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Abstract
A micromechanical study of particle breakage in 2D angular rockfill materials under biaxial compression loading has been 
conducted using a combined DEM and XFEM approach. In this approach, modeling of the crack propagation is performed 
on a fixed mesh without the limitations of classic FEM. Each breakage analysis is based on the final crack propagation state 
in the previous step; therefore, the progressive strength reduction of the particle is incorporated into the breakage analysis 
during loading. The micromechanics of the non-breakable and breakable assemblies have been studied under different 
confining pressures. It was found that particle breakage reduced the voids in the assembly, which resulted in a decrease in 
the final displacement of the particle assembly. Also, the contact forces, particle stresses and anisotropies decreased as a 
result of particle breakage and a more uniform distribution of contact forces and stresses was created. It was observed, as 
the confining pressure increased, the particle breakage increased and its effects intensified. Particle breakage was found to 
be the main cause of the decrease in anisotropies at higher confining pressures which, consequently, led to a reduction in 
the friction angle of the assembly.

Keywords  Particle breakage · Micromechanics · Discrete element method · Extended finite element method · Macroscopic 
behavior

1  Introduction

Particle breakage in granular materials can occur at any 
stress level, but is primarily observed in soil-rockfill masses 
under high stress levels such as earthen dams and the sub-
bases of railroad tracks. Particle breakage has been inves-
tigated in several experimental studies [1–8]. It is found 
that particle breakage significantly affects the behavior 
of granular materials, including the shear strength and 
compressibility.

The discrete element method (DEM) aids in the inves-
tigation of various aspects of the macroscopic behavior of 
granular materials. Detailed study of the microstructure of 
granular materials is hardly possible through experimental 
tests, but can be performed using DEM.

In a particle assembly, external loads applied to the 
boundary particles are distributed in the assembly through 

contact between particles. The size, geometry, material type 
and arrangement of the particles within the assembly affect 
the distribution of contact forces. These factors, as well as 
the type of loading applied to the particle assembly, are 
involved in the formation of anisotropy in the assembly. Ani-
sotropy affects the shear strength and macroscopic behavior 
of the particle assembly; therefore, it is necessary to study 
the microstructure of a particle assembly in order to better 
understand its macroscopic behavior.

Various DEM-based numerical models have been used 
to study particle breakage in granular materials [9–32]. In 
one series of models [18, 19], each breakable particle was 
simulated as an agglomerate of bonded unbreakable spheres 
or disks in a crystallographic array. In this case, breakage 
occurred when the contact forces between the spheres or 
disks exceeded a defined value. Such models frequently 
have been used for simulation of particle breakage in sand 
[20–24], but reproducing angular particles, such as rockfill, 
using an agglomerate of spheres or disks is of limited accu-
racy or requires a large number of particles at high computa-
tional costs. Hosseininia and Mirghasemi [25, 26] modeled 
breakage of 2D angular particles by replacing each particle 
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with bonded polygonal sub-particles. In their model, as in 
previous models, failure of the bonds between the sub-par-
ticles simulated the breakage.

In another approach, a combined finite-discrete element 
method was used for breakage simulation of angular par-
ticles by Bagherzadeh-Khalkhali et al. [27, 28]. In their 
study, first the interaction between particles was modeled 
by DEM, then each particle was meshed individually and 
a stress–strain analysis was performed using finite ele-
ment method (FEM). Breakage was modeled based on the 
number of plastic elements in the particle along a best fit 
line through these elements. Luo et al. [29] updated this 
approach by modeling each particle with a single polygo-
nal element using scaled boundary finite element method 
(SBFEM), instead of discretizing each particle into a large 
number of elements. Ma et al. [30–32] used a finite-discrete 
element approach to model breakage of 2D and 3D particles. 
In their approach, cohesive interface elements were inserted 
at the boundaries between elements according to the cohe-
sive crack model. Breakage was simulated by failure of the 
interface elements along the boundary between the elements.

In the models described above, simplifying assumptions 
were used for breakage simulation. These models required 
extensive calibration with experimental data to produce rea-
sonable results. Furthermore, the crack propagation history, 
which affects the potential breakage of the particle, was not 
incorporated. In fact, the propagation of a crack in the parti-
cle may result in breakage or a stop at some point, but these 
models did not simulate the progressive propagation of the 
crack and breakage occurred instantaneously.

The current study aimed at removing these shortcomings 
in breakage modeling by combining the DEM and extended 
finite element method (XFEM). Biaxial compression testing 
on a 2D granular assembly of angular rockfill particles has 
been simulated and the micromechanical behavior investi-
gated. It should be noted that a corresponding macroscopic 
study has been presented [33].

2 � Breakage modeling

Figure 1 shows flowchart of algorithm used for simulation of 
breakage of angular particles in the present study. In the pro-
posed approach, simulation of the particle assembly under 
biaxial compression loading is performed using the DEM. 
During loading and at short time intervals, breakage analysis 
is performed separately on each particle using XFEM. At 
this stage, each particle is analyzed for crack initiation or 
propagation under contact loads from adjacent particles. If 
the crack propagation results in breakage, the initial particle 
is divided into two separate particles along the final break-
age path.

The DEM simulation of assembly of angular particles was 
performed by modifying the POLY program which was pre-
viously introduced by Mirghasemi et al. [34, 35]. In addition, 
a new code was developed for the XFEM breakage analysis 
of particles. These two programs were combined to simulate 
the particle breakage under biaxial testing. The DEM and 
breakage analysis are briefly reviewed in Sects. 2.1 and 2.2, 
respectively. The numerical model is briefly described in 
this section. Full details of the model have been presented 
in [33].

