengths.
Failure load in SNDB samples is approximately twice of SCB samples
and the fracture toughness of SNDB samples is almost 20% greater than
SCB samples. In both tests, the dimensionless stress intensity factor
follows an ascending trend, so unstable crack growth occurs in both
cases. Two axes are specified to determine the size of the fracture
process zone. The first axis is at the center of the notch in both samples
while the second axis is 32.38mm and 15.58mm out of the center in
SNDB and SCB samples, respectively.

The length of fracture process zone based on the normal tensile
stress criterion at the center and corners of SCB sample is 2.5 mm, while
it is 2.5mm and 1.7 mm, respectively, at the center and corners of the
SNDB experimental samples. It should be stated that the length of the
fracture process zone predicted by the normal stress criterion in the SCB
test is very close to the prediction of [33] (2.68mm). According to the
von-Mises criterion, the FPZ length at the center and corners of SCB
samples is 1.25mm and 1.8 mm, respectively, but it is 1.5 mm at the
center and corners of SNDB samples. With the assumption of circular
FPZ (although it is a dumbbell-shape), the ratio of the volume of frac-
ture process zone to the total volume of the sample based on the normal
tensile stress criterion for SCB and SNDB samples is 0.91 and 0.64
percent, respectively, while the von-Mises criterion predicts it 0.34 and
0.19 percent, respectively. In both criteria, the fracture process zone is
greater in the SCB samples. Figs. 23 and 24 illustrate variation of stress
with respect to distance from the crack tip. In addition, the distribution

of the fracture process zone in the SCB and SNDB samples was illu-
strated in the Fig. 25.

Similar to the previous tests, some compressive stress is observed
near the loading point (Fig. 25c,d), which cannot be considered as a
fracture process zone.

According to the normal tensile stress and von-Mises criteria, the
fracture process zone around the crack tip in SCB samples is greater
than in SNDB samples. Since the linear elastic assumption is more ac-
curate for SNDB samples, the fracture toughness obtained from this test
is more accurate than the typical semicircular samples. As shown in
Fig. 25c,d, induced fracture process zone in SCB and SNDB samples
around crack tip based on the von-Mises criterion is dumbbell-shape.

5.3. Comparison of BDT and FBD samples

As mentioned in Section 4.6, the assumption of infinite plate in
deriving a relation for evaluation of the stress intensity factor is in-
consistent with the limited dimensions of the Brazilian disk. On the
other hand, in the BDT test, the crack initiates from the loading surfaces
(as discussed by [11,29,30]) which does not produce a pure tensile
mode. Also, Wang and Xing [11] noticed that the BDT test lacks the
uniform distribution of the load on the disk. Therefore, it can be con-
cluded that the fracture toughness values obtained from the BDT test
are less reliable. Therefore, FBD samples are used to determine the
fracture toughness in which fracture initiates from the center of sample

Fig. 25. Numerically predicted fracture process zones in SCB and SNDB samples, (a) SCB samples based on the normal tensile stress criterion (b) SNDB samples based
on the normal tensile stress criterion, (c) SCB samples based on the von-Mises criterion and (d) SNDB samples based on the von-Mises criterion (The red zone around
the crack tip is the FPZ). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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under a special loading angle and the distribution of load remains
uniform on the end surfaces. On the other hand, the equation for eva-
luation of the stress intensity factor is based on the assumption of a
finite plate [29,30]. In both tests, the normal tensile stress and von-
Mises criteria are used to estimate the size of the fracture process zone.

Estimation of the fracture process zone in this test is carried out at the
c/R value, which corresponds to the maximum dimensionless stress
intensity factor. Two axes at the center and corner of the critical crack
are chosen for determining the length of the fracture process zone. The
corner axes in BDT and FBD tests are at 10.61mm and 10.80mm out of
the center of the critical crack.

Figs. 26 and 27 illustrate that the lengths of fracture process zone
around the crack tip (according to the normal tensile stress criterion) at
the center and corners of BDT and FBD samples are 1.6mm and 2mm,
respectively, showing uniform distribution of fracture process zone
around the crack tip. Also, a larger fracture process zone is observed in
the flattened Brazilian test. The ratio of fracture process zone volume to
the total volume of sample according to the normal tensile stress cri-
terion in Brazilian and flattened Brazilian tests is 0.35 and 0.55 percent,
respectively. The extents of fracture process zone, determined based on
the two criteria, are depicted in Fig. 28.

