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A combined DEM-XFEMnovel approach is used to simulate the direct shear test on assemblies of breakable two-
dimensional angular particles in order to study the macro- andmicro-mechanical behavior of granular materials
and the effect of particle breakage phenomenon on it. Therefore, the direct shear test simulations are conducted
on two different particle assemblies, a breakage-disabled (BD) sample and a breakage-enabled (BE) one, and the
results are analyzed and compared. In this approach, the particle assembly under direct shear loading is simu-
lated through DEM, while the fracture within individual particles is modeled using XFEM, in which the Hoek-
Brown criterion (HB) and an interaction-integral-based LEFM maximum circumferential tensile stress criterion
are utilized tomodel the crack initiation and its propagation, respectively. Overall, the presented results demon-
strate that particle breakage in granular materials reduces the amount of anisotropy, the dilative behavior, and
the mobilized friction angle of the sample.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Direct shear test is a broadly used conventional laboratory test in
geotechnical investigations for determining the shear strength parame-
ters of geomaterials. Studying the behavior of geomaterials under the
direct shear test is considered quite interesting since not only is there
a relatively high anisotropy of stress and strain inside the shear box
[1], but also the stress and anisotropy principal directions are changing
continuously during the shearing phase [2]. In addition, the direct shear
test simulations usually suffer from ambiguity in evaluating shear
strength parameters at the failure point [3]. The Discrete Element
Method (DEM) is one of themost promising numerical tools for model-
ing the granular media and many geomaterials like rockfills. Therefore,
many studies have been accomplished to develop numerical DEM
methodologies that consider the rounded 2D and 3D particles under
various loading conditions, such as the direct shear test, which is a
broadly used conventional laboratory test in geotechnical investigations
[4–16]. This method has even been used to study the behavior of clays
[17–20]. However, they cannot sufficiently represent an actual rockfill
assembly since their rounded particles have extra rotational freedom
and less stress concentration.

One major shortcoming of the DEM numerical implementations is
thatmost of themdo not consider the phenomenon of particle breakage
that extensively affects the macro- and micro-mechanical behavior of
rockfills. To overcome these limitations, DEM has been combined with

other numerical methods, such as FEM [21–25], XFEM [26,27], and
CFD [28,29].

In the present research, a novel approach that combines DEM and
XFEM is utilized to develop a program that numerically simulates direct
shear tests on assemblies composed of breakable two-dimensional con-
vex angular rockfill particles, in which a non-local criterion is used to
control the crack propagation. The direct shear test simulations on
both breakage-disabled (BD) and breakage-enabled (BE) particle as-
semblies were implemented, and the influence of particle breakage on
the macro- and micro-mechanical behavior of rockfills was investi-
gated. Apart from the abovementioned, the novelty of this paper lies
also in themodeling of direct shear test on assemblies of 2D angular par-
ticles, as well as the investigation of particle breakage in it.

2. A brief review on particle breakage simulations

In addition to numerous laboratory tests [30–35], several DEM-
based computational methods have been used to simulate particle
breakage in granular media, each of which has its particular approach
to particle breakage modeling. One of the most broadly used methods
is to consider each particle as a cluster built by bonded rigid circular
(in 2D simulations) or spherical (in 3D simulations) sub-particles that
can disaggregate during the test [36–44], called the cluster-based
method. Because of the rounded shapes of their particles, the foresaid
models cannot be applied to sharp-edge granular materials such as
rockfills; since angular particle assemblies have more particle breakage
than rounded particle assemblies due to their higher stress concentra-
tion. However, even with angular sub-particles [45,46], the shapes of
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the broken particles were arranged from the beginning; in other words,
the probable fracture path of each particle was predetermined, which is
the most critical weakness of the mentioned models.

Another common DEM-based approach to simulate particle break-
age is the replacement method used by Wang et al. [47]. Based on the
aforementioned method, they developed a model in which the particle
breakage occurred when the total applied stress of a particle, caused by
its contacting particles, exceeded the particle strength. Afterwards, the
broken particle was replaced by a number of smaller pieces. It can be
said that using the mentioned model is less computationally expensive
compared to the cluster-based methods that contain a large number of
elements. Nevertheless, their breakage path was defined as a line in the
direction of minimum principal stress, crossing the contact with the
maximum normal force, which can be considered a relative improve-
ment compared to the previously discussed models.

Harmon et al. [48] presented the first breakagemethod inwhich the
description of arbitrary particle shapes and breakage surfaces was per-
formed using the level set functions. Nonetheless, they defined the
breakage path as a line between the two highest applied contact forces,
which is not always true.

One of the pioneering particle breakage studies that presented a nu-
merical model with no prearranged particle breakage paths is the one
conducted by Bagherzadeh-Khalkhali et al. [21,22]. They developed a
combined DEM-FEM method to simulate breakage in rockfill particles.
The previous history of crack propagation (i.e., the crack path and the
current location of its tip) is not included in their particle breakage sim-
ulations, however. Thus, at the beginning of every computation cycle, all
particles, even the already cracked but not broken ones, are considered
to be entirely uncracked. In addition, the continuum basis of FEM causes
some difficulties in the FE modeling of crack propagation problems as
the crack is not allowed to pass through any element of the mesh, so
remeshing at each step is inevitable. Therefore, FEM can be considered
a suitable tool to model crack and discontinuity growth in problems
with a priori known discontinuity path [49–53]. To overcome the men-
tioned FEM drawbacks, the eXtended Finite Element Method (XFEM)
has been developed [54,55].

It should bementioned that other than the combination of DEM and
FEM, some other hybrid approaches have also been proposed to simu-
late particle breakage in granular materials, e.g., the combined
peridynamics (PD) and contact dynamics (CD) computational frame-
work introduced by Zhu and Zhao [56].

A combined DEM-XFEM program has been developed in
Raisianzadeh et al. [26,27] studies that can simulate particle breakage
in a 2D granular assembly of angular rockfill materials under biaxial
compression test by using the Hoek-Brown criterion (HB) to determine
both the initiation point and the propagation path of the crack in a par-
ticle. TheHoek-Brown criterion is an empirical rock failure criterion that
has been widely used to predict the failure of any rock sample [57,58].
Although their proposed XFEM model does not have the classic FEM
limitations, simplifying assumptions are used in its fracture criterion
to determine the state and the angle atwhich a pre-initiated crack prop-
agates. Thus, the mentioned model demands extensive calibrations
with experimental data to provide consistent results since the Hoek-
Brown criterion does not fundamentally include any proper formulation
for calculating the angle of crack propagation. Accordingly, the appro-
priate solution applied in the present study is to use the Hoek-Brown
criterion only to determine the state in which a crack initiates; and to
consider a fracture-mechanics-based criterion to examine the propaga-
tion possibility of any pre-initiated crack and the angle of it.