2.1 � Simulation of particle assembly by DEM

As noted, simulation of the particle assembly under biaxial 
loading is performed using DEM. The contact forces applied 
to each particle are used as the inputs for the XFEM break-
age analysis of the particle. Flowchart of each calculation 
cycle in DEM is shown in Fig. 2. As seen, after applying 
the boundary conditions to the assembly, contacts between 
particles are detected by using the position of the particles 
at the beginning of the time step. The contact forces then are 
calculated using a contact constitutive model. Deformation 
of each particle is negligible in comparison with the par-
ticle assembly deformation; therefore, each particle could 
be assumed to be rigid. As a result, the contact forces are 
determined by calculating the area of overlap between two 
particles.

The resultant force applied to each particle is obtained 
by calculating all contact forces from adjacent particles. 
The acceleration of each particle can be calculated using 
Newton’s second law and the resultant force acting upon the 
particle. In an approach similar to that of the finite differ-
ence method, the new velocity of the particle is determined 
by integration of its acceleration over the current time step. 
Integration of the velocity yields the new position of the par-
ticle at the end of the time step. The new velocity, position of 
the particles and inter-particle forces at the end of the current 
time step are considered to be the initial conditions for the 
next cycle of calculations. These stages are used to construct 
each cycle of calculation in DEM simulation.

Because dynamic equilibrium equations are used in each 
calculation cycle of DEM simulation, the out-of-balance 
forces should be very small to simulate a particle assembly 
under static equilibrium. In order to approach static equilib-
rium, a very small time step is used in DEM simulation. If 
the time step is small enough, displacement of each particle 
within that time step will be small. Therefore, the particle 
only will affect the adjacent particles during each time step 
and the movements will not propagate further in the assem-
bly, which eventually results in static equilibrium [36]. The 
velocity and acceleration of the particles can be assumed to 
be constant during each time step under this condition.
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In this study, the angular rockfill particles are modeled 
as convex polygons. There are a limited number of polygo-
nal shapes in the assembly, which creates different types of 
particles. The particle assembly is randomly generated in 
a circular area based on the initial number of particles and 

the particle size distribution. These factors determine the 
number of each particle type in the assembly.

Loading is applied to the particle assembly under both 
stress-controlled and strain-controlled conditions by apply-
ing a sufficient velocity to the boundary particles. In fact, 

Fig. 1   Flowchart of algorithm used for simulation of breakage of angular particles
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moving the boundary particles at certain velocities creates 
the desired stress or strain in the assembly. Because of the 
essential role of the boundary particles in applying a load 
to the assembly, breakage of these particles is not allowed 
during loading.

2.2 � Particle breakage analysis using XFEM

Each particle of the assembly is assumed to be intact at the 
beginning of biaxial test. Breakage analysis is repeated on 
all particles during biaxial loading. Each particle is meshed 
separately and then XFEM stress–strain analysis is per-
formed on the particle. The loads applied on the particle are 
the contact forces from adjacent particles and are calculated 
using the DEM analysis in the intended time step. If the 
particle has at least three contacts with adjacent particles, 
two contact points are considered to be fixed points in a way 
that it would not cause instability and constitute a statically 
determinate system. The contact forces of the other contact 
points are applied as external loads on the particle.

The stress field in the intact or cracked particles could 
be obtained using XFEM. XFEM is based on classic FEM 
but does not have the limitations of FEM concerning the 
modeling of crack propagation problems. In classic FEM, 
the crack cannot pass through an element of the mesh and 
should propagate along the boundaries of the elements [37, 
38]. For general non-conforming crack propagations, a 
remeshing scheme should be used which, however, increases 
the computational costs [37, 38]. In the XFEM model used 
in the present study, crack propagation is modeled on a fixed 
mesh and in different time steps by adding an enrichment 
function to the standard FEM approximation. This model 
eliminates the limitations of crack propagation as encoun-
tered in classic FEM.

In the XFEM model used in this study, an enrichment 
function is added to the conventional FEM approximation of 
the unknown displacement u to model the discontinuity as:

where x is an arbitrary point in the domain of the problem. 
In the right side of Eq. (1), the first term is the conventional 
FEM solution where N represents the shape functions and 
uI is the conventional degrees of freedom. The second term 
enables modeling of the discontinuity using the Heaviside 
enrichment functions. SH represents the nodes located adja-
cent to the crack. Additional degrees of freedom qJ having 
the same number and direction as the conventional degrees 
of freedom are added at every node of SH [37, 38]. In fact, 
in the SH domain of a 2D model, two additional horizontal 
and vertical degrees of freedom are assigned to every free 
node. The addition of H

(

f
(

xJ

))

 to the enrichment term in 
Eq. (1) satisfies the interpolation at all nodes. In this case, 
u is equal to the real displacement on all nodes, including 
enriched node k [37, 38]:

One of the frequently used Heaviside enrichment func-
tions is the sign function:

where ξ is the signed distance from the considered point 
to the adjacent crack. Therefore, in Eq. (1), f (x) and f

(

xJ

)

 
would be the signed distances from arbitrary point x and 
enriched node J to the adjacent crack, respectively. The dis-
placement discontinuity between the two sides of the crack 
can be modeled using this function. In XFEM crack mod-
eling, limitations of crack propagation on a conventional 
fixed mesh are removed. In the present study, the crack is 
allowed to propagate in only one element at each step of 
breakage analysis. Propagation of the crack to a boundary 
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Fig. 2   Flowchart of each cycle of DEM calculation
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of the particle is assumed to be equivalent to the breakage 
of that particle.

The rockfill materials considered show brittle behavior 
under compressive loads; thus, linear elastic material behav-
ior is used in the breakage analysis. Further detail about the 
XFEM numerical modeling is available in [33].