The large yield zone observed in Fig. 28c,d can be attributed to the
fact that the adopted von-Mises criterion cannot distinguish between
the compressive and tensile equivalent stresses, generated from the
external loading and the tensile crack tip stress, respectively. As a re-
sult, the von-Mises criterion should not be adopted for these two tests.

An important note in both tests is that although the fracture
toughness can be computed for a sharp and narrow crack, it is calcu-
lated at the point where stable crack growth starts. This stability is due
to crack reaching to the vicinity of boundaries (loading surfaces) at the
point of calculating the fracture toughness. Therefore, BDT test is not an
appropriate test to determine the fracture toughness due to: lack of
uniform load distribution on the sample, using the infinite plate as-
sumption for calculation of fracture toughness, initiation of fractures
from the lateral surfaces and elongated crack close to the boundaries at
the point of calculation of fracture toughness. In contrast, the FBD test
is more appropriate than the BDT test for determining the fracture
toughness because of uniform distribution of load on the sample, using
the finite plate assumption to determine the fracture toughness and the
initiation of fracture from the center of sample. Nevertheless, the
fracture toughness in this test is similarly affected by the boundary
conditions due to the development of long crack.

5.4. General comparison of samples

Values of fracture toughness obtained from different methods differ
by 42%. The maximum value is obtained from the CB test while the
lowest belongs to the SCB test.

The tests can be divided into two categories: samples without a
notch and samples with a notch. Without notch tests include the BDT
and FBD tests. The BDT test predicts unreliable values for the fracture
toughness, whereas the FBD test generates more reliable values.

According to the von-Mises criterion, the fracture process zone
around the notched samples is a dumbbell-shape. In case of samples
without the notch, the size of the fracture process zone is not reliably
obtained by this criterion due to long crack length and the direct effect
of boundaries. Moreover, the size of the fracture process zone around
the crack tip in notched samples is obtained larger based on the normal
tensile stress criterion than the von-Mises criterion.

In tests with a straight notch, i.e. SECRBB, SNDB, and SCB, the crack
growth is unstable. Among them, the SECRBB and SCB tests provide the
highest and lowest values of fracture toughness, respectively. It is re-
commended that the loading-unloading cycles be applied for pre-
cracking of samples with straight notch [15] because pre-cracking a
sample leads to a sharp and narrow crack at the tip of the notch.
However, pre-cracking of rock samples is difficult due to their brittle
behavior. An important factor that plays a role on evaluation of fracture
toughness values in these three tests is the support span. Longer support
span reduces the effects of boundary conditions in bending tests. The
support span has the largest value in the SECRBB test while it remains
similar in the other two tests. Despite the fact that in the SNDB and SCB
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tests the span length is the same, different levels of fracture toughness
are obtained due to the larger size of the fracture process zone in the
SCB test.

Another factor that makes a difference in tests with a straight notch
is the ratio of size of the fracture process zone around the crack tip to
the total size of sample. This ratio in SECRBB and SNDB samples is
lower than SCB samples. Furthermore, there is insignificant difference
between the size of fracture process zone of SNDB and SECRBB samples
due to the low volume of the fracture process zone in these tests, so

these two tests are better adapted with the linear elastic assumption.
Wei et al [34] showed experimentally and numerically that the large
FPZ around the crack tip in the SCB test is in fact the main reason
responsible for its lower fracture toughness compared with the CCNBD
test. Considering two important factors that include effects of bound-
aries which is reduced by the longer support distance, and the size of
the fracture process zone around the crack tip, the SECRBB test de-
monstrates more reliable values among the straight notch tests.

General comparison of tests shows that the distribution of fracture

Fig. 28. Numerically predicted fracture process zones, (a) BDT samples based on the normal tensile stress criterion (b) FBD samples based on the normal tensile stress
criterion, (c) BDT samples based on the von-Mises criterion and (d) FBD samples based on the von-Mises criterion (The red zone around the crack tip is the FPZ). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 4
Comparison of the fracture toughness derived from different tests with the CB test.