3. Theoretical aspects and numerical implementations

As mentioned, in this study, a DEM-XFEM code is developed to sim-
ulate assemblies of breakable angular particles by conducting the direct
shear test on the particle assembly. In this approach, the modeling of
particle assembly is fulfilled by the DEM part of the program.

Additionally, the particle breakage is modeled through the XFEM code,
in which the Hoek-Brown criterion (HB) and an interaction-integral-
based LEFM maximum circumferential tensile stress criterion are in-
cluded in the model to determine the mechanism of crack initiation
and its propagation, respectively.

The DEM part of the code is a revised version of the program POLY,
which was introduced to simulate assemblies of unbreakable two-
dimensional angular particles under biaxial compression test by
Mirghasemi et al. [59,60]. Also, the XFEM analysis of particles is per-
formed by improving the program developed by Raisianzadeh et al.
[26]. Sections 3.1 and 3.2 briefly review the principles of particle assem-
bly simulation and particle breakage analysis, respectively.

3.1. Particle assembly simulation (the DEM model)

In DEM, the entire granular assembly and its boundaries aremotion-
less at the beginning of the test. The force is applied to the set bymoving
the boundaries, followed by the contact of the boundary particles with
the adjacent particles over the short time interval ofΔt. Then other par-
ticles are forced to move; so, the force transfers through contacts be-
tween the particles. By assuming the particles rigid, the contact force
between every two arbitrary particles can be obtained by calculating
the overlap area of the twousing a contact constitutivemodel. The effect
of different contact laws on themechanical behavior of assemblies com-
posed of angular particles was previously studied by Mirghasemi et al.
[59]. They declared that both the linear and non-linear contact laws
show similar macroscopic behavior; accordingly, in the present study,
the linear contact law was employed for simplicity. After calculating
the applied resultant force of each particle, its acceleration can be deter-
mined using Newton's second law. Considering that the acceleration is
constant, the velocity and displacement of particles are calculated as
well. These procedures are repeated until the out-of-balance forces be-
come almost zero. Fig. 1 shows the process that takes place in each com-
putation cycle of DEM.

3.2. Particle breakage simulation (the XFEM model)

In XFEM, the discontinuity enrichment functions, which are used to
define cracked elements so that there is no need to match the mesh
with the geometry of the crack, are added to the classic finite element
method formulation in general crack propagation problems [54].

In fact, a fracture criterion is the mathematical form of a material
fracture theory, which determines the conditions in which solid brittle
materials, such as rocks, fail under applied external loads. Although nu-
merous fracture criteria, each valid for a specific material, have been
proposed in the literature, all can be classified into two categories: “phe-
nomenological” and “mechanical” [61]. Phenomenological fracture
criteria likeMohr-Coulomb andHoek-Brown, are empirical or analytical
methods that determine the occurrence of fracture based on the
existing stress field in the specimen. Conversely, mechanical fracture
criteria such as Griffith and fracture mechanics models are analytical
methods that determine the fracture occurrence from the existing
flaws and cracks acting as stress concentrators in the specimen. The
first approach does not follow the fracture mechanics principles and
may not model the crack propagation mechanism properly in some
problems. On the other hand, using the second approach would impose
the necessity of a pre-existing crack.

From another perspective, in local criteria (like the Hoek-Brown),
the stress state at any integration point of themesh is controlled against
amaterial strength parameter. Therefore, if the failure criterion ismet at
any point, a crack initiates at or propagates toward it. It was soon no-
ticed that the before-mentioned local results might become unreliable
and mesh-dependent since, in this approach, the behavior of any point
is only affected by its own stress state. On the other hand, in non-local
models, the fracture behavior of any point can be determined using a
non-local criterion (the interaction-integral-based LEFM maximum
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circumferential tensile stress) formulated in terms of the state variables
at the aforesaid point and some of its neighboring points [55,62].

Hence, since the application of adequately reliable and straightfor-
ward criteria of crack initiation and propagation is crucial in the study
of material breakage, in the present research, the Hoek-Brown criterion
(HB), from the first approach, and the LEFMmaximum circumferential
tensile stress criterion, from the second approach, are used to model
the crack initiation and its propagation, respectively. Further details on
the numerical implementation of the XFEMmodel and the crack initia-
tion criterion are available in [26]. The proposed crack propagation cri-
terion is presented in Section 3.2.1. In addition, the performance of the
developed XFEM model for crack simulation is discussed in
Section 3.2.2.

3.2.1. Crack propagation criterion
After selecting a criterion for the crack initiation, an appropriate cri-

terion should also be chosen to determine the possibility of crack prop-
agation and its angle, based on the fracturemechanics principles. In this
study, the maximum circumferential tensile stress criterion with an
interaction-integral-based linear elastic fracture mechanics (LEFM)
approach is employed to accomplish this purpose. First, it is required
to review several concepts of classical fracture mechanics.

Eshelby [63,64], during his researches on dislocations in elastic do-
mains, represented some path independent contour integrals by using
the theorem of energy conservation. The significance and applicability
of this accomplishment in fracture mechanics were not known until
Rice and Rosengren [65] realized and stated the importance of the J inte-
gral. Considering ws as the strain energy density, the two-dimensional
form of this path independent integral in a problemwithout the presence
of the body force and crack tractions can be represented as follows [55]:

J ¼ ∮ Γ wsδ1j−σ ij
∂ui

∂x

� �
njdΓ ð1Þ

ws ¼
Z εij

0
σ ijdεij ¼

1
2
σ ijεij ð2Þ

dΓ is the differential element of the arc along the closed counterclock-
wise contour Γ, and ui is the displacement component. In addition, σij

and εij are the stress and strain components on a plane defined by the
outward normal vector n, represented by its components ni, respec-
tively (Fig. 2a). The relation of the J integral withmode I and II stress in-
tensity factors (KI and KII) and the effective elastic modulus (E') that is
equal to the elastic modulus (E) at plane stress condition can bewritten
as [55]:

J ¼ 1
E0

KI
2 þ KII

2
� �

ð3Þ

In order to provide an alternative procedure to the primary J integral,
Li et al. [66] proposed an approach called the equivalent domain integral
method by substituting the contour integral with an equivalent area in-
tegral, which is more adapted to FEM-based solutions. According to this
method, the J integral can be interpreted as [55]:

J ¼
Z

A
σ ij

∂ui

∂x1
−wsδ1j

� �
∂q
∂xj

dA ð4Þ

where q is an arbitrary function that is equal to 1.0 and 0.0 on Γ3 and Γ1
domain boundaries, respectively (Fig. 2b); also, domain A represents
the area enclosed between the interior contour Γ3 and the exterior con-
tour Γ1.