The Hoek–Brown failure criterion is used as a criterion 
for crack propagation in the particle and to determine the 
angle of the crack propagation path. This criterion is widely 
used in determining the failure of various types of rock [39]:

where �1f  and �3f  are the major and minor principal stresses, 
respectively, �ci is the uniaxial compressive strength of the 
rock and mi is a constant coefficient which is determined 
based on the type of rock and its properties [39]. According 
to this criterion, if the major principal stress is greater than 
or equal to �1f  , shear failure occurs. According to Eq. (4), 
the tensile strength is �t =

−�ci

mi

 and, if the tensile stress is 
greater than or equal to this value, tensile failure occurs. 
Failure of the elements of a particle can be determined using 
the following safety factors:

where �1i and �3i are the major and minor principal 
stresses in element i , respectively. These stresses are deter-
mined based on the stress field obtained from the XFEM 
stress–strain analysis of the particle. If the safety factor of an 
element from Eqs. (5) or (6) is smaller than 1, failure occurs 
in either shear or tensile mode, respectively.

According to the Hoek–Brown criterion, the failure 
plane of the shear mode has an angle of � = �∕4 + �∕2 
with respect to the major principal stress direction. If failure 
occurs in the tensile mode, the failure plane will be perpen-
dicular to the tensile stress direction.

For intact particles, the first element that reaches a safety 
factor of less than 1 is assumed to be the crack initiation 
point. The crack angle is determined along the direction of 
the shear or tensile failure plane in the Hoek–Brown cri-
terion. The XFEM stress–strain analysis then is repeated 
on the cracked particle and the stress field in the particle 
is updated. Based on the updated stress field, if the safety 
factor of the elements adjacent to the crack tip is less than 
1, the crack propagates along the shear or tensile failure 
plane in only one element. These steps are repeated upon 
further propagation of the crack and continue until the crack 

(4)�1f = �3f + �ci

(

mi

�3f

�ci

+ 1

)0.5

(5)SFi =
�1f

�1i

; Shear failure

(6)SFi =
�t

�3i

; Tensile failure

propagation results in particle breakage or the crack stops 
in the particle. As soon as the crack reaches a boundary 
of the particle, breakage occurs and the breakage path is 
determined as a straight line connecting the initial and final 
points of the crack propagation path. The particle is divided 
into two new separate particles along the breakage path. The 
new particles are assumed to be at the position of the initial 
particle in the assembly with properties similar to those of 
the initial particle.

When the XFEM breakage analysis has been performed 
on all particles, the biaxial loading on the particle assembly 
continues. In the DEM analysis, all particles, including the 
new ones, are subjected to contact loads. In the next series of 
the XFEM breakage analysis, the new particles are meshed 
and analyzed similarly to the other particles; therefore, fur-
ther breakage of the new particles is possible. The XFEM 
breakage analysis is repeated on all particles at small time 
intervals until the end of the biaxial test.

In the proposed model, the usual simplifying assump-
tions for determining the breakage path have been removed. 
Modeling of crack propagation can be performed on a fixed 
mesh without the limitations of classic FEM. In this model, 
the crack propagates step-by-step based on the boundary 
and loading conditions of the particle. In each step, the 
stress–strain analysis is performed based on the crack propa-
gated in the previous steps. In this way, progressive strength 
reduction of the particle can be effectively simulated in the 
breakage analysis.

A series of conventional laboratory tests have been simu-
lated on intact rock specimens to investigate the ability of 
the proposed breakage model. The results of these simu-
lations, which have been presented by Raisianzadeh et al. 
[33], showed ability of the model to predict the breakage 
path and breakage strength under different boundary and 
loading conditions.

3 � Simulation of biaxial tests

The effects of particle breakage on the behavior of the parti-
cle assembly were investigated by simulation of compression 
biaxial tests in two groups of non-breakable and breakable 
particles. In the first group, the breakage of particles was 
disabled and, in the second group, the breakage of particles 
was enabled. The biaxial tests were performed under drained 
conditions on an assembly of 1194 angular rockfill parti-
cles. The particles of the assembly have diameters of 37 to 
57 cm and are uniformly distributed throughout this range. 
The particles were meshed on the basis of size and number 
of edges to produce the accuracy required for the breakage 
analysis. Each particle was meshed using 75 nodes and 120 
elements on average, which resulted in about 79,500 nodes 
and 130,700 elements for each XFEM analysis. It is evident 
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that the number of nodes and elements used in each XFEM 
analysis increased as particle breakage occurred during the 
biaxial test.

As noted in Sect. 2.1, the assembly used in the biaxial 
test was generated randomly in a circular area. This particle 
assembly was very loose; thus, a strain-controlled load was 
applied in the next stage to compact the assembly. Com-
paction continued until the particles were in slight contact 
with each other, then it was relaxed. At this stage, slight 
movement of particles in their positions reduced the contact 
between particles to a minimum. Next, a stress-controlled 
load was applied to the assembly to establish the determined 
confining pressure for biaxial testing. Application of the load 
continued until the average horizontal stress of the particle 
assembly became constant and equal to the determined con-
fining pressure in which the volume (area in two dimensions) 
of the particle assembly reached a constant value. The biax-
ial tests were performed under confining pressures of 0.5, 1, 
2 and 4 MPa. In order to compare test results under similar 
conditions, all specimens were prepared such that the void 
ratio had the same value of e = 0.3 before biaxial loading.

The biaxial test was initiated by applying a vertical com-
pressive load with a constant strain rate while the stress of 
the assembly in the horizontal direction was kept constant 
and equal to the confining pressure. A very small strain rate 
was used for loading to ensure quasi-static conditions during 
the test. Shear loading continued up to a strain of 16–18% in 
the different biaxial tests.

The values of the parameters used for the DEM and 
XFEM breakage analyses are presented in Table 1. These 
values were selected empirically because of the qualitative 
nature of this research.