Test Fracture toughness
( mMPa. )

Deviation from the CB test
(%)

Source of deviation

CB 2.72 –
SECRBB 2.29 15.81 Larger fracture process zone and unstable crack growth
FBD 2.20 19.12 Effects of boundaries on the crack growth due to long crack
SNDB 1.97 27.57 Larger fracture process zone, unstable crack growth, and the effects of boundaries due to the shorter span
SCB 1.58 41.91 Larger fracture process zone, unstable crack growth, and the effects of boundaries due to the shorter span
BDT 4.75 74.63 Non-uniform load distribution, initiating crack from boundaries rather than the center of the sample, infinite

plate assumption, and effects of boundaries because of the long crack length
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process zone around the crack tip varies in the chevron notch samples
while it approximately remains uniform in other tests. Therefore, ap-
plication of the effective crack length for determination of the fracture
toughness in the chevron notch samples overestimates this parameter.

In general, CB is the best test among the studied tests to determine
the fracture toughness due to stable crack growth, which makes a sharp
and narrow crack at the top of notch before calculating the fracture
toughness, and lower size of the fracture process zone around the crack
tip. Also, the boundaries have the least influence on the crack behavior
in this test. Accordingly, variations of the fracture toughness of different
tests are compared with the CB test in Table 4. It should be noted that
the numerical results in BDT, FBD, and SNDB tests are included in this
table due to either lack of an analytical solution or a more reliable 3D-
finite element solution.

6. Conclusion

In this study, six tests of CB, SECRBB, SCB, SNDB, BDT and FBD
have been investigated experimentally and numerically, so the fol-
lowing conclusions can be made:

• The results of fracture toughness show a maximum difference of
42% between various tests. The highest and lowest values are ob-
served in CB and SCB tests, respectively.

• Among the fracture toughness tests, a suitable agreement (difference
less than 8%) is observed between 3D finite element modeling of CB,
SECRBB and SCB tests with equations presented earlier in order to
determine the fracture toughness. Due to the infinite plate as-
sumption in determination of fracture toughness in the BDT test and
finite dimensions of Brazilian disk, there is a significant difference
between the numerical results and analytical solutions. In the FBD
test, the results of numerical modeling are closer to the reference
results [30] (only 5.3% difference).

• To determine the fracture process zone in the samples, two criteria
of uniaxial normal tensile stress and multi-axial von-Mises can be
adapted. It is noted that in the case of notched samples, the fracture
process zone obtained by the normal tensile stress criterion is higher
than that of the von-Mises criterion. However, in the samples
without a notch, the von-Mises criterion is not reliable due to long
crack length and its proximity to the loading surfaces.

• The shape of the fracture process zone around the notched samples
based on the von-Mises criterion becomes dumbbell-shape.
However, in samples without a notch, this shape cannot be achieved
due to the long crack length and its proximity to the loading sur-
faces.

• CB samples produce more accurate values for fracture toughness
compared with SECRBB samples due to its stable crack growth
which creates sharp and narrow crack at the tip of the notch and a
smaller fracture process zone.

• Both SCB and SNDB tests have unstable crack growth. But, due to
smaller fracture process zone in the SNDB test, more reliable values
for the fracture toughness are obtained.

• Despite the fact that the growth of sharp and narrow crack occurs in
the BDT test, it is not appropriate for determining the fracture
toughness due to non-uniform distribution of load on the sample,
initiation of crack from the loading surfaces, assumption of infinite
plate to derive an equation for the fracture toughness, long cracking
and the effect of boundaries at the point of calculating the fracture
toughness. Although most of the flaws of the BDT test have been
eliminated in the FBD test, the results remain directly affected by
boundaries.

• In the case of straight notch tests which show an unstable crack
growth, the SECRBB test provides more accurate values for the
fracture toughness than the SCB and SNDB tests. This is because of
the small ratio of the volume of fracture process zone at the crack tip
to the total sample volume. Moreover, the SECRBB test is less

influenced by the boundaries according to its longer support span.

• General comparison of the fracture process zone distribution around
the crack tip shows that this distribution is non-uniform around the
chevron notch samples, although it approximately remains uniform
along the crack tip in other tests. Therefore, application of the ef-
fective crack length for calculating the fracture toughness of
chevron samples leads to over estimation.

• CB is the best test to determine fracture toughness of rocks amongst
all the mentioned methods due to its stable crack growth, which
results in creating a sharp and narrow crack at the top of notch, and
the small size of the fracture process zone around the crack tip.
Furthermore, the boundary conditions do not have any considerable
effect on crack behavior.
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