Additionally, the J integral can be determined by a modified equiva-
lent domain integral approach called the interaction integral method in
which the auxiliary state (aux) is chosen so that both the traction-free
boundary condition on the crack surface and the equilibrium equation
are satisfied in domain A. Thus, considering wM as the interaction
work, the interaction integral (M) is defined as follows [55]:

Fig. 1. Flowchart of the algorithm used for DEM-XFEM simulations.
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M ¼
Z

A
σ ij

∂uaux
i

∂x1
þ σaux

ij
∂ui

∂x1
−wMδ1j

� �
∂q
∂xj

dA ð5Þ

wM ¼ 1
2

σ ijεauxij þ σaux
ij εij

� �
ð6Þ

In a similar way to Eq. (3), the relation of theM integral withmode I
and II stress intensity factors (KI and KII) can be formulated as [55]:

M ¼ 2
E0

KIK
aux
I þ KIIK

aux
II

� � ð7Þ

By selecting appropriate auxiliary fields in the M integral calcula-
tion, the values of KI and KII can be computed using Eq. (7). There-
fore, by considering the auxiliary field as a pure Mode I loading
condition, in which KI

aux = 1 and KII
aux = 0, the value of

KI is computed. In the same way, to calculate KII, the auxiliary field
can be assumed to be a pure Mode II loading condition with KI

aux =
0 and KII

aux = 1. Hence, in either case, the stress intensity factor is
obtained from [55]:

K ¼ E0

2
M ð8Þ

Moreover, to determine the parameters of the auxiliary field, the an-
alytical solution of Westergaard [67] for the plane stress crack problem
is adopted [68]:

σaux
11 ¼ 1ffiffiffiffiffiffiffiffi

2πr
p Kaux

I Cos
θ
2

� �
1−Sin

θ
2

� �
Sin

3θ
2

� �	 

−Kaux

II Sin
θ
2

� �
2þ Cos

θ
2

� �
Cos

3θ
2

� �	 
� �

ð9Þ

σaux
22 ¼ 1ffiffiffiffiffiffiffiffi

2πr
p Kaux

I Cos
θ
2

� �
1þ Sin

θ
2

� �
Sin

3θ
2

� �	 

þ Kaux

II Sin
θ
2

� �
Cos

θ
2

� �
Cos

3θ
2

� �� �

ð10Þ

σaux
12 ¼ 1ffiffiffiffiffiffiffiffi

2πr
p Kaux

I Sin
θ
2

� �
Cos

θ
2

� �
Cos

3θ
2

� �
þ Kaux

II Cos
θ
2

� �
1−Sin

θ
2

� �
Sin

3θ
2

� �	 
� �

ð11Þ

uaux
1 ¼ 1

2G

ffiffiffiffiffiffi
r
2π

r
Kaux
I Cos

θ
2

� �
κ−Cos θð Þ½ �−Kaux

II Sin
θ
2

� �
κ þ 2þ Cos θð Þ½ �

� �
ð12Þ

uaux
2 ¼ 1

2G

ffiffiffiffiffiffi
r
2π

r
Kaux
I Sin

θ
2

� �
κ−Sin θð Þ½ �−Kaux

II Cos
θ
2

� �
κ−2þ Cos θð Þ½ �

� �
ð13Þ

where r and θ are the radial distance and the polar angle measured from
the crack tip, respectively. In addition, ν is the Poisson's ratio, G is the
shearmodulus and equals E/2(1+ν), and κ is defined as (3−ν)/(1+ν).

In order to investigate the possibility of crack propagation in mixed-
mode problems, various analytical criteria have been proposed [68],
amongwhich themaximum circumferential tensile stress criterion, de-
veloped by Erdogan and Sih [69], is used in the present study. In this cri-
terion, the crack propagates radially from its tip inside a plane
perpendicular to the direction of maximum tension as the maximum
circumferential tensile stress (σθ

max) reaches a critical material constant.
By this assumption, the crack propagation angle (αc) can be obtained
from [68]:

αc ¼ 2Arctan
1
4

KI

KII
−sign KIIð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KI

KII

� �2

þ 8

s0
@

1
A

2
4

3
5 ð14Þ

Moreover, an equivalent stress intensity factor (Keq) for mixed-
mode problems is defined as [68]:

Keq ¼ KI Cos
αc

2

� �h i3
−

3
2
KIICos

αc

2

� �
Sin αcð Þ ð15Þ

It is one of the fundamental principles of linear elastic fracture me-
chanics (LEFM) that when the equivalent stress intensity factor (Keq)
reaches its critical value (KIC), unstable fracture happens [68]. KIC, also
calledmode I fracture toughness, is a material constant that determines
the ability of the material to resist a given stress field intensity at the
crack tip and prevent progressive tensile crack propagation. Hence, in
the present study, the crack propagates under mixed-mode, whenever
the stress intensity factor Keq reaches the material mode I fracture
toughness KIC.