4 � Results and discussion

4.1 � Microstructure of particle assembly

Figure 3 shows the contour of particles displacement dur-
ing biaxial testing at a confining pressure of 2 MPa for the 

non-breakable and breakable assemblies. New particles cre-
ated by breakage are shown in black. As seen, particles in 
the central area show slight displacement in both groups, 
while the particles in outer area show greater displacement. 
Because of the greater displacement gradients in the outer 
areas, particle breakage occurred more in these areas than in 
the central area. The movement of the new particles created 
by breakage into the voids between the existing particles 
reduced the total void ratio in the assembly (see Table 4). 
Comparison of the displacement contours of the non-breaka-
ble and breakable assemblies shows a decrease in maximum 
displacement in the breakable assembly due to breakage and 
production of new particles. This difference is more evident 
at the end of the biaxial test, where a significant percentage 
of particle breakage could be observed. In fact, the decrease 
in voids reduced the dilative behavior of the assembly and 
the final displacement of particles.

Figure 4 shows the normal contact force chains during 
biaxial testing at a confining pressure of 2 MPa for the non-
breakable and breakable assemblies. The contact forces are 
shown at three levels: weak, moderate and strong. The dis-
tribution of the vertical and horizontal particle stresses are 
shown for both groups in Figs. 5 and 6, respectively. As 
for the force chains, the stresses are shown as being low, 
medium or high. The stresses of each particle were calcu-
lated by averaging the finite elements stresses obtained from 
the XFEM analysis during the biaxial test. As seen in Fig. 4, 
at the beginning of the test, the contact force chains were 
mainly consisted of uniform weak forces. Moderate and 
strong force chains gradually increased in a non-uniform 
distribution as shear loading increased. These force chains 
were mainly formed vertically, but the magnitude of the hor-
izontal contact forces remained relatively small. This trend 
can be observed in Figs. 5 and 6 as well. The moderate and 
high vertical stresses increased during biaxial loading, but 
the horizontal stresses increased slightly at the beginning of 
the test and then remained relatively constant. This indicates 
that the difference between vertical and horizontal stresses 
increased as the shear loading increased.

As seen in Figs. 4, 5 and 6, the moderate and strong con-
tact forces induced medium and high vertical stresses in par-
ticles along the vertical chains in the assembly. The vertical 
stress level decreased in particles as the loading increased 
past an axial strain of about 10% due to the failure of the ver-
tical force chains, especially the strong force chains. In fact, 
the highest level of contact forces and stresses occurred at 
an axial strain of 10% which created the peak shear strength 
of the particle assembly.

Comparison of force chains for the non-breakable and 
breakable assemblies shows that the contact forces were 
distributed more uniformly and strong forces decreased 
because of particle breakage. This was more evident at high 
strains where a higher percentage of particle breakage was 

Table 1   Parameters used in the DEM–XFEM model for simulation of 
biaxial testing

Parameter Value

Density of particles (kg/m3) 2500
Inter-particle friction coefficient 0.5
Normal and tangential stiffness (N/m) 2 × 107

Uniaxial compressive strength (MPa) 150
Hoek–Brown parameter, m

i
25

Elastic modulus (GPa) 20
Poisson’s ratio 0.2
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observed. In fact, when particles broke, the force chains 
failed before reaching their loading limit. Also, the mag-
nitude of the forces decreased as new smaller particles cre-
ated by breakage increased because the contact forces pro-
duced between the smaller particles were lower [40]. The 
decrease in contact forces caused a more uniform distribu-
tion of forces in the assembly. The failure of the strong force 
chains and redistribution of contact forces removed the stress 
concentrations and reduced high stresses in the breakable 
assembly (Fig. 5).

In order to quantitatively demonstrate the differences 
between Figs. 3, 4, 5 and 6, the number of particles at dif-
ferent levels of displacement and stress and the number of 
forces at different levels were measured in each figure and 

are shown in Table 2. The collected data confirms the obser-
vations mentioned previously. As observed in Table 2, the 
number of strong forces and particles under high stresses 
increased during biaxial loading until peak shear strength 
was attained and then these numbers decreased slightly. 
Moreover, particle breakage reduced the number of strong 
forces and particles under high stresses. It also can be seen 
that the number of particles experiencing large displace-
ments (> 118 cm) in the breakable assembly decreased 
compared to that in the non-breakable assembly. In other 
words, displacement of the particle assembly decreased due 
to particle breakage.

Figure 7 shows the probability density functions (PDFs) 
of normal contact forces at different levels of strain during 

Fig. 3   Contour of particles dis-
placement during biaxial testing 
at a confining pressure of 2 MPa 
for non-breakable and breakable 
assemblies
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biaxial loading under a confining pressure of 2 MPa. As 
seen, a larger number of forces had low values at the 
beginning of the test and the number of strong forces 
decreased exponentially. The number of strong forces 

increased as the axial strain increased. Moreover, particle 
breakage increased the number of low-value forces and 

Fig. 4   Normal contact force 
chains during biaxial testing at 
a confining pressure of 2 MPa 
for non-breakable and breakable 
assemblies
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decreased the number of strong forces. In fact, a more uni-
form distribution of forces was created because of particle 
breakage. This also can be observed in Fig. 4.

4.2 � Anisotropies

A series of directional distributions are used for the contact 
orientation and normal and shear contact forces in order to 
study the microstructure of a particle assembly and its 

Fig. 5   Distribution of vertical 
particle stresses during biaxial 
testing at a confining pressure 
of 2 MPa for non-breakable and 
breakable assemblies
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effects on macroscopic behavior. Figure 8 shows that the unit 
vector of contact n is perpendicular to the direction of con-
tact between two particles. The direction of this vector rep-
resents the direction of the contact. Distribution of contact 
orientation E(�) in a particle assembly is defined as the total 

number of contacts having direction � that fall within angle 
range 

(

� −
d�

2
, � +

d�

2

)

 for angle increment d� . This distribu-
tion is introduced as follows using the second-order Fourier 
expansion [45]:

Fig. 6   Distribution of horizontal 
particle stresses during biaxial 
testing at a confining pressure 
of 2 MPa for non-breakable and 
breakable assemblies
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where a is the anisotropy of contact orientation and �0 is 
the principal direction of anisotropy. According to Eq. (7), 
the number of contacts oriented along �0 is proportional to 
1 + a and the number of contacts oriented perpendicular to 
�0 is proportional to 1 − a . As a result, a is proportional to 
the difference in the number of contacts oriented along these 
two directions.