3.2.2. XFEM model verification
A classic fracture mechanics example is simulated by the XFEM part

of the developed program to compare the numerically computed stress
intensity factor (KI) to the one calculated from Irwin's exact analytical
solution [70]. The analytical stress intensity factor (KI) and the

Fig. 2. Schematic of J integral definition in crack problems.
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normalized stress intensity factor (KI) for the problem of a finite tensile
isotropic rectangular plate of width b with a central crack of length a,
shown in Fig. 3, can be defined as [54]:

KI ¼ KIσ0
ffiffiffiffiffiffi
πa

p ¼ KIσ0
ffiffiffiffiffiffi
πa

p ð16Þ

KI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sec

πa
b

r
¼ 1þ 0:256

a
b

� �
−1:152

a
b

� �2
þ 12:2

a
b

� �3	 

ð17Þ

The considered plate is discretized by two different meshes of linear
triangular elements to evaluate the accuracy of results, a coarse mesh,
and a fine one. According to Table 1, the comparison of the normalized
stress intensity factors for the aforesaidmeshes in different crack length
to plate width ratios (a/b) shows an acceptable agreement between the
numerical results and the Irwin's solution.

The Brazilian (indirect tensile) test, which is one of the conventional
laboratory methods for indirectly determining the tensile strength of
brittle materials like rock samples, is based on the failure of a thin disc
specimen loaded by a uniform line compression load radially applied
at each end over the circumference of the disk. Thus, a standard
Brazilian test on a sample with a diameter of 50 mm and a thickness
of 25mm (thickness-to-diameter ratio of 0.5) [71] is numerically simu-
lated by the present model, in which the disc sample is modeled as its
inscribed regular 16-sided polygon since themodel is developed for an-
gular particles. The propagated crack path, cracked elements, and the
enriched nodes in a simulated Brazilian test specimen are shown in
Fig. 4. The figure reveals that, in the same way as the results of experi-
mental observations [72,73], the specimen is split into two pieces as
the crack propagation occurred almost in line with the direction of the
applied external load.

Table 2 presents the average values of experimental data of the
Brazilian tensile strength (BTS) and uniaxial compressive strength, re-
ported in the literature [74], for some types of rock; additionally, the nu-
merical simulation results of BTS in each sample were provided.
However, other than uniaxial compressive strength, the other necessary
input parameters of the present model, i.e., the elasticity modulus (E),
Poisson's ratio (ν), Hoek-Brown parameter (mi), and Fracture Tough-
ness (KIC), were not directlymeasured or reported inmost experimental
Brazilian tests on rock samples. Thus, the aforesaid parameters for each
rock typewere determined based on the estimations and suggestions of
[75–79]. Finally, According to Table 2, there is a good agreement
between the numerical results and the experimental data.

Altogether, the examples mentioned above show that the proposed
model can adequately simulate the crack and breakage in rock
specimens.

4. Numerical simulations

Fig. 5 shows the direct shear test simulation steps of the breakable
and unbreakable particle assemblies in the developed program. First,
in the assembly generation phase, apart from defining the body of the
shear box (the boundary particles), a set of about 1000 convex angular
particles with the desired shapes (in 20 different geometries), dimen-
sions, and distribution is made (Fig. 5a). According to the ASTM
D3080–04 standard [80], in the direct shear test, the sample length-
to-height ratio in cubic boxes should be at least 2 to 1 (18 m to 9 m, in
the present research), and the size of the mentioned shear box should
be at least 10 times the diameter of the largest tested particle. After-
wards, by applying hydrostatic stress to the boundaries, all particles
move toward the center of the set so that the assembly is compacted.
After that, the boundaries are forced to be fixed in their position, and
particles are allowed tomove only under the influence of their velocities
and the forces between them to minimize the inter-particle contacts
(Fig. 5b). At the next step, called the assembly vertical confinement
phase, the horizontal top boundary particle motion rate is controlled
so that the amount of vertical stress, which performs as the direct

Fig. 3. Numerical simulation of a tensile plate with a central crack for verification of the
XFEMmodel.

Table 1
Normalized values of stress intensity factors.

a
b

Irwin KI Coarse mesh Fine mesh

KI Error (%) KI Error (%)

1/4 1.189 1.167 1.84 1.178 0.92
1/6 1.075 1.052 2.14 1.064 1.02

Fig. 4. Simulated Brazilian test sample in different cracking steps compared with a typical experimental broken specimen [73].
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shear test vertical stress, reaches its desired value (Fig. 5c). At the last
step of the test, called the assembly lateral displacement phase, a lateral
displacement is applied at a constant rate to the upper half of the shear
box. During this process, the amount of assembly vertical stress is being
kept constant by the vertical movement of the horizontal top boundary
of the shear box. The test continues to the relative lateral displacement
(RLD) levels of about 18% (Fig. 5d).

In the present model, the numerical simulations were conducted
under vertical stress of 2.0 MPa. The preparation of the particle assem-
blies was so that all of the test specimens had the identical void ratio
(e) of 0.2 at the beginning of the lateral displacement phase. A set of pa-
rameters were also defined; the values considered for each can be no-
ticed in Table 3. Due to the qualitative nature of this study, the values
of these parameters were chosen based on experience. The direct
shear test simulations were conducted on two different samples; in
one, the breakage was disabled in the particles (BD), and in the other,
particle breakage was enabled (BE). However, all other parameters
were considered to be the same in these two samples tomake it possible
to make a valid comparison between them.

5. Results and discussion

In this Section, after explaining the macro-mechanical behavior of
BD and BE angular particle assemblies and the effect of particle breakage
on the results in Section 5.1, Section 5.2 demonstrates the microscopic
observations of these cases.

5.1. Macro-mechanical behavior of the particle assembly

By considering the particle assemblies presented in Fig. 6, the range
of the distribution of broken particles, distinguished by red color, at the
end of the test can be examined. A diagonal trend of particle breakage

was seen in the shear box. Also, the frequency of broken particles in
the middle third of the box was significantly higher than the lower
and the upper ones. Furthermore, it can be recognized that the newly
generated particles in the BE assembly filled the existing pore spaces
between the present particles.

Fig. 7a demonstrates the granulation curves of both BD and BE sam-
ples at the end of the test. As can be perceived, new smaller particles
emerged by the breakage of some larger particles in the assembly. Ac-
cordingly, the weight percentage of the smaller particles in the sample
increased, which led to a slight decrease in the average size of the as-
sembly particles. Thus, the phenomenon of particle breakage caused
the granulation curve to be shifted to the left.

According to the curves of assembly void ratios (e) versus the rela-
tive lateral displacement of the upper half of the shear box in Fig. 7b,
the particle assemblies showed contractive behaviors at the first steps
of the lateral displacement phase; then the dilative behavior continu-
ously dominated. Hence, both samples initially became slightly denser
because of the reduction of their empty spaces, and after that, their den-
sity decreased as particles came out of these spaces. In addition, by com-
paring the trend of void ratio changes of the mentioned samples, it is
observed that due to particle breakage in the breakable sample (BE),
new particles with smaller sizes than the primary particles were cre-
ated. As well as reducing the amount of interlocking between the parti-
cles, thesementioned newparticles reduced the volume and porosity of
the sample by placing in the empty spaces between the particles of the
set. Therefore, the dilative behavior of the BE sample was reduced
because of the particle breakage.

Fig. 7c and d represents the curves of horizontal (σ11) and shear
(σ12) stresses versus the relative lateral displacement of the upper half
of the shear box. As shown, the upward trend of the horizontal stress
(σ11) curve stopped at the RLD of about 4%. Also, it can be said that in
both BD and BE samples, the shear stress (σ12) increased until reaching

Table 2
Comparison of BTS between the present numerical results and the experimental data.

Rock type Elasticity modulus Poisson's ratio HB parameter Reported UCS Fracture toughness Reported BTS Numerical BTS

E (GPa) ν mi σci (MPa) KIC (MPa.
ffiffiffiffiffi
m

p
) σt (MPa) σt

N (MPa)

Granite 51.0 0.20 29.0 170.3 0.85 10.3 10.61
Limestone 38.5 0.25 12.0 76.9 0.93 6.0 6.24
Marble 30.0 0.25 10.0 10.1 0.15 10.1 9.65
Sandstone 20.0 0.24 13.0 105.3 1.18 9.5 9.68

Fig. 5.Assembly of particles in the shear box: (a) after the assembly generation phase; (b) after the compaction and relaxation phase; (c) after the vertical confinement phase; (d) after the
lateral displacement phase.
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a peak value at the RLD of about 4%; then, it decreased gradually to a re-
sidual amount at the end of the direct shear test. As seen, particle break-
age reduced the stress state in the assembly by decreasing the
interlocking between the particles. Accordingly, given the equal amount
of vertical stress (2MPa) in the two samples, a lower mobilized friction
angle can be expected from the BE particle assembly. It can be observed
that themacroscopic results were qualitatively consistent with conven-
tional experimental direct shear test observations [81].

It can be stated that the presence of a crack in a particle reduces the
stiffness of the cracked elements based on the XFEM. However, as long
as the particle is not broken, thementioned crack does not have any con-
siderable global influence on the assembly of particles. Fig. 8 shows the
process of particle cracking and particle breakage of the BE assembly dur-
ing the lateral displacement phase of the direct shear test as curves of the
percentage of cracked particles (Cr%) and the percentage of particle
breakage (Br%) versus the RLD. As can be seen, the rate (slope of the
curve) of particle cracking at the first steps was very high and decreased
slightly as the lateral displacement continued. On the other hand, the par-
ticle breakage rate was almost uniform (with a slight slope reduction)
during the test. In the present study, the cracking of a particle not neces-
sarily leads to its breakage. Therefore, despite the high rate of crack initi-
ation in particles at the early stages of the lateral displacement, particle
breakage occurred at an almost uniform rate. Additionally, the gradual in-
crease of broken particles reduced the stress concentration levels in the
assembly; thus, the crack initiation rate decreased in the remaining parti-
cles. Nonetheless, a small slope drop can be seen in the particle breakage
curve during the test. In fact, in the beginning, a significant number of par-
ticles broke as they could notmove freely under the influence of the load.
As the test continued, the particle arrangement of the set became more
uniform, and so the particle breakage rate decreased.

Table 3
Parameters used in simulations of the direct shear test in the present study.

Analysis Parameter Value

DEM analysis Particles Density (ρ) 2500 kg/m3

Normal & Tangential Stiffness (KN, KS) 2.0 × 107 N/m
Inter-Particle Friction Coefficient (μ) 0.6
Wall-Particle Friction Coefficient (μ′) 0.4
Relative Lateral Displacement Rate (ΔRLD) 0.005

XFEM analysis Elastic Modulus (E) 20 GPa
Poisson's Ratio (ν) 0.2
Uniaxial Compressive Strength (σci) 30 MPa
Hoek-Brown Parameter (mi) 25
Fracture Toughness (KIC) 0.2 MPa.

ffiffiffiffiffi
m

p

Fig. 6. Assemblies of particles in the shear box after the lateral displacement phase (at the end of the test).

Fig. 7.Macroscopic results of the direct shear test for both BD and BE assemblies.
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5.2. Micro-mechanical behavior of the particle assembly

Studying the diagrams of horizontal and vertical displacement of
particles during the test results in a deeper understanding of the
micro-mechanical behavior of the particle assembly.

As shown in Fig. 9, in both samples, the particles in the lower third of
the shear box experienced less horizontal displacement than those
placed in the middle and the upper ones. As a matter of fact, the
upper third particles moved horizontally in sync with the lateral dis-
placement applied to the boundaries. Also, the particles of the lower
third did not tend to move horizontally due to the motionlessness of
their boundaries. Meanwhile, some particles in the middle of the
shear box formed a hypothetical layer and experienced a range of hori-
zontal displacements from zero (at the lower bound of the assumed
layer) to near the maximum lateral displacement (at the upper bound
of the assumed layer). These observations can be attributed to forming
an area in the middle of the box called the shear band.

By studying the horizontal particle displacements along the height of
the box (Fig. 10), it is seen that the decrease of the horizontal particle
displacements from the maximum value at the top of the box to the

near-zero levels at the bottom of it was more gradual in the BE sample
than in the BD one, based on the slopes of the best fit lines. In fact, the
reduction of empty spaces between the particles in the BE assembly
caused their more uniform horizontal motion. Also, the number of bro-
ken particles in the set was almost higher in the shear band area, where
there was a greater horizontal particle displacements gradient (relative
horizontal displacement between adjacent particles).