The contact force between two particles can be decom-
posed into the normal contact force component (along the 
vector n) and shear contact force component (perpendicular 
to the vector n), as shown in Fig. 8. Functions of the aver-
age normal forces fn(�) and average shear forces fs(�) are 

(7)E(�) =
1

2�

[

1 + a cos 2
(

� − �0

)]

Table 2   Number of particles 
having large displacements, and 
number of forces and stresses 
at different strain levels under a 
confining pressure of 2 MPa

Axial strain Non-breakable assembly Breakable assembly

0% 7% 10% 17.3% 0% 7% 10% 17.3%

Number of large displacements 
(> 118 cm) at the end of the test

0 0 0 86 0 0 0 41

Number of weak forces 1619 697 661 717 1619 963 938 1091
Number of moderate forces 396 1198 1165 1118 396 1215 1344 1372
Number of strong forces 0 92 121 85 0 78 56 40
Number of low vertical stresses 1005 610 586 616 1005 797 824 881
Number of medium vertical stresses 189 482 476 493 189 459 527 589
Number of high vertical stresses 0 102 132 85 0 88 60 43
Number of low horizontal stresses 1008 819 795 827 1008 994 1037 1114
Number of medium horizontal stresses 186 366 383 359 186 338 360 388
Number of high horizontal stresses 0 9 16 8 0 12 14 11

Fig. 7   PDFs of normal contact 
forces at different levels of 
strain during biaxial loading 
under a confining pressure of 
2 MPa. To better illustrate the 
differences between non-break-
able and breakable assemblies, 
the figures related to strain lev-
els greater than zero are shown 
at smaller scale
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	 J. Raisianzadeh et al.

1 3

   48   Page 12 of 27

determined as the average of the normal and shear forces 
of the contacts oriented along � , respectively. These func-
tions also can be expressed using the second-order Fourier 
expansion [45] as:

where f0 is the average of all contact forces in a particle 
assembly, an and at are the anisotropies of the normal and 
shear contact forces, respectively, and �n and �t are the prin-
cipal directions of the anisotropy of normal and shear forces, 
respectively. As in Eq. (7), an is proportional to the differ-
ence in the average normal forces of the contacts oriented 
along and perpendicular to the principal direction of the nor-
mal force anisotropy and at is proportional to the difference 
in the average shear forces of the contacts oriented along and 
perpendicular to the principal direction of the shear force 
anisotropy.

(8)fn(�) = f0
[

1 + an cos 2
(

� − �n

)]

(9)fs(�) = f0
[

at sin 2
(

� − �t

)]

Figures 9, 10 and 11 show the polar distribution of the 
contact orientation and normal and shear contact forces, 
respectively, under a confining pressure of 2 MPa. The polar 
distribution of the non-breakable assembly has been com-
pared to that of the breakable assembly at the beginning 
of biaxial testing, at peak shear strength and at the end of 
loading. Because an isotropic loading was applied to the 
assembly before biaxial loading, the histograms of the con-
tact orientation and normal contact forces were almost cir-
cular at the beginning of the test, which indicates a rather 
uniform distribution of these parameters in different direc-
tions. Moreover, the inter-particle shear contact forces were 
approximately zero and the particles only applied normal 
contact forces to each other when isotropic loading was 
applied. It can be observed that the shear forces were very 
small and approached zero at the beginning of the test.

When biaxial loading was applied, a number of con-
tacts were lost in the horizontal direction due to horizontal 
expansion of the specimen. On the other hand, as particles 
approached each other vertically and formed new contact 
chains, the number of contacts increased in the vertical 
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Fig. 9   Histogram of contact orientation at three strain levels during biaxial testing under a confining pressure of 2 MPa for: a non-breakable 
assembly; b breakable assembly
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direction. Consequently, as observed in Fig. 9, the difference 
in the number of vertical and horizontal contacts increased 
during biaxial testing, which indicates an increase in the 
anisotropy of the contact orientation. This is evidenced by 
the histograms forming a peanut shape at the end of the 
test. Comparison of the histograms for the non-breakable 
and breakable particles shows that new contacts formed due 
to particle breakage and generation of new particles. The 
increase in the number of contacts occurred in various direc-
tions and reduced the anisotropy in the assembly.

The new smaller particles created by breakage broadened 
the particle size distribution [33]. These particles filled the 
void spaces between the existing particles and formed new 
contacts along various directions. As a result, the contact 
orientation anisotropy decreased. It can be argued that any 
process that broadens the particle size distribution reduces 
the contact orientation anisotropy. This is in line with the 
results observed by other researchers [41–44].

As observed in Fig. 10, the anisotropy of the normal con-
tact forces formed vertically during biaxial loading. Moreo-
ver, similar to the trend observed for the force chains in 

Fig. 4, the normal contact forces along the vertical direction 
increased until reaching peak shear strength and decreased 
after that. The forces along the horizontal direction remained 
almost constant during testing. Given the collapse of force 
chains due to particle breakage in the breakable assembly, 
it is evident that the normal contact forces decreased verti-
cally compared to that in the non-breakable assembly. This 
reduced the difference in the values of vertical and hori-
zontal normal contact forces and, subsequently, reduced the 
anisotropy. In fact, the peanut-shaped histogram became 
capsular in form.