Fig. 11 shows that in both assemblies, the particles in the middle of
the box experienced higher vertical displacements than the other
ones. Since the upper horizontal boundary was free against vertical
movement due to the set volume change, vertical particle displace-
ments in the upper half of the box were higher than those of the
lower half. It is in accordance with macroscopic observations corrobo-
rating the dependence of dilative and compressive behaviors on the
loading direction, which is addressed in newly developed constitutive
models [82].Moreover, the results demonstrate that the number of par-
ticles with positive vertical displacement (upward) was more than
those with negative vertical displacement due to themostly dilative be-
havior of both assemblies. In other words, the average dilation of the
shear band area was higher than that of the whole assembly. In fact,

Fig. 8. Variation in the percentage of cracked particles and the percentage of particle breakage for the BE assembly during the lateral displacement phase of the direct shear test.

Fig. 9. Contour of horizontal particle displacements (Δ11) during the lateral displacement phase of the direct shear test for: (a) the BD assembly; (b) the BE assembly.
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during the last phase of the test, the porosity of the shear band areawas
higher than the average porosity of the entire set; therefore, measuring
the dilation across the boundaries is not an accurate representation of
the dilative behavior of the shear band. Zhang and Thornton [5] have
proposed using shear boxes with a higher length-to-height ratio to
solve this problem. Additionally, as seen, the broken particles were rel-
atively more in number in the areas where there were high vertical
particle displacements.

The comparison of the vertical displacement of particles in the two
samples showed that by the occurrence of particle breakage in an as-
sembly, its dilative behavior decreases, and its contractive behavior in-
creases. As a result, the vertical particle displacements were more
uniform in the BE sample than those in the other set, based on their
standard deviation (SD). The reason was the large number of particle
breakages in the middle of the box, where previously accounted as the
area with the largest share of the total dilation of the set.

Another form of particle deformation in granular media is rotation.
Based on the relative particle rotation contours presented in Fig. 12, it

can be recognized that after the vertical confinement phase, there was
no particular trend in the distribution of relative particle rotations.
However, by applying the lateral displacement, the average relative par-
ticle rotation of the assembly (Δθave) increased, although the relative ro-
tation of particles adjacent to the boundaries decreased. At this stage,
the highest relative rotations were observed among the particles at
the middle of the shear box. Studies have also shown that relative par-
ticle rotation is a useful parameter in determining the shear band,
which can be observed in Fig. 12. Furthermore, the average relative par-
ticle rotation of the BE assembly was higher than that of the BD sample,
as thenewly generated particles rotatedmore freely due to their smaller
sizes. On the other hand, the distribution of relative particle rotations
was more uniform in the BE sample.

To consider the mechanism in which the contact forces transfer
through the particles, the normal and contact force chains for both BD
and BE samples during the test are shown in Fig. 13. For depicting
these forces symbolically, each contact force was simplified and drawn
as a line between the centers of the two particles. Other than the

Fig. 10. Variation in horizontal particle displacements (Δ11) along the height of the shear box for both BD and BE assemblies during the lateral displacement phase of the direct shear test.

Fig. 11. Variation in vertical particle displacements (Δ22) along the height of the shear box for both BD and BE assemblies during the lateral displacement phase of the direct shear test.
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thickness changing of the contact force lines corresponding to the
amount of each contact force, the contact forces were divided with the
color into three categories: strong (red lines), medium (blue lines),
and weak (green lines). It can be seen that the contact force chains be-
tween the angular particles are more complicated than those between
the rounded particles [8].

As noticed, the contact force chains were uniformly distributed in
the assemblies at the RLD of zero; then, the mentioned uniform distri-
bution gradually disappeared due to lateral left to right displacement.
During this process, the particles on the left side of the upper half of
the box and those on the right side of the lower half experienced a
great number of inter-particle contacts. Thus, the general force flow
path in both samples was formed from the upper-left area of the box
to its lower-right corner. Also, in both samples, the number of medium
and strong inter-particle contact forces increased until the RLD reached
about 4%, which is approximately equivalent to the maximum shear
strength of the assembly; afterwards, it gradually decreased as these
chains started to break.

To quantitatively demonstrate the differences between the normal
force chain contours of Fig. 13, the number of strong contact forces
was measured in three RLD stages for both BD and BE samples during
the test (Table 4). The mentioned data confirms the previously stated
observations. As shown in Table 4, the number of strong forces in-
creased during the relative lateral displacement until peak shear
strength and then decreased slightly until the end of the test. Moreover,
the occurrence of particle breakage in the BE sample decreased the
number of its strong contact forces at any RLD stage during the test.

Moreover, the degree of homogeneity of the assembly contact forces
can also be quantified by a parameter called the participation number
(Γ), calculated as follows [83,84]:

Γ ¼ N∑
N

i¼1
qi

2

 !−1

, qi ¼ f i
.
∑
N

j¼1
f j ð18Þ

where f is the magnitude of the contact force, and N is the total number
of assembly contact forces. Based on the mentioned equation, qi = 1/N

for all qi follows by Γ=1, and represents a state with a complete homo-
geneous contact force distribution; on the other hand, at the complete
non-uniform contact force distribution state Γ≈ 1/N, which is approxi-
mately zero due to the high value of N.

As can be seen in Table 4, the high relatively participation number of
the assemblies with relatively homogeneous contact force distribution
at the beginning of the lateral displacement phase, decreased until the
RLD of 4%. At this stage, which is approximately equivalent to the max-
imum shear strength of the assembly, the contact force distribution is
very non-uniform. Subsequently, the assembly participation number
of the samples slightly increased until the test ends. Additionally, at
any RLD, the participation number of the BE sample was higher than
that of the BD sample as the distribution of contact forces became
more uniform due to the particle breakage. It can be seen that all the
mentioned statements are consistent with the observations made
based on other diagrams and contours.

To examine the anisotropies of the set, a parameter is defined as the
distribution function of the contact orientation E(θ) of the particle as-
sembly that equals the total number of contacts in the angle range of
θ ± dθ/2 for angle increment dθ. In addition to the contact orientation
distribution function, distribution functions can also be defined for the
average normal (f ̄nðθÞ) and tangential (f ̄tðθÞ) components of the contact
forces between the particles. These so-called distribution functions can
be written as [85]:

E θð Þ ¼ 1=2π 1þ aCos2 θ−θað Þ½ � ð19Þ

f n θð Þ ¼ f 0 1þ anCos2 θ−θnð Þ½ � ð20Þ

f t θð Þ ¼ f 0 −atSin2 θ−θtð Þ½ � ð21Þ

where a, an, and at are the anisotropies of contact orientation and nor-
mal and tangential contact forces, respectively. In addition, θa is the
principal direction of anisotropy, and θn and θt are the principal direc-
tions of the anisotropies of normal and tangential contact forces. Also,
f
̄

0 is the average inter-particle contact force of the assembly. In Fig. 14,

Fig. 12. Contour of particle rotations (Δθ) during the lateral displacement phase of the direct shear test for: (a) the BD assembly; (b) the BE assembly.
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Fig. 15, and Fig. 16, polar histograms of the contact orientation and nor-
mal and tangential contact forces for both BD and BE samples are pre-
sented, respectively.

In fact, during the process of deformation in the particle assembly,
new contacts were formed so that the concentration of the polar distri-
bution of the contact orientation increased in line with the major prin-
cipal compressive stress direction of the assembly. In other words,
particles in a discrete media tried to transfer the applied stress to each
other in the direction of the major principal compressive stress by
forming a set of new contacts. As seen, thementioned polar histograms
represent a similar trend with the contact force chains of the assembly.
Also, by comparing the assembly anisotropy in the presented polar his-
tograms with those in the study of Naeij and Mirghasemi [2] on an as-
sembly of elliptical particles under direct shear test, a good agreement
is observed.

As shown in Fig. 14 and Fig. 15, since the particle assembly was sub-
jected to vertical stress before the lateral displacement phase, particles
weremoved toward each other vertically. Hence, a large number of con-
tact force chains were formed in this direction; so, the distribution of
contact orientation and normal contact forces were higher in the verti-
cal direction. As the lateral displacement was applied, due to the in-
crease in the number of inter-particle contacts and the value of
horizontal contact forces, all of the mentioned histograms enlarged
and rotated counterclockwise. At the RLD of 4%, the anisotropy of the
particle assembly reached its peak, and the polar histograms of contact
orientation and normal contact forces distributions took on a peanut
shape. As the lateral displacement continued, the particle assembly an-
isotropy was gradually reduced, and the form of the aforesaid polar his-
tograms became slightly more uniform.

According to Fig. 16, the tangential contact forces just before the lat-
eral displacement phase were rather small; because at this stage, most
inter-particle contacts were relatively normal. As a result, the size of
the polar histograms of tangential contact forces and their Fourier ex-
pansions were extremely small at this step of the test. However, under
hydrostatic stress conditions, if the number of particles is large enough
and the stress distribution is fully isotropic, there are no tangential con-
tact forces, and the polar histograms of tangential contact forces look al-
most like a dot. Nevertheless, in the present study, at the beginning of
the lateral displacement phase, the assemblywas under the desired ver-
tical stress, so the mentioned histogram, despite its small size, was not
similar to a dot. The value of tangential contact forces increased in

Table 4
Variation in the number of strong contact forces and assembly participation number dur-
ing the test.

Relative lateral displacement (%) Number of strong
contact forces

Assembly
participation number

0% 4% 18% 0% 4% 18%

Breakage disabled (BD) 24 302 243 0.62 0.43 0.45
Breakage enabled (BE) 24 292 201 0.62 0.48 0.52

Fig. 13. Normal contact force chains (Fn) of both BD and BE assemblies during the lateral displacement phase of the direct shear test.
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both horizontal (0o) and vertical (90o) directions until the maximum
shear strength point; and then decreased as the test continued. In
other words, the value of tangential contact forces in the contacts with

horizontal and vertical directions was significantly higher than the
value of those in the diagonal direction contacts. The reason is that
due to the applied lateral displacement, on the one hand, the large

Fig. 14. Histogram of contact orientations during the lateral displacement phase of the direct shear test for: (a) the BD assembly; (b) the BE assembly.

Fig. 15. Histogram of normal contact forces during the lateral displacement phase of the direct shear test for: (a) the BD assembly; (b) the BE assembly.
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number of strong NW-SE diagonal contacts (⤡) had a relatively normal
nature, and on the other hand, the contacts in linewith theNE-SWdiag-
onal direction (⤢) were few in number and weak in amount compared
to the contacts in line with the other diagonal direction (⤡).

Fig. 17 presents the variation in the anisotropies and their principal
directions for both BD and BE samples versus the RLD, during the test.
As seen, by applying the lateral displacement to the assembly, the an-
isotropy of contact orientation (a) increased until the RLD of about 4%;
then, a gradual slope drop can be observed in the aforementioned
curve. Additionally, the anisotropy of normal contact forces (an) de-
creased after its upward trend in the first 4% RLD of the sample, owing
to the collapse of strong force chains in linewith theNW-SE diagonal di-
rection (⤡). Moreover, to explain the anisotropy of tangential contact
forces (at) variation, it can be said that because of the high gradient of
displacement in the shear band area at the early stages of the lateral
loading, the internal friction between the particles was rapidly mobi-
lized. However, as the dilation of the assembly began, the amount of
interlocking and confinement in the area mentioned above, where
most of the contacts with strong tangential components were formed,
were reduced. Therefore, the anisotropy of tangential contact forces
took on a descending trend after its initial rapid increase.

By comparing the BD andBE samples anisotropies, it can be seen that
due to the particle breakage and the generation of new particles, new
inter-particle contactswere formed in the BE assembly,which increased
the total number of contacts in the sample. Additionally, this increase in
the number of inter-particle contacts occurred in all directions, which
led to a reduction in the assembly contact orientation anisotropy. Also,
as the particle breakage broke down the strong normal contact force
chains in the BE assembly, the values of normal contact forces in the
NW-SE diagonal direction (⤡) were reduced. Accordingly, by the reduc-
tion in the amount of difference in the average normal contact forces in
line with the two diagonal directions, the assembly normal contact
forces anisotropy decreased. Therefore, in this situation, the shape of
the polar histograms resembled the capsule shape more than the

peanut shape. In the same way, the particle breakage phenomenon re-
moved the relatively strong tangential contact forces in the BE assem-
bly, which were mostly caused by contacts in line with horizontal (0o)
and vertical (90o) directions; then smaller tangential inter-particle con-
tact forces were formed between the new broken particles; hence, the
assembly tangential contact forces anisotropy was reduced as well.