Figure 11 shows that the shear contact forces increased in 
the diagonal directions at angles of approximately 45° to the 
horizontal direction until reaching peak shear strength, and 
decreased after that. The shape of the histograms reflects the 
significant difference between the shear forces along the 45° 
angles and other directions. In fact, the main direction of ani-
sotropy of the shear forces formed along the 45° angles. The 
nearly fixed shape of the histograms to the end of the testing 
indicates a slight variation in the anisotropy of the shear 
forces during the test. Comparison of the non-breakable and 
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Fig. 10   Histogram of normal contact forces at three strain levels during biaxial testing under a confining pressure of 2 MPa for: a non-breakable 
assembly; b breakable assembly
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breakable assemblies shows that the shear contact forces 
decreased mainly along the directions of the anisotropy due 
to particle breakage. In fact, the difference in the shear forces 
along the direction of the anisotropy and other directions 
decreased, causing a decrease in the anisotropy in compari-
son with the non-breakable assembly. It can be said that 
strong shear forces which mostly formed along 45° angles 
were removed due to particle breakage and smaller shear 
forces were created between the new particles. As a result, a 
more uniform distribution of contact forces was created and 
the anisotropy of the shear forces decreased.

Figure 12 shows the variation in the anisotropy of contact 
orientation, normal and shear contact forces and the total 
anisotropy during biaxial testing at a confining pressure of 
2 MPa. As observed, the anisotropy of contact orientation 
steadily increased during biaxial testing. However, a num-
ber of vertical contacts were lost after peak shear strength 
due to the collapse of the force chains, causing a decrease 
in the growth rate of the anisotropy a . A similar trend was 
observed for the anisotropy in the breakable assembly, but 
the magnitude of the anisotropy decreased compared to that 

in the non-breakable assembly. As observed in Fig. 9, new 
contacts formed in various directions as new particles were 
created in the breakable assembly. This increased the num-
ber of contacts in all directions, resulting a decrease in the 
anisotropy a of the breakable assembly.

In both the non-breakable and breakable assemblies, the 
anisotropy of the normal contact forces increased during 
testing to a peak value, but decreased after reaching peak 
shear strength. As noted in Sect. 4.1, the normal contact 
forces along the vertical direction increased as the shear 
loading increased, while the horizontal contact forces 
remained almost constant. Therefore, an , which is propor-
tional to the difference in the average vertical and horizontal 
normal contact forces, increased as loading increased. The 
anisotropy decreased after peak shear strength because of 
the failure of strong force chains at high stress levels. Also, 
as mentioned, a number of force chains collapsed because 
of particle breakage. Hence, the normal contact forces along 
the vertical direction decreased, leading to a decrease in the 
anisotropy of the breakable assembly compared to that of 
the non-breakable assembly.
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Fig. 11   Histogram of shear contact forces at three strain levels during biaxial testing under a confining pressure of 2 MPa for: a non-breakable 
assembly; b breakable assembly
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The anisotropy of shear contact force increased rapidly 
in the initial stages of loading and remained almost constant 
during biaxial loading. Figure 11 shows that the difference 
between the shear forces along the 45° angles and other direc-
tions remained almost constant during the test. The anisotropy 
of the breakable assembly was lower than that of the non-
breakable assembly. The new particles created by breakage 
could rotate more freely between the particles due to their 
smaller sizes. As a result, the friction between particles and 
the shear contact forces decreased, leading to a reduction in 
the anisotropy of the breakable assembly.

As seen in Fig. 12, for both the non-breakable and break-
able assemblies, the total anisotropy a + an + at increased 
until reaching peak shear strength and then decreased to a 
residual value at the end of the test. Rothenburg et al. [45] and 
Rothenburg and Bathurst [46, 47] stated that the macroscopic 
shear strength of a particle assembly depends on its ability to 
develop anisotropies. The trend observed for the total anisot-
ropy was similar to that for the macroscopic shear strength 
which was reported in several laboratory and numerical studies 
[1, 8, 25–30, 33]. Also, the total anisotropy of the breakable 
assembly decreased compared to that of the non-breakable 
assembly. The reduction in the anisotropy due to particle 
breakage caused a decrease in the macroscopic shear strength 
of the assembly [33].

In order to more accurately investigate the relationship 
between anisotropies and macroscopic behavior, the equation 
proposed by Rothenburg and Bathurst [46, 47] was utilized:

(10)sin� =

1

2

(

a + an + at

)

1 +
aan

2

where � is the internal friction angle of the assembly. 
Because of the small values of aan

2
 , Rothenburg and Bathurst 

[46, 47] introduced a simplified equation by ignoring this 
term:

The sin� calculated using the anisotropy coefficients and 
Eqs. (10) and (11) was compared with that obtained from 
macroscopic observation using to the following equation:

where �1 and �2 are the principal stresses of the particle 
assembly and along the vertical and horizontal directions in 
biaxial loading, respectively. �2 is constant during the test 
and equals the confining pressure. The stresses in Eq. (12) 
were calculated using the common equation for the mean 
stress tensor of an assembly consisting of discrete particles 
[48] as:

where A is the area of the assembly, f C
i

 is the contact force 
between particles and lC

j
 is the contact vector.

Figure 13 compares the sin� obtained from microscopic 
and macroscopic results for the non-breakable and breakable 
assemblies. As seen, the variation in friction angles result-
ing from Eqs. (10) and (11) has a trend similar to that of the 
friction angle obtained from macroscopic observations. The 
friction angle calculated using Eq. (10) shows good agree-
ment with that of the macroscopic results, but the simplified 

(11)sin� =
1

2

(

a + an + at

)

(12)sin� =
�1 − �2

�1 + �2

(13)�ij =
1

A

∑

C∈A

f C
i

lC
j

i, j = 1, 2

Fig. 12   Variation in anisotropy 
of contact orientation, normal 
and shear contact forces and 
total anisotropy during biaxial 
testing at a confining pressure 
of 2 MPa
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Eq. (11) slightly overestimates the friction angles. It can be 
concluded that the anisotropies of a particle assembly have 
a direct effect on its macroscopic mechanical behavior.