As shown in Fig. 17, at the beginning of the lateral displacement
phase, the principal directions of all of the anisotropies were about
90o; at this stage, most of the inter-particle contacts were formed in
the vertical direction to resist the vertical load. Nonetheless, as the rela-
tive lateral displacement increased to the point of maximum shear
strength, these principal directions rotated counterclockwise to the di-
agonal direction (about 40o). Subsequently, because of the increase in
the number of vertical inter-particle contacts due to the dilative behav-
ior of the assembly, the principal direction of the contact orientation an-
isotropy became slightlymore vertical, which is less noticeable in the BE
sample, given its lower dilative behavior. However, since the dilative be-
havior of the assembly reduced the values of the normal components of
the vertical contact forces, the principal direction of the normal contact
forces anisotropy tended to become a little more horizontal, which is
also less noticeable in the BE sample. Moreover, the relatively constant
principal direction of the tangential contact forces anisotropy increased
slightly in the BE sample after the RLD of 4%, as the new inter-particle
contacts formed in all directions.

In order to comprehend the force transmission in a discrete granular
media from a microstructural perspective, the components of the aver-
age stress tensor of a particle assembly (σij) can also be determined
based on the above-mentioned anisotropies, as follows [6]:

σ11 ¼ P 1þ 0:5aan cos 2 θa−θnð Þ þ 0:5 a cos 2θað Þ þ an cos 2θnð Þ þ at cos 2θtð Þð Þ½ �
ð22Þ

σ22 ¼ P 1þ 0:5aan cos 2 θa−θnð Þ−0:5 a cos 2θað Þ þ an cos 2θnð Þ þ at cos 2θtð Þð Þ½ �
ð23Þ

Fig. 16. Histogram of tangential contact forces during the lateral displacement phase of the direct shear test for: (a) the BD assembly; (b) the BE assembly.
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Fig. 17.Variation in the anisotropy and its principal direction of contact orientations, andnormal and tangential contact forces of both BDand BEassemblies during the lateral displacement
phase of the direct shear test.
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σ12 ¼ σ21 ¼ P 0:5 a sin 2θað Þ þ an sin 2θnð Þ þ at sin 2θtð Þð Þ½ � ð24Þ

P ¼ 0:5mvl0 f 0 ð25Þ

where the contact densitymv is the ratio of the total number of assem-
bly contacts to the assembly area; also, l0 is the assembly average con-
tact vector length.

After determining the components of the stress tensor, the stress
tensor invariants (σn, σt) and themobilized friction angle of the assem-
bly (φ) can be obtained using the Mohr-Coulomb theory [85]:

Sin φð Þ ¼ σ t

σn
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:25 σ11−σ22ð Þ2 þ σ12

2
q

0:5 σ11 þ σ22ð Þ ð26Þ

Rothenburg and Bathurst [85], in their studies on themicrostructure
of granular media, assumed that all of the three principal directions of
the anisotropy of contact orientation and normal and tangential contact
forces are coincident (i.e., θa = θn = θt). Conversely, Wang et al. [6]
demonstrated that the previous assumption of coincident principal di-
rections is not entirely valid for a particle assembly in the direct shear
test. According toRothenburg and Bathurst [85], Eq. (26) can bemodified
as Eq. (27). Rothenburg and Bathurst [86] also proposed a simplified
equation for Sin(φ) by neglecting the term 0.5aan in the denominator
of the previous equation because of its small value.

Sin φð Þ ¼ 0:5 aþ an þ atð Þ
1þ 0:5a anð Þ ≃ 0:5 aþ an þ atð Þ ð27Þ

Following the determination of the assembly mobilized friction
angle from the microstructural perspective, Sin(φ) can also be obtained
from the macro-mechanical measurements, as follows:

Sin φð Þ ¼ σ1−σ2

σ1 þ σ2
ð28Þ

where the σ1 and σ2 are the major and minor principal stresses of the
assembly, respectively.

Fig. 18 represents a comparison between the macro- and micro-
mechanical mobilized friction angles of both BD and BE assemblies.
According to the correspondence between the variation trends of all cal-
culated friction angles, it can be declared that the mobilized friction
angle of a particle assembly, on which the assembly macro-
mechanical behavior mostly depends, is directly under the influence
of its anisotropies. In addition, from the macro- and micro-mechanical
curve correspondence point of view, it can be said that the friction
angle calculated using the suggestions of Wang et al. [6] is more precise
than the determined friction angle of Rothenburg and Bathurst [85];
furthermore, the friction angle obtained from the simplified equation

of Rothenburg and Bathurst [85] is moderately overestimated. By com-
paring themobilized friction angles of the BD and BE samples in Fig. 18,
it is found that the occurrence of particle breakage, which reduced the
assembly anisotropy and the interlocking between the particles,
decreased the assembly mobilized friction angle.

6. Summary and conclusions

The present study numerically simulated the assemblies of break-
able angular particles using a combined DEM-XFEM novel model to in-
vestigate the macro- and micro-mechanical behavior of rockfills under
the direct shear test. In addition, to study the effect of particle breakage
phenomenon on the mechanical behavior of these granular materials,
the results from the simulation of a breakage-disabled (BD) sample
and a breakage-enabled (BE) one were examined and compared from
different macrostructural and microstructural aspects. The main
findings were:

• The distribution of broken particles in the shear box had a diagonal
trend. Additionally, there was a significantly higher frequency of bro-
ken particles in the middle third of the shear box.

• The relatively smaller particles generated from thebreakage of the ini-
tial ones filled the existing pore spaces of the set and moved in step
with their adjacent particles, which reduced the assembly dilative
behavior and the particles interlocking.

• The trend of horizontal and vertical particle displacements of the sam-
ple with particle breakage was more uniform than that of the other
sample.

• The number of particles under high stresses and the overall stress
state of the assembly decreased due to the particle breakage occur-
rence. Additionally, most of the strong contact force chains formed
in the NW-SE diagonal direction of the shear box (⤡), collapsed in
the BE assembly.

• Particle breakage reduced the assembly anisotropies, and since the
macro-mechanical behavior of granular materials depends on their
microstructure, the mobilized friction angle of the BE assembly was
lower than that of the BD one.

Overall, the results confirmed that the developed DEM-XFEM ap-
proach could adequately simulate direct shear tests on granular mate-
rials composed of breakable angular particles and demonstrate
particle breakage effects on their mechanical behavior.
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Fig. 18. Variation in the mobilized friction angles of both BD and BE assemblies during the lateral displacement phase of the direct shear test.
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