4.3 � Effect of confining pressure

Figure 14 shows the contour of particles displacement at the 
end of the biaxial test under different confining pressures 
for the non-breakable and breakable assemblies. Evidently, 
as confining pressure increased, the lateral displacement of 
the particle assembly decreased due to increased lateral con-
finement. It was also observed that the percentage of parti-
cle breakage increased as the confining pressure increased 
and that new particles filled the voids in the assembly. The 
percentage of particle breakage was considerable at higher 
confining pressures and a significant portion of the voids 
were filled with new particles. This decreased the maximum 
displacement of the particle assembly compared to that of 
the non-breakable assembly. The decreased displacements 
caused a decrease in the dilative behavior of the breakable 
assemblies at higher confining pressures [33].

Figure 15 shows the normal contact force chains under 
different confining pressures at peak shear strength for the 
breakable and non-breakable assemblies. As expected, mod-
erate and strong contact forces increased as the level of stress 
increased. Moreover, in the breakable assembly, the mag-
nitude of the contact forces decreased and a more uniform 
distribution of contact forces was observed. A slight reduc-
tion in the contact forces was observed at lower confining 
pressures due to the low percentage of particle breakage, 
but the reduction in contact forces, especially strong contact 
forces, was evident at higher confining pressures.

A trend similar to that of the force chains was observed 
for the distribution of vertical particle stresses, as shown in 
Fig. 16. The number of particles with high stresses decreased 
as the confining pressure increased. Because particle break-
age increased at higher confining pressures, a number of 
stress concentrations were removed, decreasing the number 
of particles with high stresses in the breakable assemblies.

The number of particles at different levels of displace-
ment and stress and the number of forces at different levels 

were measured in Figs. 14, 15 and 16, as shown in Table 3, 
for a quantitative comparison. The obtained results are in 
line with the observations noted before. As seen in Table 3, 
because of the lateral confinement caused by high confining 
pressures, the number of particles having large displace-
ments decreased as the confining pressure increased. Also, 
the number of strong forces and particles under high stresses 
increased at higher confining pressures. It was observed that 
the number of particles experiencing large displacements, 
strong contact forces and high stresses in the breakable 
assembly decreased significantly compared to that in the 
non-breakable assembly at higher confining pressures. In 
fact, the effects of particle breakage intensified at higher 
confining pressures.

The void ratio of the particle assembly has been com-
puted at the end of each biaxial test to quantitatively com-
pare the void spaces of the non-breakable and breakable 
assemblies. Table 4 shows the final void ratio of the non-
breakable and breakable assemblies at different confining 
pressures. The obtained data shows that particle breakage 
reduced the void ratio of the assembly at each confining 
pressure. The displacements measured in Figs. 3 and 14, as 
presented in Tables 2 and 3, showed that the particle break-
age caused a decrease in the overall displacement of the 
assembly. Therefore, it can be concluded that new particles 
created by breakage filled the voids in the assembly. Reduc-
tion in voids decreased the final displacement of the particle 
assembly.

Figure 17 shows the polar distribution of contact ori-
entation under different confining pressures at peak shear 
strength for the non-breakable and breakable assemblies. 
It can be observed that the number of contacts increased 
slightly as the confining pressure increased. Because the 
vertical strain of the assembly was almost the same at dif-
ferent confining pressures, the number of contacts did not 
significantly increase along the vertical direction. The 
number of contacts increased along the horizontal direc-
tion, because the lateral confinement of high stress levels 
reduced the lateral expansion of the assembly, as can be 
observed in Fig. 14. This produced a more uniform distri-
bution of number of contacts along different directions at 

Fig. 13   Relationship between 
stress and fabric at a confin-
ing pressure of 2 MPa for 
non-breakable and breakable 
assemblies
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high confining pressures and, consequently, reduced the 
anisotropy. It also can be observed that a significant num-
ber of new contacts formed by the new particles created 
by breakage at high confining pressures and the number 
of contacts increased in various directions. It can be stated 
that particle breakage, especially at high confining pres-
sures, resulted in a more isotropic assembly and reduced 
the anisotropy of contact orientation.

Figures 18 and 19 show the polar distribution of the 
normal and shear contact forces, respectively, under differ-
ent confining pressures at peak shear strength for the non-
breakable and breakable assemblies. Figure 18 reveals that 
the contact forces increased mostly in the vertical direction 
as the confining pressure increased. Figure 19 reveals that 
the shear contact forces increased mainly at 45° angles, 
which are the direction of anisotropy. Because of the lateral 

Fig. 14   Contour of particles dis-
placement at the end of biaxial 
test under different confining 
pressures for non-breakable and 
breakable assemblies
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Fig. 15   Normal contact force 
chains at peak shear strength 
under different confining pres-
sures for non-breakable and 
breakable assemblies
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Fig. 16   Distribution of vertical 
particle stresses at peak shear 
strength under different confin-
ing pressures for non-breakable 
and breakable assemblies
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confinement caused by high confining pressures, bulking 
of the force chains, which formed mainly in the vertical 
direction, occurred at higher stress levels. As a result, the 
magnitude of the normal contact forces increased. At high 
confining pressures, friction between particles was higher, 
which increased the magnitude of the shear contact forces. 
Comparison of the non-breakable and breakable assemblies 
shows a significant decrease in normal and shear contact 
forces due to the increase in breakage at higher confining 
pressures.

Figure 20 shows the variation in the anisotropies during 
biaxial testing at different confining pressures for the non-
breakable and breakable assemblies. As was observed in 
Fig. 17, the anisotropy of the contact orientation decreased 
as the confining pressure increased. An increase in confin-
ing pressure increased the percentage of particle breakage 
and new contacts in various directions. Therefore, a greater 
decrease in anisotropy was observed for the breakable 
assembly at higher confining pressures compared to that of 
the non-breakable assembly.

As seen in Fig. 20, the anisotropy of normal contact 
forces remained almost constant at different confining pres-
sures in the non-breakable assembly, but showed a small 
decrease in the breakable assembly with an increase in the 
confining pressure. The collapse of force chains caused by 
particle breakage reduced the vertical normal contact forces 
at higher confining pressures and, consequently, the anisot-
ropy of normal forces.

As for normal forces, the anisotropy of the shear contact 
forces showed nearly constant values at different confining 
pressures in the non-breakable assembly. An almost similar 

trend could be observed for the breakable assembly. In fact, 
the anisotropy of the breakable assembly decreased almost 
the same at different confining pressures compared to that 
of the non-breakable assembly.

The effect of confining pressure on the total anisotropy, 
a + an + at , was compared for the non-breakable and break-
able assemblies. Figure 20 shows that the total anisotropy 
decreased slightly in the non-breakable assembly as the 
confining pressure increased. However, in the breakable 
assembly, a significant decrease in the total anisotropy was 
observed with an increase in the confining pressure. It could 
be concluded that the particle breakage was the main factor 
for the reduction in the total anisotropy at higher confining 
pressures.

The relationship between the anisotropy coefficients and 
macroscopic behavior was investigated at different confining 
pressures using Eq. (10), which showed better correlation 
with macroscopic behavior, as was observed in Fig. 13. In 
Fig. 21, the sin� derived from the anisotropy coefficients 
was compared with that calculated from the macroscopic 
results for the non-breakable and breakable assemblies. Fig-
ure 22 shows the peak friction angle �peak obtained from the 
anisotropy coefficients and the macroscopic results. These 
figures show that there is a good agreement between the 
friction angles calculated from the anisotropy coefficients 
and the macroscopic results. It was observed that the results 
of Eq. (10) provide a more accurate estimation for the non-
breakable assemblies. Overall, the results show a direct rela-
tionship between microscopic and macroscopic behavior. It 
can be concluded that the development of anisotropies is the 
main cause of the development of shear strength in granu-
lar materials and the particle breakage reduces the shear 
strength of the assembly by reducing the anisotropies.

Figure 21 shows that particle breakage reduced the shear 
strength, especially at higher confining pressures, but the 
residual shear strength was nearly the same for the non-
breakable and breakable assemblies. However, it can be seen 
that the residual shear strength of the breakable assembly 
was slightly lower than that of the breakable assembly at a 
confining pressure of 4 MPa. Overall, it can be claimed that 

Table 3   Number of particles 
having large displacements 
at the end of test and number 
of forces and stresses at peak 
shear strength under different 
confining pressures

Confining pressure (MPa) Non-breakable assembly Breakable assembly

0.5 1 2 4 0.5 1 2 4

Number of large displacements 
(> 118 cm) at the end of test

120 101 86 35 112 87 41 1

Number of weak forces 1454 1029 661 386 1527 1231 938 686
Number of moderate forces 390 853 1165 1224 371 857 1344 1695
Number of strong forces 0 9 121 418 0 0 56 315
Number of low vertical stresses 988 767 586 426 1051 899 824 765
Number of medium vertical stresses 204 408 476 469 183 387 527 580
Number of high vertical stresses 2 19 132 299 0 2 60 217

Table 4   Void ratio of particle assembly at the end of biaxial test for 
non-breakable and breakable assemblies under different confining 
pressures

Confining pressure (MPa) 0.5 1 2 4

Void ratio of non-breakable assembly 0.360 0.351 0.336 0.314
Void ratio of breakable assembly 0.358 0.339 0.316 0.288
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Fig. 17   Histogram of con-
tact orientation at peak shear 
strength under different confin-
ing pressures
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Fig. 18   Histogram of normal 
contact forces at peak shear 
strength under different confin-
ing pressures
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Fig. 19   Histogram of shear 
contact forces at peak shear 
strength under different confin-
ing pressures
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the residual shear strength is almost independent of particle 
breakage. In line with these observations, other studies [42, 
43, 49] have reported that residual shear strength is inde-
pendent of the particle size distribution.

5 � Summary and conclusions

In the present study, particle breakage was simulated in 
two-dimensional angular rockfill materials under biaxial 
compression loading using a new combined DEM and 
XFEM approach. Simulation of the biaxial compression 
test on the particle assembly was performed by DEM. 
Breakage analysis was carried out separately on each 

particle using XFEM at small time intervals during load-
ing. In the breakage analysis, the particle was meshed 
and analyzed for crack initiation or crack propagation 
under contact loads from adjacent particles. Progressive 
strength reduction of the particles during loading was 
modeled because each breakage analysis was performed 
based on the crack propagation in the previous steps.

Qualitative agreement between the results of the numer-
ical simulations and experimental data was observed. 
Biaxial test simulations on both non-breakable and break-
able particle assemblies were performed at different con-
fining pressures and the micromechanical behavior of the 
particle assemblies was studied. The main findings were:

Fig. 20   Variation in anisotropy 
of contact orientation, normal 
and shear contact forces and 
total anisotropy at different con-
fining pressures for non-breaka-
ble and breakable assemblies
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•	 New particles created by breakage filled the voids in the 
assembly. Reduction in voids decreased the final dis-
placement of the particle assembly.

•	 Contact force chains failed due to breakage of their con-
stituent particles. As a result, the magnitude of the con-
tact forces and the number of particles with high stresses 
decreased. Overall, particle breakage caused a more uni-
form distribution of contact forces and particle stresses 
in the assembly.

•	 Anisotropies caused the development of macroscopic 
shear strength in the assembly. Particle breakage reduced 

the shear strength of the assembly by reducing the aniso-
tropies.

•	 The percentage of particle breakage increased as the con-
fining pressure increased and led to a further decrease in 
the final displacement of the assembly, contact forces and 
particle stresses.

•	 The anisotropy of contact orientation decreased at higher 
stress levels, but the anisotropy of normal and shear con-
tact forces remained almost constant in the non-breakable 
assembly. In fact, particle breakage was the main factor 
for the reduction in the total anisotropy at higher confin-
ing pressures. Reduction of in the anisotropy led to a 
decrease in the peak friction angle of the assembly.
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